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Abstract In this paper, we derive various formulae for the sum of k-Jacobsthal numbers with indexes in an
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1. Introduction

The Fibonacci sequence and the Lucas sequence are the
two shining stars in the vast array of integer sequences.
They have fascinated both amateurs and professional
mathematicians for centuries. Also they continue to charm
us with their beauty, their abundant applications, their
ubiquitous habit of occurring in totally surprising and
unrelated places. Fibonacci numbers have been
generalized by different authors. Some authors have
generalized the Fibonacci sequence by preserving the
recurrence relation and altering the first two terms of the
sequence [10,12,17], while others have generalized the
Fibonacci sequence by preserving the first two terms but
altering the recurrence relation slightly [14,15,18].

More recently, Fibonacci, Lucas, Pell, Pell-Lucas,
Modified Pell, Jacobhstal, Jacobsthal-Lucas sequences
were generalized for any positive real number £. Also the
study of the k-Fibonacci sequence, the k-Lucas sequence,
the k-Pell sequence, the k-Pell-Lucas sequence, the
Modified k-Pell sequence, the k-Jacobhstal sequence and
the k-Jacobsthal Lucas sequence appeared (see [1-6,8,13]).
Falcon and plaza [7] has given several formulae for the
sum of k-Fibonacci numbers with indexes in an arithmetic
sequence. Falcon [9] defines the k-Lucas number with
indexes in an arithmetic sequence. Also, deduced
generating function and several sum formulae for these
numbers with indexes in an arithmetic sequence.

1.1. &k - Jacobsthal and & - Jacobsthal Lucas
Numbers

1.1.1. Definition 1.1 (k-Jacobsthal Numbers)

For any positive real number k, the k-Jacobsthal
sequence say [13] is defined recurrently by

Jk’nJrl :k]k’n+2Jk,n71;n21 (11)

with initial conditions J; o =0, J;; =1.

Particular cases of definition (1.1)

If k=1, we obtain the Jacobsthal sequence [11]
{0,1,1, 3,5, 11,21...} (A001045) [16]

If k=2, we obtain the
{0, 1, 2, 6, 16, 44,120,...} A002605 [16].

First few terms of the k-Jacobsthal numbers (1.1) are

sequence

Jk,O :O’Jk,l :1’Jk,2 :k’Jk,3 :kz +2,
Jea =k +4k,J s =k* +6k> +4,
Jis =k +8k> +12k

Some of the interesting properties that the k-Jacobsthal
sequence satisfies are summarized as below [13]:
1.1.1.1. Binet’s Formula

The Binet formula for the n™ k-Jacobsthal numbers is

ln _qn
Jin :/{—22 (1.2)
1= 4
k+Vk* +8 k—Vk* +8
where S A = are the roots

of the characteristic equation #* =kr+2 associated to
the recurrence relation defined in equation (1.1) and
> MAAy =k, WAy ==2, 4 Ay =Nk +8.
1.1.1.2. Catalan’s Identity

ST kmer = Jlg,n = (_1)n+1*1’ Jl%,r 2" (1.3)

1.1.1.3. D’Ocagne Identity
If m > n then
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‘]k,m‘]k,nﬂ _Jk,m+]‘]k,n :(_2)” Jk,mfn (14)
1.1.1.4. Convolution Product
Jk,n+m = Jk,n+1‘]k,m + 2Jk,n‘]k,mfl (1 5)

Now, we introduce the k-Jacobsthal Lucas sequence,
whose recurrence relation is the same as the k-Jacobsthal
sequence.

1.2. Definition 1.2

For any positive real number £, the k-Jacobsthal-Lucas
sequence say [2] is defined recurrently by

jk,n+l :kjk,n +2jk,n—1;f0r nzl (16)

with initial conditions j, o =2, ji;=k.
As particular cases:
If k£ =1, we obtain the Jacobsthal-Lucas sequence [11]
{2,1,5,7,17, 31, 65,...} (A014551)[16].
If k=2, we obtain the
{2, 2, 6,14, 34,82,198,...} A080040 [16].
First few terms of the k-Jacobsthal Lucas numbers
equation (1.6) are

sequence

Jeo =2 Jk1 =k, ja =k> +4, i3 =k +6k
Jra =k +8K2 +8, ji s = k> +10k> +20k
Jro = kO +12k% +36k% +16

Some of the interesting properties that the k-Jacobsthal
Lucas sequence satisfies are summarized as below [2].

1.2.1. Binet’s Formula

The Binet formula for the £-Jacobsthal numbers is

jk,n = lln +ﬂ/;l ’ (17)
[12 _ 52
where _krVk 48 , A _ kR A8 are the roots

2
of the characteristic equation r*=kr+2 , A4 >4

M+ =k, 3, =-2 and 4, -1, =vk* +8 associated

to the recurrence relation defined in equation (1.6).
1.2.2. Catalan’s Identity
Jrerdener = Jtn = (22" (i —4(2) ) @9
1.2.3. D’Ocagne Identity
If m > n then

jk,mjk,n+1 - jk,mij,n

2 m-n
—(2)' N 8 i —z[“— “”J .9

2

Now, we prove some properties of the k-Jacobsthal
numbers that we will be needed later.

Jk,m+n = Jk,n+1 Jk,m + 2Jk,n Jk,m-l (110)

Proof: Taking R.H.S. and applying the Binet’s formula
for k-Jacobsthal numbers

Jk,n+l‘]k,m + 2Jk,n‘]k,mfl
:[ﬂ{ﬁl _ﬂQn-H][llm _ﬂQmJ
b= b=
fgfe
A=A A=A
) | (l]nﬂ _ﬂqnﬂ)(ﬂ«lm _ﬂﬁm)
(=) |24 =22 ) (A" -2
_ 1 {fllmm (h-4) }
(A =2)" (27" (=)
_ (llm+n _ﬂ2m+n
b=

That is ‘]k,m+n = Jk,n+1 Jk,m + 2Jk,n ‘]k,m-l

J = Ji. msn | From equation (1.2)]

Jk,m‘]k,n+1 _Jk,m+le,n = (_2)’1 Jk,m—n (1.11)

Proof: We will prove this by using the Mathematical
induction method. For

n=0,

Jk,ka,n+1 - Jk,m+le,n
=JkmIk1 = Temi1i0

= Jk,m-l_Jk,m+1~0 = Jk, m

we see that it is true for n =0.
Now for n =1, we have

JemIk2 =Jemadied = ek =i ma-1

[ From equation (1.1)]

= Jk,m+1 - 2Jk,mfl - Jk,m+1 = _ZJk,mfl
again we see that it is true for n=1.

Now, suppose the formula is true until (n—1):

Sk mTkn1 = TemirTena = ()" Tk m—(n-2) (1.12)
JemTen = Temndins = ()" Sk m~(n-1)
Then,
Sk mT kst =k mndkn
=Jim (k Jien ¥ 20 ) —Jm (k Jena ¥2J )
[From equation (1.1)]
=k Liw =Tkmer k1)
20k Tk =Tk mirTkn2)
=(<2)"" (K T (o) = o (n2))
= (_Z)n Ik m-n

That is Jk,m‘]k,n+1 _Jk,m+1‘]k,n = (_z)n Jk,m—n .
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2. On the k-Jacobsthal Numbers of Kind

an+r

In this section, we shall derive some formulae for the
sums of the k- Jacobsthal numbers with index in an
arithmetic sequence, say an+r for fixed integer ¢ and r
such that 0<r<a-1. Also, we have discuss generating
function for these numbers with index in an arithmetic
sequence.

First we prove following lemmas that will be needed
later.

2.1. Lemma 2.1

For all integers n>1,

21}’! +2/2}’l :Jk,l‘H-l +2Jk,n—l (21)

Proof: Taking R.H.S. and applying the Binet’s formula
for k-Jacobsthal numbers and 4.4, =-2.

st ¥ 205
1

A =2,
=4+ 4

That iS Jk,nJrl + 2Jk,n*l :ﬂln + 22}1

(lln+l _ 22;1+1 + 2/1111—1 _ 2%—1)

2.2. Lemma 2.2
Jk,a(n+2)+r = (2‘]/(,1171 + ‘]k,a+1 )Jk,a(n+l)+r

- (_2)11 Jk,an+r

Proof: Taking R.H.S. and applying Binet’s formula and
Lemma 2.1.

(ZJk,a—l + Jk,a+l )Jk,a(n+1)+r _(_2)“ Jk,a n+r

ﬂqa(nJrl)Jrr _ ﬂ;(nJrl)Jrr

(2.2)

= (A +45) P ~(2)" Teaner
_ Ala(n+2)+r _/,lqa(n+2)+r
b =2
llanw _ﬂészrr

b=

now, since ji , =Jy 4 +2J; ,_;, then the above formula

+(—2)“[

]_(_2)(1 Jk,a n+r Jk,a(n+2)+r

can be rewritten as

. a
Jk,a(n+2)+r = Jk,a‘]k,a(n+l)+r _(_2) Jk,an+V
equation (2.2) gives the general term of the k-Jacobsthal
o0
sequence {J kan +,} )5 linear combination of the two
s =

preceding terms.

2.2.1. Generating Function for the

{Jk,an+r }Zzo

Sequence

Suppose that 3, . (k,x) be the generating function of

the sequence {Jk,a n+r} with 0 <r <a-1. Thatis

Sa,r (k,x)= Jir T arr X
> ; (2.3)
+Jk,2¢1+r X+ Jk,3a+r Xt
Now multiplying both sides by the algebraic expression
(= jp.ax+(=2) x?), we get
(1= Jrax + (=23 3y, (k,x) = A= ji gx +(-2)"x7),
2 3
(Jk,r + Jk,a+rx + Jk,2a+rx + Jk,3a+rx +.. )
= Jk,r + (Jk,a+r - jk,a']k,r )x
. 2
+ (Jk,2a+r - Jk,aJk,a+r + (_2)‘1 Jk,r )x +...
= Jk,r + (Jk,a+r - jk,aJk,r ))C
Jk,a(n+2)+r _jk,a‘]k,a(n+l)+r

+ B X
n22{ + (_2) Jk,an+r

n

Now, from equation (2.2), the summation of right hand
side of the above equation vanishes. That is

(1= jrax +(=2)"x) 3, , (k,x)

(2.4)
=Jir +(Jk,a+r —Jkalk,r )x
from equation (1.10), we have
Tiarr =Ikr1Jka ¥ 200, Ji a1
Jiarr =Jkrdka = Jkrndia =Tk kan
Jrarr =irdia =(2) iy [From (111)]
Hence equation (2.4) becomes
(= o+ (-2)" 33, (k,%)
=Jip +(2) Jpapx (2.5)

_ Jk,r + (—2)er’a7rx
(1= jpax+(=2)"x%)

Sa,r (k,x)

Particular cases:
For the different values of a and r, the generating

function of the sequences {J k.an +r} are:

1)If a=1 and thenr =0,

JrotJrix x

Fi0lk,x) = =
to (k%) (= jox+(-2)x)  1—kx—2x>

which is the generating function of the k-Jacobsthal
sequence [13].

2)If a=2,then

At r=0,

G (kx)e Jio+ (2" Jiox o
‘52,0( ’x)_l_ . 2.2 - (2 2
Jrax+(=2)"x" 1 (k +4)x+4x

At r=1,
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1
~ Jii +(=2) Jpax 1-2x
‘52,1(ksx)=1_. 22 1 (12 2

Jrox+(=2)"x" 1 (k +4)x+4x

3)If a=3, then

At r=0,
- Jio +(=2)"J; 3x (k2 + 2)x
330 (k,x)= ) 3 2 3 2
1= jax+(=2) 6 1= (K +6k)x—8x
At r=1,
~ i +(—2)l Ji X 1-2kx
‘53,1 (k’x): . 3 2 = 3 2
1—jisx+(-2) x 1—(k +6k)x—8x
Atr=2,
2
J =2)J
33)2(]{,3&'): k,2+( ) k,l‘x _ k+4x

1= jesxt(-2) 52 1= (K +6k)x-8x2

2.2.2. Sum of k-Jacobsthal numbers with arithmetic
index an+r

In this section, we have discuss the sum formula for the
k-Jacobsthal numbers with arithmetic index an +» , where

a and r are fixed integer such that 0 < r < a—1.

2.3. Theorem 2.3

Sum of k-Jacobsthal number of kind an+r is

Tk amatysr =2 T ansr
_Jk,r B (_Z)V Jk,a—r
Tkt +2Jp g = (=2)" =1

(2.6)

n
Z‘]k,aH—r =
i=0

Proof: Applying Binet’s formula for the k- Jacobsthal
numbers, we have

n n ai+r _ ai+r
ZJk,aHr = Z[wJ
i=0

i=0 b =2
1 o ai+r _ < ai+r
R Loﬂ‘ 2% J
_ 1 {(ﬂ,la(nﬂ)ﬂ' _ﬁqr) B (an()z+l)+r —ﬂ;)}
=2 Al -1 24 -1

(3 )° 27— 4048
() T g
(=) () (4 + 25 ) +1)
(C2)° 7 gy et _gamvere,
A =)= (AA) AT AT
(=) (2" = (4 + 28 ) +1)

Tk ametysr = (2) T anr
_‘]k,r B (_z)r‘]k,afr
Jk,a+l + 2Jk,afl - (_2)a -1

n
ZJk,aHr =
i=0

2.4. Corollary 2.4

Formula for sum of odd k-Jacobsthal numbers
If a =2p+1, then equation (2.6) gives

Jk,(2p+1)(n+l)+r
2
~(-2)@P*D Sk @p+iyntr

Z":J i —(=2)" T 2p+1)—r
k,2p+Di+r —
i Je@p2) t2Jk2p

2.7

_(_2)(2p+1) 1

For example: (1) If p=0, then a=1 andr=0, we
have
Zn:‘]ki _Jkannt ~(2'Jy, —Jio _](_Z)OJk,l
i Jia+2J50-(=2) -1
_ e +2J40 -1
k+1
2)If p=1,thena =3, we have

iJ sy P8k aner =i = (2 Jis,
k3ivr =
P Jea+2050+7

If »=0, then

i‘] k3 Y89k 30 o~ i3
k3i =
= Jia+2J,0+7
i3 855, —(k* +2)

K +6k+7

If » =1, then
1
Zn:*] C_Teana v 830 — i — (52 i
i=0 fa Jeat2Jyo+7
_ kanea +87k 30 — 142k
K +6k+7

If =2, then
isz _ ianes #8Jk3n0 —Jka —(=2)°Jy
i=0 Jka+2Jy o +7
_ Jkanes T8y 300 —k—4
- I +6k+7
(3)If p=2,then a=5, we have

5
i smetyer = (2 Jg spar
~Jir = (D) Jy5,
Jis+ 204 —(2) -1

n
ZJk,SHr =
i=0

If =0, then
anJ _ Jksnes #3205, —k* —6k* -4
P K5 +10K% +20k +31

If »=1, then

S Tk snee +32 ksne1 +2k° +4k -1
ZJk,SiH =
i=0

k> +10k% +20k +31
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If »=2, then

2
Jk,5n+7 + 32Jk,5n+2 —4k” — k-8
k> +10k° +20k +31

n
Z Jk,5i+2 =
i=0

If »=3, then

2
Z”:J _ Tksneg 32Ty sni3 —k” 48k -2
PR K5 +10k3 + 20k +31

If r=4, then

i‘] ~ Jisnro 13275014 -k —4k-16
k,Si+4 —
= K 4106 + 20k +31

2.5. Corollary 2.5

Sum of even k-Jacobsthal numbers.

If @ =2p, then equation (2.6) is
Jk,2p(n+l)+r - (4)]] Jk,2pn+r
_Jk,r - (_2)r Jk,2p—r
Jiapit +2Jg2p1 —(HP =1

D iapier = (2.8)
i=0

For example: (1) If p =1, then a =2, we have

i*] o = Mo = Jir = (2 iy
k2i+r —
= Ji3+2J,,—4-1

If =0, then

! 201y =4k on —k
ka,Zi = 2
=0 ke -1

N J -4 +1
If r=1,then Y J; 5y = k’2<n+1>+12 k.2n+1
=0 k* -1
(2)If p=2,then a=4,we have

L T ameyer ~1600k aner =i = (2 Jp 4,
ka,4i+r =
pary Jks+2J 317

If =0, then

$ Ty anea =16J; 4, =k =4k
kaAi =
i=0

k* +8k* -9
If =1, then
En]J _Transa =164, +2k%+3
~ k,4i+1 k4 +8k2 9
If =2, then
E”:J _ Jkanse ~16J44nin —5k
~ k,4i+2 k4 +8k2 _9
If »=3, then

2

Zn:'] ~ iansr ~16Jp 4543 + K7 +10
k4i+3 = :

PR K +8k2 -9

Now, we have considered the alternating sequence

{(-D"J k.an+r+ - By the previous method we can also find
the sum formula for this sequence.

2.6. Theorem 2.6
Alternating sum of the k-Jacobsthal numbers with index
an+ris given by
D" Ty ety
+=D" (2" T ansr
n g+ (D Ty

(D' Vg gier =
g k,ai+r Jk’a +(_2)a +1

(2.9

Proof: Taking L.H.S. and applying the binet formula
for the k-Jacobsthal numbers equation (1.2) we have

D g
Z: 1 Zn:(—l)i (/Iam _ﬂaaw)
a-ng TV
A (14 (1) /lla(n+1))
1 1+ A7
S| 2 -1y a2
B 1+ 2%

(_ l)n (_2)a Jk,arHr + (_ l)n Jk,a(n+1)+r
ATt (=2) Jkamr
Jpa+(=2)" +1

that is

(- l)n ‘]k,a(n+1)+r +(= l)n (_2)a Jk,zm+r

< i +Jk,r + (_2)r Jk,afr
2D iy = 2
i=0 Jk,a + (_2) +1

For different values of a and r, the above sum can be
written as

For a=1,thenr=0, we have
n ; (—1)”Jk,(n+l) _2(_1)an,n +1
Z(_l) Jk,2i =
i=0 k-1
For, a=2

D" T pmanyer T4ED" T2y
no T+ (=2) Ty
DD Ty =— 7
i=0 k“+9

a) If » =0, then

n . -n'J +4(-D)"J, ,, +k
z(_l)l‘]k,Zi :( ) Tk one2 4D Ty oy,

i=0 k2 +9

b) If » =1, then

(D" Tg2ns3 +4ED" Ty g0 1
k2 +9

n .
DD Ty =
i=0
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For a =3,
(_1)” ‘]k,3(n+l)+r _8(_1)n Jk,3n+r
< i +‘]k r (_2)" Jk 3—r
2D gy = :
i=0 Sz ¥ 2055 =7
If »=0, then

B D" Ty 30041y +8D" Ty 5, + K +2

n )
(=D T3 =
Z(:) o K +6k-7

If » =1, then

(D" 3nsa +8CD" Ty 300 +1-2k

n .
DD Tz =

= K> +6k-17
If » =2, then
1 ; (D" T 3nss +8CD" Ty 300 +h+4
D (D' s = 3
P I+ 6k 7
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