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1. Introduction

In 1993, Andrew Beal, a banker and amateur
mathematician, while investigating generalizations of
Fermat's Last Theorem, conjectured that if

a + b0 =cabexyreNuzy >3, (11)
then a, b and ¢ have a common prime factor. Similar
conjectures have been made before Beal's conjecture. For

example, in 1914, Brun stated several similar problems [1].

In 1995, Darmon and Granville showed that if the positive
integers X, y, and z are such that

1/ x+1/y+1/z<1

then there are only finitely many triples of coprime
integers A,B, C satisfying

A*+B’=C*
This is known as the Fermat-Catalan Conjecture
formulated by Darmon and Granville. For the case
X,Y,222,

with at least one of them is greater than 2, we have 10 well
known examples:

1"+ 28 =3*(m=>1)

25472 =3
704132 = 2°
27 +17° =71

3 +11 =122°

177 +76271° = 210639287
1414° + 2213459° = 65’
9262° +15312283° =113’
43® +96222° = 300429072
33° +1549034° =15613.

It is straightforward to observe that a,b and c, in each
equation, do not have a common prime factor. As we can
see, one of the exponents (x,y,z) is 2 while Beal's
Conjecture requires all three exponents (x,y,z) to be 3 or
greater [2]. It is well known that the equation (1.1) has an
infinite number of positive integer solutions. For example,
the solutions
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33n + [2(3n )]3 — 33n+2, n> 1’

has bases with a common factor of 3, the solution
7°+7% =14° has bases with a common factor of 7, and the

solution 2" +2" = 2" has bases with a common factor of
2. There are infinitely many more well known solutions
which are

[b(@" —b") T +(@" —b")"

=[a(@"-b")*]",a>b,b>1k>1n>3,
and

[a@@" +b")T" +[b(@" +b")T’

=@"+b")"* a>1b>1,k>1n>3.

In 1997, Beal initially offered a prize of 5,000.00 US
dollars for a published correct proof or counterexample in
an internationally renowned refereed mathematics journal.
This prize was raised to 50,000.00 US dollars [3].
Recently, Andrew Beal changed his mind by raising this
prize from 50,000.00 US dollars to 1,000,000.00 US
dollars [4]. Beal's conjecture still remain unsolved.
However, partial results have been proved by many
authors [4,5,8]. In 2022, for the first time, Mouanda
constructed a new family of Toeplitz matrices called Rare
matrices which allowed him to show that the Diophantine
matrix equation

X+ XS+ X =X"m>2,n>3

has an infinite number of matrix solutions in M., (N) [6].
In this paper, we investigate the matrix approach of

Beal's conjecture. In section 2, we introduce the new

elementary properties of Rare matrices and we show that

i
every positive rational number acQ generates a

multiplicative commutative group Ry(@) of Rare matrices.
In section 3, we establish the connections between these
groups and circulant matrices. In section 4, we discuss the
Integer Factorization problem. In section 5, we notice that

000a 00 ! 01T o000 ’ 0 L 000D

001000 001000 0 01000

00000 a Doo0o1L0o0 0 00100

0onaoo1o0 Dooont1o 0o 00010

L000O00 0Do0oo0ao0ao01 0 00001

oL o0000 bOoo0oooao a+b 00000
with

a,beN

The matrix structures of the above equation allow us to
prove that, in general, Beal's conjecture is not true for
matrix solutions.

Theorem 1.1. For every positive integer N e N,n >3,
the equation

Xn Y2n :Zn
! ’ (1.2)

has an infinite number of matrix solutions
(A/B,C) e Mn(N)3

with the matrices A, B and C do not have a common
matrix factor. We have the same observations for the
matrix solutions of the equations

XZH +Y2n =ZZI‘17in +Yn =Zn,

X"+Y"=Z>" n>3,neN.
© (1.3)

2. Multiplicative Commutative Groups of
Rare Matrices

In this section, we introduce the structures and
properties of Rare matrices. We also construct
multiplicative commutative groups of Rare matrices.

Let

app a1a a3 Y p-1 A n

agy  Ggp gy 024 e ag,n
M(C) = : : : : : : cai; €C
ML) ra;;€C

an—1,1 o v Gp-ln-2 On-1n-1 Gn-ln

Ut n2 - Unn-1 o

be the set of n-by-n complex matrices. The set M, (©)

is not commutative.
Definition 2.1. A finite matrix A=[a, ;17,_, is called a
Toeplitz matrix if

Qi =G ]
Each descending diagonal from left to right of a
Toeplitz matrix is constant. For instance, the matrix

9 7 348 01000 00 100
897 3 4 00100 00 010
4 8973 00010 00 001
34897 00001 110 0 00
73489 100000 0 11 0 0 0

are Toeplitz matrices with positive integers coefficients.
Definition 2.2. The nxn-Toeplitz matrices of the form

o100 ...0000 0000 ...0000b
o010 ..00000 L 000 ... 0000
o001 ...0000 0100 ... 0000
o000 ... 0000 o010 ...00000
o000 ... 01 00 o000 . ..0000
o000 ...0010 o000 ... 1000

0000 ...0001 0000 ...0100
a 000 .00 000 o000 ...0010

az0,c20,b-0,a,b,ceC

are called Rare matrices of order n and index 1.The index
defines the number of non-zero complex coefficients of
the matrix different to 1 and 0. For example, the matrix

0010 ...000°0
0001 ...0000
0000 ...0000
0000 ...1000
el ¢ i [ €Mu(C)a#0,e£0,c€C,
0000 ..0010
000O0...0001
a 000 ...0000
0a 00 ...0000
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is called a Rare matrix of order n and index 2. Rare
matrices have been first introduced by Mouanda in 2022
during his investigation on the matrix solutions of the
Fermat matrix equation

X"+Y"=2"'n>3

A simple calculation shows that

| SSeo I e T e Y e R e

and

w o o o
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[6].

o O O O

S O Dwl=

[=}

/

We are interested on the investigation of the physical
mutations of the coefficient & inside the matrix

o o oo

P =R=R=

o O O =

oo = o

o = o O

[ I s [ s R e Y

o o oo

o o oo

[ S

o o oo

oo~ o

o o oo

= =

€ M,(C),a # 0,k €N

After simple calculations, we find out that
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We can see that the coefficient & is keeping moving
through diagonals when the value of k increases. This is

an interesting phenomenon.
properties of Rare matrices.
Remark 2.3. Let

oo o O

o oo o -

oo O =

oo oo -

(= =R ]

OO DD e

o= o O

[ I e T e T e RO

o O O O

R e i« B an IR

Let us

o0 o o
oo O O

D D D= e
(=Rl e B

oo o o

D = DD e

be a Rare matrix of order n and index 1.

We can see that
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investigate more

€ M,(C),a #0,

Then

1]
1]

0
1]
1]
1]

These observations allow us to say that

AT = KA = (A)FAL=(al,)!
Al =a"A qg<n A xiAS’lxz l,.
(24

Therefore,

010

(U Vit
000

000
(U]
o 0o
a 00

Suppose that

We can observe that

_ nk _ Tk _ Kk
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AT =TT, =a"T,,q<n,n,q keN.
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Definition 2.4. A (binary) operation on a non empty set G
is a function

An operation * on a set G is associative if

(axb)*xc=ax(bx*c)

H:GxG -G

¥
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foreverya, b, c € G,

Definition 2.5. A semigroup (G,*) is a nonempty set G
equipped with an associative operation *- A group is a
semigroup G containing an element e such that:

(i) exa=a=a*e€ g gl aGG;

(i) for every @ € G | there is an element P € G with

axb=e=0"bx*a.

A pair of elements a and b in a semigroup commutes if
a*b=Db*a_ A group (or semigroup) is abelian if every
pair of its elements commutes.

We can now prove that every positive rational number

generates a commutative group of Rare matrices.
Theorem 2.6. Let

aeQ’

be a positive rational number such that

a#0

and let
0100 0000
0010 0000
0001 0000
0000 0000

Aa=1 0 1 i Dol | eMu@T)n =3,

0000 0100
0000 0010
0000 0001
a 0 0 0 0000

be a Rare matrix of order n and index 1. Then the set

R (a) = {_4’;, (AT)* ik e N} C M,(Q*),a € Q™,

is a multiplicative commutative group.
Proof. Let

aecQ a+0,

be a positive rational number. Remark 2.3 allows us to
claim that

o000 ...000 l o100 ...0000
Looo . ...0000 gorLo...0000

0000 ...0000 0000 ...0100
o000 ... 1000 o000 . ..0010
0000 ...0100 0000 ...0001
0000 ..0010 Loo00...0000

Therefore,
R,(a) = {,4};. (AT ke N} = {45, A keN) C M,(QY), e @

is a multiplicative commutative group. This yields us the
desired result.

New Notation: Denote by
R,(Q")={R,(a):2eQ"}

the set of multiplicative commutative groups of nxn-Rare
matrices. This set can be considered as the representations

classes of positive rational numbers. In this set, every
positive rational number & can be identified as the group
Ry(@)

We can denote by

a L =R (a . .
[ ]WQ) n( ), the representation class of & in

Rn(@). Also, we can notice that
{a"Al:1<q<nkeN}c R (a)neN,n>2

q

with A, is a Rare matrix of order n and index q. Assume

that
T =A =TT, =a"Al1<qg<n.
Theorem 2.6 allows us to say that

Rale)= {45 AP ke N} = {AE ke L} C M,(Q7),0 € Q.

3. Connections with Circulant Matrices
In section, we show that the elements of the group

1l ..
Ra(@7) allow the construction of circulant matrices of

order n. Suppose that N = Sand @=1_1n this case, we
have

o1 000 oo 100 ooo10
o0100 ooo10 o000l
Jdy=l 00001 | Ty= 10000
00001 L 0000 01000
10000 01000 o100

1 0000 01000

00100 00010
oo o010 oo o001

Therefore,
[1]7?5(@) =R = { IS’Tl'TZ’TsvTA} =U;

is a commutative group of circulant matrices, since

T1T4 = Is
and
T2T3 = I5

We could use the elements of the finite group
[1]7%(@*)
to construct circulant matrices of order 5. Indeed, let

{89,128, }
be a finite set of complex numbers. A simple calculation
shows that

ag @1 a9 a3 a4
ay dp ap a9 3
g ady ap a7 9
as a3 a4 ap adq
@y as az a4 Qg

4 4
= E aka = E ak;—‘ﬂ]“.
k=0 k=0

In the same way, we could use the elements of the
group
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m'ﬁ’,,k(Q—J = Rn(l) = {[n‘Tl‘TQ: ----:Tn—Q:Tn—l} = ["‘Tn:’I}Tﬁ—j = JTn
to construct circulant matrices of order n+1. Indeed,

ap O] (lp—1 %
5% g 1y U1 n n
. _ k
(p_1 Oy ag a1 = Z aply, = Z e 41

Oy 1 Oy, ay ay

aq o Opp Gy ap

4. Integer Factorization

Integer Factorization is the decomposition, when
possible, of a positive integer into a product of smaller
integers and prime factorization is the decomposition,
when possible, of a positive integer into a product of
smaller prime numbers. It is well known that when the
numbers are sufficiently large no integer factorization
algorithm is known. The difficulty of this problem is very
important for the algorithms used in cryptography such as
RSA public key encryption and RSA digital signature [9].

If we know the value of the matrix A, , it is very easy to

construct the elements of the group Ro(@) However,

constructing the matrix A, once we know the value of
Ry (@) k for

n k
the element "« =% !0 of the group ,
sufficiently large (k has 650 digits), could be a difficult
problem. This difficulty could lead to serious studies in
cryptography. For example, given
T.° =272,440,639,012,851x I, = A™ = a1,
10
Find %’ p.k, ATy and construct the commutative

a =R, (a
group [ ]7?1.(@ ) ( )
A simple calculation shows that

a*=77"° = a =771k =5.

-1
We can now construct A771’ A771. Indeed,

oo Cc oo oo oo
s s T e I e T e Y e [ e s [ e B
[ R e T e I s i [ s B e e G e
oo o oo oo~ oo
s s T s Y e Y s B s B s T s T s
(== R en i e i e B e I o [ e [ o [ o ]
[ T s D e T s T R s [ s s s Y s
[enRan TN an I e [ an i o [ e [ o [ o
[ R T s R s Y e B s e s o
o= O OO0 O O o oo

=1

and

1
—

—
i

A—1

A =

cCoOcooCoCoOOR~O
s I s Y s IR s T e TR s Y e Y Y s T
cocooo—~o OO
cocococo—~ocCc OO
oo o o, O oo o0
coocorroooococ oo
[ T e T S s N e T s T e T s B s Y s
o ocCOoOCOoCCOO
e R=E=R=R=E=R=R=R=]
cCoCcoOO0O0 0o O

“"'-n-_

Now we can claim that
7Tl = Ruo(771) = {45 AL -k e N} € My(QF).
What we learn in this section is that every element of

the group Ry(a) allows us to identify & . In other words,
we could say that knowing one element of the group
Ry(@) allows us to identify & . Let us keep in mind that

the elements of the group R@) for k sufficiently large
make difficult to identify & . These elements completely
hide the identity of & . Another example: Given

T =302,875,106,592,253x I,, = A = a*l,,

. o .
Construct the representation class [ ]7214(‘@ ). Answer:
a“=13" > a=k=13.

Tl4

As we can see, the element 'k allows us to identify

the value of a. In our case, & =13.

0100000000000 O0\"
001 0000000O0O0O0D0
0001000000000 0D
0O 00010000000O0D0
0 0000100000000
0O 0000010000000
0 0000001000000
RuslQ 000000001 00000
0 0000000010000
0 0000000001000
0O 000DO0O0O0O0O0O0O0DT100D
0 00D0DO0DO0O0DO0O0O0O0O0T10D
0O 00D0DO0DO0O0DO0O0O0O0DO0O01
3000000000000 0

5. Proof of the Main Result

Multiplicative commutative groups
R, (@), aecQ",n>3,

of Rare matrices, previously introduced in section 2, are
powerful tools which can be used for finding the matrix

solutions of the Diophantine equation
X"+Y"=Z"nmk=>3

Let us notice that

000a00\ fOLO0OO0OD0DO\" 0 10000\"
001000 001000 0 01000
00000 a 000100 0 00100
pooo10] Joooo1o 0 00010
LO0000 000001 0 00001
010000 b000O00 a+b 00000
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with
a,be N‘

We can say that every pair (a,b) of positive integers
generates a matrix solution of the equation
X3+Y°®=2°
The above matrix solutions of this equation do not have

a common factor. Triples of positive integers which are
solutions of the equation

X2+y2:ZZ

are called Pythagorean triples. Let us notice that

12 [ 12

o1 0000 - 01 0000% o1 0000
o0 1000 001000 g0 1000
g0 o100 000100 o001 00
g0 o0o010 0o 00010 g0 0010
000001 0 00001 000001
200000 6 0 0000 500000

since 9 + 16 = 25. We can deduce that if a,b and c are
positive integers such that

a’+b?=c?
then

o1 0000 : 0 10000 o1 0000
001000 o o1 000 oo 1000
000100 000100 o001 00
000010 000010 o0 o0010
0oo0o0o0o0D1 o ooo0o01 o000 01
a 00 0 00 ¥ oooo0o0o0 c 000 00

Due to the fact that there is an infinite number of
Pythagorean triples [7] implies that the matrix equation

12 6 12 Y e - -
X“+Y"=Z" has an infinitt number of matrix
solutions which do not have common matrix factors. The
elementary properties and the structure of the elements of

the multiplicative commutative groups and

Ry (@) allow us to prove our main result.

Proof of Theorem 1.1
Let (a,b,c) be a Pythagorean triple of positive integers.

2 2 2
Therefore, @ +H" =C".
Let

(A.,B,,C.)eM,(N)

be a triple of Rare matrices of order and n index 1 defined
by

0100 ...0000 0100 ...0000
0Co1o...0000 0010 ...0000
Doo1...0000 Doo1...0000
0ooo0...0000 0Cooo0...0000
Ap=] ¢ v r o L By=
0oo0oo0...0100 oooo0...0100
0ooo0...0010 Dooo0...0010
0000 ...0001 0Dooo0...0001
@ 000 ...0000 booo...0000

and

0 100 0000
0 010 0000
0 001 0000
0 000 0000
Co=1| + 1 Pt | € My(N)n >3
0 000 0100
0 000 0010
0 000 0001
2000 0000

Remark 2.3 allows us to claim that

a2 0 0 0 00 0 0
0 a2 0 0 00 0 0
0 0 o 0 00 0 0
0 0 0 a 00 0 0
Ap=1 t 1 Lo :
00 0 0 a> 0 0 0
00 0 0 0 a> 0 0
00 0 0 0 0 a® 0
00 0 0 0 0 0 o
B 0 0 0 00 0 0
0 0 0 00 0 0
0 »® oo 00 0 0
0 0 0 b 0 0 0 0
Br=| Lo Do
00 0 0 20 0 0
00 0 0 0B 0 0
00 0 0 00 & 0
00 0 0 00 0 ¥
and
2 0 0 0 0 0 0 0
0 & 0 0 0 0 0 0
0 0 & 0 0 0 0 0
0 0 0 & 0 0 0 0
00 0 0 0 0 0
0 0 0 O 0 & 0 0
00 0 0 00 & 0
0 0 0 O 0 0 0 &

It follows that

A", + B2 = C

s
Therefore, the triple

(A.,B,,C.)

is a matrix solution of the equation X"+Y=2" . Due
to the fact that every Pythagorean triple generates a matrix
solution of this equation implies that this equation has an
infinite number of matrix solutions. As we can see, the
matrices

A..B,

and
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do no have a common matrix factor. We have many
similar observations. For instance, the triple

(A, B.:.C.)
is a matrix solution of the Diophantine equation
x2n +Yn 222n
Again the matrices

A.B,

and

C

C
do no have a common matrix factor. The same
phenomenon can be observed to the matrix triple

(A, B,.C.)
which is a solution of the matrix equation
X 2n +Y 2n — Z 2n
We have the same observation for the matrix solutions

n n 2n
of the equation X +Y =27, In this case, we could

o A, B,C
use the matrlxtrlple( a’’! "b? C).
We could even construct sequences of matrix triple

. . 2 2
solutions of the equation X" +Y"=Z" and end up
having the same observations. For example, we could use

the sequence (A Bants Coindnz of matrix triple
solutions of this equation. We observe that the matrices

A Bans and C“+1 do no have a common matrix factor.
This yields us the desired result.

Remark 5.1. Let & be a positive integer. Then,

5n

D10 00 01000
Do1 o0 o0 00 a 00
00O0a 0 =1 00010 nelNn>1
Doo o0 1 00001
100 0 0 10000

Recall that

n 1
(a+b)"=a"+ —_ M avkpk abneN.
ZK(n—K)!

01T ooy 01 [ 0o 0 a+h 000
0o 100 00 Riab) 00 0o 0 100
Doo0ao0 +l 00 0 10 =10 0 010
o001 (1] 1] 01 1 1 0no1
10000 10 0 ] 1 0 000

I
M gk ,a,bneN,n>2.

R"(a'b):kzzl:k!(n—k)!

Finally, the Diophantine equation X" +Y°=2Z""
admits an infinite number of matrix solutions, which do
no have a common matrix factor, for every positive
integer N
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