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Abstract We present a comprehensive theoretical and numerical study of acceptor impurity states in polar
semiconductors, combining a variational method with the Modified Generalized Exponential Cosine Screened
Coulomb (MGECSC) potential. This potential accounts for long-range Coulomb screening, while central-cell
corrections describe short-range lattice effects. Polaronic contributions are explicitly incorporated through the
Huang—Rhys factor, enabling the analysis of phonon-assisted photoionization spectra. Calculations are performed for
GaAs and CdTe, with parameters calibrated against experimental binding energies. Our results show that plasma
screening reduces binding energies, weakens vibronic coupling, and modifies spectral line shapes in agreement with
experimental observations. The model demonstrates predictive capability for photoionization cross sections,
bridging plasma physics and semiconductor physics, and provides valuable insights for the design of doped
optoelectronic devices under controlled screening conditions.
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1. Introduction

The continuous demand for high-performance
optoelectronic devices, combining precision, efficiency
and low energy consumption, has driven intense research
into the control of impurities and defects in semiconductor
materials. In low-dimensional semiconductor nanostructures,
the presence of intentional or unintentional impurities plays a

decisive role in determining electronic and optical properties.

Among the various experimental probes, the
photoionization process — an optical transition from the
impurity ground state to conduction sub-bands — is a

powerful tool for characterizing impurity states, as its
cross section is highly sensitive to impurity type, location,
and the host material's dielectric environment. Theoretical
and experimental studies on photoionization cross sections
have revealed strong dependencies on quantum
confinement  effects, impurity  positioning, light
polarization, and central-cell corrections, particularly in
polar semiconductors such as GaAs and CdTe [1].

CdTe, for instance, is a polar semiconductor
crystallizing in the zinc-blende structure, with a direct
band gap whose magnitude depends on temperature. Its
ability to be tailored to either n-type or p-type

conductivity makes it highly relevant for devices such as
solar cells, optical modulators, infrared detectors, and
gamma/X-ray detectors. However, even in high-purity
samples, residual impurities (e.g., As, Sh, Cu) or native
defects can introduce electrically active levels in the band
gap, affecting device performance. The accurate
determination of binding energies and photoionization
cross sections for these impurities is therefore critical,
both for fundamental understanding and for optimizing
device fabrication [2,3].

From a theoretical standpoint, modelling impurity states
in semiconductors requires a potential that captures the
long-range Coulomb interaction and short-range
corrections due to chemical shifts, lattice distortion, and
carrier—-phonon coupling. Traditional hydrogenic models
often fail to reproduce experimental binding energies,
especially for acceptors, where the complexity of the
valence band (degeneracy, anisotropy) and strong central-
cell effects must be accounted for [3,4,5,6]. Among the
various potential models proposed in the literature, the
Modified Generalized Exponential Cosine Screened
Coulomb (MGECSC) potential stands out for its
flexibility in describing both long-range and short-range
screening effects. Initially developed to capture the strong
screening in quantum plasmas, the MGECSC potential is
expressed as [5,6,7,8,9]:
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where a, and bp are dimensionless plasma parameters

controlling the oscillatory and polynomial screening terms,

and A is the screening length. By appropriate choice of
parameters, the MGECSC potential can also describe the

plasma-free limit (4 — o) relevant for many solid-state

systems.

In the present work, we extend the model potential
approach by incorporating the MGECSC potential —
supplemented with a differential central-cell correction

proportional to (1/&,-1/&) — into a variational

formalism for calculating impurity binding energies. This
approach is applied to both GaAs and CdTe doped with
experimentally relevant impurities such as Mn, As, Sb,
and Cu [1,6]. Our study has two main objectives: (i) to
assess whether the MGECSC-based potential, when
carefully calibrated, can reproduce experimental binding
energies in polar semiconductors; and (ii) to analyze the
impact of the potential parameters (ap.bp) and the central-

cell term on the accuracy of the model. By bridging
methodologies from quantum plasma physics and
semiconductor impurity modelling, this work provides a
unified framework capable of describing both plasma-
embedded atomic systems and solid-state environments
[10]. In the following, we first present the theoretical
framework of the MGECSC potential and the variational
formalism used to model acceptor impurities in polar
semiconductors. We then introduce the numerical
methodology  adopted, including the variational
procedures and simulations required for the evaluation of
the parameters and spectra. Finally, the results are
analyzed and discussed in light of the screening and
polaronic effects, before concluding with the main
findings and perspectives.

2. Theoretical Model

In semiconductor nanostructures, the photoionization of
impurities is strongly influenced by the degree of
electronic confinement. When the dimensionality is
reduced, as in quantum dots, carriers are spatially
restricted, which enhances their Coulomb interaction with
the impurity. This enhanced confinement increases the
impurity binding energy and consequently shifts the
photoionization threshold towards higher photon energies
compared to quantum wells or quantum wires [2,4].

However, this simple confinement-induced
enhancement does not tell the whole story. Real materials
are also subject to additional interactions that significantly
alter the binding energies and spectral features. In
particular, electron—phonon coupling introduces polaronic
shifts and phonon sidebands, while plasma screening
modifies the long-range Coulomb attraction through
collective oscillations [10]. Furthermore, short-range
chemical and lattice effects must be taken into account via
central-cell corrections. The combined action of these
mechanisms can either reinforce or counteract the pure

confinement effect, leading to rich and non-trivial
photoionization spectra [11,12].

To correctly capture these competing contributions, one
requires a theoretical framework that simultaneously
includes confinement, electron—phonon coupling, plasma
screening, and central-cell corrections. Within this
framework, the photoionization cross section is derived

under the dipole approximation from Fermi’s Golden Rule

as [1]:
E
a=[Eﬂ] e wz\w.wf\ 5( w-(E ~E))
0 & 3 (2)

a5 is the constant of the fine structure, n, the optical

refractive index, £ the dielectric constant. Eé—ff is the ratio
0

between the effective field which is equal to the Lorentz
field and the nominal (electric) field of the incident wave.
It is customary to think of it as an adjustable parameter.
This prefactor does not influence the spectral position of
the maximum of the cross section; it only modifies its
amplitude as a scaling factor. The true spectral structure
lies in the dipole matrix elements and the energy
difference between initial and final states.

Within the Born—Oppenheimer approximation, the total
wavefunction of the system can be factorized into an
electronic  contribution and a lattice (phononic)
contribution:

villlv s =wE Iy zilzs ®)

Here, 1// denote the electronic wavefunctions, while

Zi ¢ represent the vibrational (lattice) states of the crystal.

The first term encodes the purely electronic transition
matrix element, which dictates the optical selection rules

and the oscillator strength. The second term, x;ilyxs.

accounts for the overlap between vibrational states and
directly reflects the electron—phonon interaction.
Physically, this means that the absorption or emission
of a photon in a solid cannot, in general, be described as a
purely electronic process: the lattice participates through
phonon sidebands. The redistribution of oscillator strength
into these sidebands depends on the strength of electron—
phonon coupling, which is characterized by the Huang—
Rhys factor S [12,13]. This dimensionless parameter
guantifies the extent of lattice relaxation upon electronic
excitation. At low temperatures, where only the

vibrational ground state is initially populated, the
probability of emitting p longitudinal optical (LO)
phonons follows a Poisson distribution:
2 §PeS
x| = ~ @)

Thus, the electronic transition is modulated by a
phonon “envelope”, producing a series of vibronic replicas
in the absorption spectrum.

Formally, the vibrational overlap can be expressed
using phonon creation and annihilation operators.
Introducing the phonon displacement operator:
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xtlx = x+1Silxi (6)
where V, measures the strength of the carrier—LO phonon
interaction, pq is the electron density coupled to phonon

mode qqg, and #wm g is the LO phonon energy. The

states ;(i"f correspond to the the factors proper of the

Hamiltonian of free phonons.
After algebra involving the commutation relations of

the operators ay and a;r, the overlap integral reduces to

the Huang—-Rhys expression above. This result shows
clearly that electron—phonon coupling does not merely
broaden or shift optical spectra, but generates a well-
defined ladder of phonon-assisted transitions. These
sidebands carry crucial information about the microscopic
strength of coupling and about lattice relaxation dynamics
around impurities in semiconductors [1].

This result shows that for weak coupling (S <1) the

zero-phonon line dominates, while for stronger coupling
spectral weight is transferred into phonon sidebands,
reflecting polaronic dressing of the carrier.

The polaron concept also modifies the effective mass of
the charge carrier. In the Fréhlich model, the electron-
phonon interaction enhances the mass according to:

. a). 1e*( 2m o
m =m|1+=2 [0y ==— ——=
6 2 h ha)Lo Exn =)

where «q is the polaron coupling constant, &, and &

are the high-frequency and static dielectric constants,
respectively, and %@ o the LO phonon frequency. A

larger o implies stronger coupling, leading to a heavier

effective mass and lower carrier mobility, and introduces a
binding energy shift of order —Szw g .

Beyond electron—phonon effects, collective plasma
screening must be included. For this purpose, we adopt the
Modified Generalized Exponential Cosine Screened
Coulomb (MGECSC) potential, using an appropriate
system of units. [5,7,9,10]:

2
e _r anl
VMGECSC (r) = —5(14- bpr)e A’ COS[AL] (8)
p

The exponential damping reflects the reduction of long-
range Coulomb attraction due to free carriers, while the
cosine term introduces oscillations reminiscent of Friedel
oscillations arising from quantum diffraction effects. The
parameter A entering the MGECSC potential represents
the characteristic screening length of the medium. Its
physical meaning depends on the regime of the electron
gas [13,14,15].

e In a classical, non-degenerate plasma, the screening

is governed by the Debye length

eokgT
p = /% 9)
ne

which increases with temperature and decreases with
carrier density.

e In a quantum (degenerate) plasma, the screening
arises from the collective response of a Fermi sea of
electrons. The relevant length scale is the Thomas—
Fermi screening length, obtained from the static
limit of the Lindhard dielectric function:

1/
Je =| 0 ‘ k —(3 Zn)ﬂ3 (10)
=g ) FT 4

2
Where a, :4”50% 2) is the Bohr radius, and kg
me

is the Fermi wavevector.
Unlike Ap,Arg is essentially independent of
temperature at T < Tg and scales weakly with density as

n—1/6

In the present work, A is therefore understood as a
generalized screening length which reduces to Ap in the
high-temperature, non-degenerate limit and to Arg in the

low-temperature, degenerate regime relevant for polar
semiconductors such as GaAs and CdTe [14].

— GaAs
CdTe
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Figure 1. Evolution of the Thomas-Fermi screening length

This Figure 1 shows the evolution of the Thomas-Fermi
screening length, Arg, as a function of carrier density n

for GaAs and CdTe. A characteristic decay of
ME ocn(’%) is observed, typical of screening in a
degenerate electron gas. For a given density, Arg is

systematically larger in GaAs than in CdTe, due to its
higher dielectric constant and lower effective mass. This
difference reflects the increased screening efficiency in
CdTe. The screening length Arg serves as a central
parameter for quantifying screening effects in subsequent
calculations of binding energies and optical properties [15].

In Eq (8), the parameter a, controls the strength of the

cosine modulation. Physically, it represents quantum
diffraction effects and Friedel-like oscillations in the
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electron density around the impurity. Larger ap values

increase the oscillatory character of the potential, leading
to non-monotonic variations of the binding energy with
density.

The factor (1+ bpr) refines the short-range behavior of

the potential. It mimics local deviations from the pure
Coulomb law due to exchange—correlation effects and the

finite extension of the screening cloud. Adjusting bp

allows one to better match experimental impurity binding
energies, especially in polar semiconductors where
central-cell effects are important. Importantly, in the

plasma-free limit 2 —» o , ap —0 , and bp — 0, the

standard Coulomb potential is recovered.
By contrast, /Ip sets the periodicity of the oscillatory

term, linked to quantum diffraction and Friedel-like
oscillations (4, ~1/kg ) . Thus, 2 controls the overall

weakening of the interaction, while /lp determines the

wavelength of oscillatory modulations.

Together, these parameters enable the MGECSC
potential to interpolate smoothly between the unscreened
Coulomb limit and strongly screened quantum plasmas,
while retaining flexibility to capture subtle short- and
long-range effects in semiconductors.

However, this long-range potential alone is
insufficient to reproduce experimental impurity binding
energies, especially for acceptors, because it neglects the
local chemical environment around the impurity. A
central-cell correction must therefore be added, typically
written as [1,16]:

2

Vog (1) ==——| (e, ~1)e™

— +/1'} (12)

Where K is a characteristic inverse length describing
the lattice response and A’ is an adjustable parameter.
This correction restores the missing short-range physics
associated with local lattice relaxation and covalent
bonding, and it plays a decisive role in aligning the
theoretical binding energy with experimental values.

To evaluate the impurity ground-state energy, we
employ a variational approach with a hydrogenic trial
function:

_r
! e A (12)
ra’

w(r)=

where a is a variational length scale related to the
effective Bohr radius.

Within the effective mass approximation, the full
Hamiltonian of the system reads [1]:
2 2
PR Vz—e—+2ha)|_oaq a
2m Eor
(13)

+§ [anq (e'qr —1) +Vq g (ef'qr —1)} +Vee (1)

Here, the second term corresponds to the Coulomb
attraction, the third term describes the contribution of
longitudinal optical (LO) phonons, and the fourth term

expresses the coupling between charge carriers and LO
phonon modes. Using a canonical transformation, the
Hamiltonian can be recast in the form:
2 2
H=-" Vz—e—+2thoaqaq
e (14)

+ [anqe +Vq aqe’Iqr } +Vee (1)
q

. . 2 .
At this stage, the bare Coulomb potential —QA)r is

replaced by its plasma-screened counterpart Viygeesc (1)
leading to the modified Hamiltonian:

H= 2m Zha)Loaq q
d (15)
+> [anqe'qr +Vgage " J +Vee (1)
q

The long-range screening of the Coulomb interaction is
fully described by the MGECSC potential Vigecsc,

while the short-range local effects remain accounted for
by the central-cell correction Vi, (r) . This separation

ensures that no double counting occurs: collective plasma
effects act at long distances, whereas the CCC restores the
physics of chemical bonding and lattice relaxation close to
the impurity.

Within the adiabatic approximation, the ground-state
trial wavefunction is refined to include the polaronic
dressing of the impurity state by longitudinal optical
phonons [1]:

=ts exp[—Z(gqaq - g;aa )}|O (16)

q

with

A7)

Teige -

[is =
thO
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where ais the variational radius of the impurity, pq is the

Fourier transform of the ground-state electron charge
density, and |0) is the phonon vacuum. This expression

captures the polaronic cloud surrounding the impurity and
thus improves the variational treatment of the coupled
electron—phonon—plasma system.

The transformed Hamiltonian takes the form:

2

h Ve e

H = -——V? +Vyeecse +Vee (r-2 (18)
2m q hio

which, after symmetrization of the interaction term, can be
written as:

.
= H =-—5V?+Vygecsc +Vee (1)

2m* (19)
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The last contribution represents the reorganization
energy of the crystal lattice induced by the impurity. Its
expectation value is proportional to the Huang-Rhys
factor S :

1 M[pq (eiqr )er;c (e_iqr )} =Sho o (20)

Physically, this term describes how the lattice polarizes
around the impurity. A larger impurity radius aaa (weakly
bound state) corresponds to weaker polarization (smaller
S ), whereas a smaller aaa (strongly bound state) enhances
the polaronic correction.

In the Lee-Low—Pines (LLP) approximation, the final
state of the coupled system reads [1,12]:

v =%9XP{ {hk 2 Jdag q} ]

(21)
exp[Z( fqaq — f(;kaq )}‘{nq}
q
with
V*
f, = d (22)
q 2.2 .2
ha)LO +h q h T(
2m” m

where ng counts the emitted phonons and 7%k is the

momentum of the carrier. The source term for the lattice
polarization is precisely the charge distribution of the
impurity, expressed through the Fourier transform

= fdr‘z//ie' [i%3 ‘2 expiq.r (23)

Collecting all contributions, the variational functional
of the impurity binding energy is:
2

——— +Vmeecscis +Vecis —Shoo (24)
2m a

The first term is the kinetic confinement energy,
increasing as the impurity radius shrinks.
Vmcecscis reflects the screened Coulomb attraction,

where the exponential factor weakens binding as plasma
density rises, while the oscillatory cos(/r) introduces

Eb (a,ﬂ') =

Friedel-like oscillations in E,, versus density.

e?| e cos(pr)

—ur
VMmGECscis = +bpe " cos(fr)
0

.
(25)

2r
a 2 _4r
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—ur 0 2 2
&7 cos(pr) Cos(ﬂr):%jre’“r cos(ﬁr)dr:is—a -/
' a o (a +p )
(27)

“ 2a(a? —3ﬁ2
e “"cos(pr) =i3fr2e’0‘r cos(Ar)dr = %M
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3
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2 2
2| 4 o p? 82(a —3/3)
VMGECscis N — 3 *bp B 2 23
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(28)
o Vs corrects the local environment, ensuring

that short-range covalency and lattice relaxation are not
double-counted [1].

2 2
1
V =———(1+1)- &, —1 29
ccis 8003( ) gwa(“’ ) Ak \2 (29)
1+—
2
o The final term -S.iiw o is the polaronic

stabilization energy, reduced as the impurity delocalizes.

(efiqr )}| w(r)=-Sho o

h Lo
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Conversely, at finite carrier densities, plasma screening
lowers |Ej| (shallower impurity), while polaronic effects
partially compensate this loss of binding.

The central-cell correction can be further refined by
allowing the dielectric response to be wave-vector
dependent,

(6°+K?)
e(Q)=ép——>7% (32)
( ) gooq2+K2
which  interpolates  between 8(q=0)=oo and

£(q—>»)=1. The Fourier transform of the Coulomb

potential then leads to:
2

V(r)=———[1+ (2, -1)e ]
I’g (33)
To capture lattice disruption induced by the impurity,
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an additional short-range term A'e™™ is introduced,

leading to the final CCC potential

2

Vog (1) = [ (£, ) " + 2] (34)

The adjustable parameter A'is then fitted variationally
to reproduce experimental binding energies in the absence
of plasma. This calibration ensures that subsequent
plasma-dependent predictions remain anchored to real
data

The impurity binding energy is finally obtained by
minimizing Ep(a,A") with respect to the variational
radius a (and possibly A'in extreme plasma regimes).
The resulting effective impurity radius a*(/l,ap,bp) and

corrected binding energy:
EP =k, (a*,/l') (35)

reintroduced into the full
thresholds,

are then consistently
spectroscopic  formalism (photoionization
cross sections, phonon sidebands).

The determination of impurity binding energies and
photoionization cross sections in the presence of plasma
screening and electron—phonon coupling requires a careful
numerical scheme. The strategy adopted here relies on a
variational formulation within the effective-mass
approximation,  supplemented by the Modified
Generalized Exponential Cosine Screened Coulomb
(MGECSC) potential for long-range screening and a
central-cell correction (CCC) to account for short-range
lattice effects [18,19];

To avoid inconsistencies, all calculations are performed
in effective atomic units: lengths are expressed in the

effective Bohr radius ag, and energies in the effective

Rydberg Ry*. This normalization guarantees that the
unscreened hydrogenic Coulomb potential yields the
reference binding energy ~1/a% in the variational
functional and aE and Ry* are computed from the

- *
material parameters m and &;.

For a hydrogenic 1s trial wave function with
variational length a , the expectation value of the total
Hamiltonian reads

1
Ep(a)= _a_2+VMGECSC1S +Vecis —S(a)ha o (36)

The screened Coulomb potential yields closed-form
integrals involving ¢ =2/a+1/Aand S = ap/A , leading

to rational functions of («, ).

The central-cell correction is parameterized by K and
A'and introduces short-range lattice relaxation effects.
The polaron shift is incorporated through the Huang—

Rhys factor S(a) , which scales inversely with the

variational radius and depends explicitly on (&, &g ) .

The variational energy E,(a) is minimized with

respect to a over a finite interval [ apin amay |- This is

achieved numerically using a bounded scalar minimization
routine (Brent’s method). The optimal parameters are the

effective radius a*, the impurity binding energy

Eip': Eb(a*), and the polaron coupling factor S (a*) .

once EP and S(a*) are determined, the

photoionization cross section is evaluated from Fermi’s
Golden Rule. The threshold condition defines the
continuum density of states for photon absorption with
emission of p longitudinal optical phonons. The intensity

of each phonon sideband is weighted by a Poisson factor

p
2_ -85S
Zif=¢€ o

assembled as a weighted sum over phonon replicas,
modulated by the dipole transition matrix element.

The central-cell parameter 1'is fixed by reproducing
the experimental binding energy in the plasma-free limit

Thereafter, the model is

. The overall cross section o (f®)is then

(ﬁ—)oo,ap —>0,bp —>0) .
predictive: varying the plasma parameters (/1,ap,bp)
modifies both the binding energy and the spectral profile.
As consistency checks, the scheme recovers the standard
hydrogenic limit in the absence of screening, and exhibits
the expected weakening of binding and reduction of
vibronic coupling as the screening length decreases.

This implementation strategy provides a transparent
and flexible numerical framework to analyze impurity
states in plasma-exposed semiconductor nanostructures,
and to compute both static (binding energies, effective
radii) and dynamical (photoionization  spectra)
observables.

We recall that in these conditions, the integral over
space cannot be done in a reasonable way [1]. On the
other hand, for low values of the wave vector k, an
approximation valid for slow charge carriers; doing a
series development, we obtain the following expression of
the photoionization cross section for the emission of a
phonon [1]:

2
E 2
a(ha))—|:[QﬁJ n:|47[afsha)
Eg ) ¢| 3
5 rpap 28a’ om" T03 2 (5rpag
exp| —a = +C || = 50(To)+ zif + % F(aT)o(Ty)

@37)
6 is Heaviside's function, zjis the quantum radius of

the polaron, ¢ is the charge-carrying phonon coupling
constant, and V is the volume of the crystal. In this

expression, the term ;(i% is added to take into account the

overlap of vibrational wave functions on the spectra of the
photoionization cross section.
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(42)

where EipI is the plasma- and polaron-corrected impurity

energy. This expression shows that plasma screening
lowers the binding energy, shifting the ionization
threshold to lower photon energies, while electron-
phonon coupling redistributes oscillator strength across

97

variations of binding energies with carrier density,
reflecting quantum interference effects in screening.

In summary, this work, through the developed
formalism, proposes a framework that coherently models
the combined effects of confinement, polarons, plasma
screening, and local corrections. The robustness of this
formalism makes it applicable to the analysis of impurities
in polar semiconductors such as GaAs, CdTe, and others
(e.9., ZnSe and InP), while also building a bridge between
semiconductor physics and quantum plasma physics, from
which the MGECSC potential originated.

3. Results and Discussion

Before analyzing the full set of results, we first aimed
to validate our theoretical model by comparing it with
known data in the plasma-free limit

(/1 —®,a, —>0,b, - 0) , where the standard Coulomb

potential is recovered. In this regime, our calculations
successfully reproduce the findings of our previous work
on the variation of the photoionization cross section
depending on the choice of impurities in GaAs and CdTe
[1]. Moreover, the binding energies obtained for Li and
Na impurities within the variational approach agree well
with the experimental values reported for Mn in GaAs and
As, Sb, and Cu, Li, Na in CdTe crystals, despite the
diversity —of experimental conditions (annealing
atmospheres, impurity diffusion, ion implantation,
electron irradiation) [18,20,21,22,23]. This consistency
confirms the reliability of the present formalism, while
also emphasizing the ability of the Modified Generalized
Exponential Cosine Screened Coulomb (MGECSC)
potential to capture the essential electron—core interaction
in both plasma-free and plasma-embedded environments:
The main physical parameters used in our theoretical
calculations, together with typical estimates of the
Thomas—Fermi screening length, are summarized in Table

phonon replicas. The oscillatory structure of the  1[1,13,15]:
MGECSC potential can even introduce non-monotonic
1= m )
3.0 . op ,‘/ _\\
- (a) ! N,
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25l W i ""gs‘ ""“-"\""\‘"\
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Figure 2. Photoionization cross section curves (GaAs: Mn) (-Experimental
and Xif)) [1]

points (exp); -Zorkani et al [(a), (b)]; -Lucovsky (Lv); -Proposed model (c
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Table 1. Material parameters and Thomas-Fermi screening lengths at typical carrier densities
; * hwyo inal i . A (nM) Arp (NM) —1018 om-3
Material E, (eV,300K) & &, m*/m, (meV) Typical impurities = 1016 e =107 e App (nm) n=10"% cm
GaAs 1.42 129 | 10.9 0.067 36 Mn, Si, Be ~25 7.3 ~2.5
CdTe 1.50 106 | 7.2 0.096 21 As, Sb, Cu, Li, Na 8.3 ~8 3.9
ZnSe 2.70 8.9 5.8 0.16 31 Cl, Al - - -
InP 1.34 125 | 9.6 0.077 43 Zn, Fe - - -
Metallic plasma (conduction electrons, n ~ 1022) ~0.05

This initial verification confirms that the variational and
polaronic corrections in our model correctly capture the
physics, before extending the study to include screening
and plasma effects. It also validates the numerical
procedure used for evaluating the minimum energy and
the corresponding optical spectra, as discussed in the
following sections.

We now present the numerical results obtained from the
variational framework outlined above, focusing on the
impurity binding energies, polaronic coupling factors, and
photoionization cross sections in GaAs and CdTe. Both
materials exhibit strong polar character and therefore
constitute  relevant  testbeds for the proposed
MGECSC+CCC model [24,25].

The comparative potential plots clearly illustrate how
the attractive interaction between the electron and the
impurity is modified depending on the material and
screening effects.

For all three systems (GaAs:Mn, CdTe:Cu,
GaAs:Li), the unscreened potential diverges as —1/r at
short range and decays slowly at long range. This ideal
form constitutes the pure Coulomb field limit, where no
collective interactions of the medium are considered.

The introduction of the Thomas-Fermi screening
length Arg reduces the range of the potential. The smaller

At is, the more rapidly the attractive interaction is

attenuated.
In doped GaAs (Mn or Li), where the free carrier

density is significant, screening is strong, and the potential
decays exponentially beyond a few angstroms.

O  In CdTe:Cu, where the carrier density is lower,
the screening effect is less pronounced, and the potential
retains a longer attractive tail.

The electron-phonon coupling (modeled by the
polaronic term) regularizes the Coulomb singularity at
short range. It is observed that for r < 2A, the polaronic
potential smoothens the divergence and leads to a
shallower effective interaction. This effect is particularly
relevant in polar semiconductors (like GaAs and CdTe),
where interaction with optical phonons is significant.

The combination of the three contributions
(Coulomb, screening, polaron) yields a realistic profile of
the effective potential: attractive and regularized at short
range, yet strongly reduced at long range by screening.

O  In GaAs:Mn, the total potential remains deeper
than with Li, indicating a stronger impurity interaction.

O In CdTe:Cu, the potential retains a longer range,
which may favor electron localization.

These figures illustrate how the competition between
Coulomb attraction, reduction by electronic screening, and
polaronic renormalization determines the effective
interaction between a bound electron and an impurity.
They justify why binding energies and ionization
thresholds differ from one material to another.

To deepen the interpretation, we isolated the case of
Mn-doped GaAs:
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Figure (A), it is observed that the total potential
(black) is more realistic than any of the separate terms. It
is less singular at the origin (thanks to the polaronic
correction) and decays more rapidly than pure Coulomb
(due to screening). This allows visualization of the
balance between atomic physics (Coulomb) and collective
effects (screening, phonons).

Figure (B), this representation highlights the
difference in behavior at short distance:

O Coulomb diverges strongly as 1/r,
O The polaron regularizes this divergence,
O Screening acts mainly at medium and long range.

This contrast is essential for understanding how the
electronic structure near the impurity is profoundly
modified by environmental effects.

The GaAs:Mn case exemplarily illustrates the necessity
of combining multiple mechanisms in the modeling:
without the polaronic effect, the Coulomb singularity
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would be unrealistic; without screening, the potential
range would be overestimated. The complete description
(total potential) provides the necessary basis for
interpreting experimental photoionization spectra.

The three representations in Figure 6 illustrate the
evolution of the binding energy as a function of the
screening length A, obtained within the variational model
applied to the MGECSC (Modified Generalized
Exponential-Cosine-Screened Coulomb) potential.

The first representation (Figure 6) shows the
progressive decrease in binding energy as A decreases,
meaning as the screening effect of free carriers intensifies.
As expected, in the limit 1 — oo, the binding energy tends
toward a finite value corresponding to the unscreened
exciton. This limit depends on the material and must be
adjusted to match the known experimental binding energy.
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The two other graphs show the role of the correction
parameter A', introduced to account for central-cell effects

(CCC). The optimal choice of A'is obtained by requiring
that the theoretical curve exactly matches the experimental

value ES® in the unscreened limit. In the case of GaAs, a

fit yields A'~-5.43, while for CdTe, A'~-3.79 is
obtained. These values reflect short-range corrections
specific to each material, related to differences in the
dielectric function and band structure.

Overall, the results highlight two essential points:

1. The importance of screening effects: the higher the
carrier density (and thus the smaller 4 ), the more the
exciton is weakened, up to complete dissociation. The
necessity of including the CCC correction: without the
adjustment via A' , the model underestimates or
overestimates the asymptotic binding energy and fails to
reproduce experimental values.

Thus, the MGECSC model calibrated with CCC
provides a consistent description of the dependence of the
excitonic binding energy on screening in the studied
semiconductors.

In order to analyze in more detail the influence of the
plasma screening on the impurity states, we have
calculated the variationally optimized radius a, together

with the corresponding polaronic coupling parameter S ,
as a function of the screening length 2 . Table 2
summarizes the results obtained for GaAs:Mn and CdTe:
Cu In the limit of small screening lengths (short-range
screening), both a, and S vary significantly, reflecting

the sensitivity of the bound state to the environment. In
contrast, for larger values of 4 (weak screening regime),
the parameters converge rapidly to nearly constant values,
consistent with the Coulombic limit discussed previously.
This table therefore provides a clear quantitative
benchmark of how the optimized impurity size and the
polaronic coupling evolve across the crossover from
strong to weak screening.

As can be seen from Table 2, the optimized radius a;

is systematically smaller for GaAs:Mn than for CdTe:Cu,
which reflects the combined effect of a larger effective
mass and a lower dielectric constant in GaAs.
Consequently, the impurity state is more localized, and the
polaronic coupling parameter S takes higher values. In
contrast, CdTe:Cu exhibits a more extended bound state
with weaker coupling. These trends highlight the crucial
role of host material parameters in determining both the
localization of impurity states and the strength of
electron—phonon interactions under different screening
conditions. Importantly, such differences in localization
directly influence the transition probabilities: a more
localized state (as in GaAs:Mn) enhances the oscillator
strength at low photon energies, whereas a more
delocalized state (as in CdTe:Cu) shifts the
photoionization threshold. This provides a consistent
theoretical explanation for the experimental trends
observed in the next section on the photoionization cross
section.

In summary, a, controls localization, bp tunes the

spectral envelope, and A dictates the screening regime.
Their combined variation determines the shape and
intensity distribution of the photoionization cross section
spectra.

The Huang-Rhys factor was extracted from the
polaronic relaxation energy via S Both materials show a
slight decrease of S with decreasing screening length 4,
reflecting the reduction of electron—phonon coupling as
the exciton radius expands under stronger screening.

CdTe exhibits much larger values than GaAs (e.g.,
S=~0.92 vs. 0.12), due to its stronger dielectric contrast and
lower LO phonon energy. Consequently, phonon
sidebands are expected to be significantly more
pronounced in CdTe, while in GaAs the optical response
is dominated by the zero-phonon line. Screening further
suppresses sidebands in both systems, with a stronger
relative effect in CdTe.

Table 2.Screening length dependence of variational parameters ap and S in GaAs: Mn and CdTe:Cu

4 (nm) a, (GaAs) SGaas a, (CdTe) Scare

3.0 1.4605227539295917 0.12173200659030099 1.047763787245724 0.9110866810849738
4.305084745762712 1.4514551107108833 0.12249250024657239 1.0428962711764738 0.9153390014577931
5.610169491525424 1.4479796551523243 0.12278650799685321 1.0411475732440314 0.9168763929481711
6.915254237288136 1.4464600506536005 0.12291550356078204 1.0404242385271716 0.9175138334282462
8.220338983050848 1.445759139928638 0.12297509356601222 1.0401114817180719 0.9177897256800785
9.52542372881356 1.4454418015840445 0.12300209203290013 1.039984307232936 0.9179019576003246
10.830508474576272 1.4453177575776877 0.12301264865424241 1.0399473560148622 0.9179345723237617
12.135593220338983 1.4452955183372385 0.12301454149057728 1.0399557364661551 0.9179271751762642
13.440677966101696 1.4453284858880646 0.12301173556224436 1.0399874377117149 0.9178991946125276
14.745762711864408 1.4453905078912432 0.12300645710343865 1.0400306498873464 0.917861056869939
16.05084745762712 1.4454678397402925 0.12299987631588234 1.040079112035492 0.9178182894323466
17.35593220338983 1.445552399918043 0.12299268121772805 1.040129139423027 0.9177741448646081
18.661016949152543 1.44563889483808 0.12298532236610542 1.0401789820591136 0.9177301675457993
19.966101694915256 1.4457249060725454 0.12297800553884912 1.0402274442072592 0.9176874123045442
21.271186440677965 1.4458086836306014 0.122970879563528 1.040273672678995 0.9176466314141727
22.576271186440678 1.445889444892553 0.12296401093090054 1.04031785222577 0.9176076613895895
23.88135593220339 1.4459667767416022 0.12295743468413972 1.040359499162012 0.9175709283681677
25.186440677966104 1.4460403096748526 0.12295118214693397 1.0403989829906184 0.9175361059453643
26.491525423728817 1.446110043692304 0.12294525322062654 1.0404360483913666 0.9175034188392991
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27.796610169491526 1.446176348296853 0.12293961640018927 1.0404712496186024 0.9174723778601773
29.10169491525424 1.4462389681682777 0.12293429330826502 1.0405042171694283 0.917443308475595
30.40677966101695 1.4462984575609235 0.12292923675413125 1.0405353205467418 0.9174158845286863
31.71186440677966 1.4463546317233418 0.12292446237393435 1.0405646739332175 0.9173900050579603
33.016949152542374 1.4464076754069815 0.12291995440124824 1.040592277328855 0.9173656698021495
34.32203389830509 1.4464583006627625 0.12291565226953155 1.040618614419226 0.9173424521293019
35.6271186440678 1.4465059801912132 0.12291160074093803 1.0406433862702078 0.9173206153782849
36.93220338983051 1.4465514260432544 0.12290773926576277 1.0406668918159232 0.9172998958552271
38.237288135593225 1.446594638218886 0.1229040678082063 1.0406890168736975 0.9172803940512654
39.54237288135593 1.446635687286882 0.1229005803389832 1.040710288743003 0.917261645059476
40.847457627118644 1.4466748016125912 0.12289725742679598 1.040730180124368 0.9172441135210027
42.152542372881356 1.446712051764788 0.12289409305034792 1.0407492888860381 0.9172272723861147
43.45762711864407 1.4467475519261468 0.12289107748614149 1.0407674302765646 0.9172112843971886
44.76271186440678 1.4467813020966678 0.12288821071227965 1.0407846042959483 0.9171961494650305
46.067796610169495 1.4468136717792475 0.12288546132412334 1.0408011804470856 0.9171815418893652
47.37288135593221 1.4468445904051126 0.12288283529944306 1.040816973978528 0.9171676244227188
48.67796610169492 1.446873943791588 0.12288034231975314 1.0408318001388273 0.9171545598005396
49.98305084745763 1.4469022156242457 0.12287794129193146 1.0408463273650035 0.9171417589562858
51.28813559322034 1.4469293353343118 0.1228756381980208 1.040860071971485 0.9171296480559793
52.59322033898305 1.4469553734905598 0.12287342703441129 1.0408731481409463 0.9171181264380786
53.898305084745765 1.4469803300929898 0.12287130779118183 1.0408859253762845 0.9171068684953504
55.20338983050848 1.447004319324277 0.12286927076324639 1.040897919991928 0.9170963003654884
56.50847457627119 1.4470273411844208 0.12286731594243065 1.0409096156734485 0.9170859958528859
57.8135593220339 1.4470495804248695 0.1228654276340966 1.040920827669397 0.9170761177101909
59.118644067796616 1.4470707381115004 0.1228636312131289 1.0409315559797743 0.9170666659098551
60.42372881355932 1.4470914121125602 0.122861875910858 1.0409418006045799 0.9170576404255212
61.728813559322035 1.4471111187424763 0.12286020278880948 1.0409517462952622 0.917048878471221
63.03389830508475 1.4471302275041464 0.12285858047017555 1.040961507234496 0.9170402794420399
64.33898305084746 1.4471486678287964 0.12285701494193352 1.0409706703054837 0.9170322072595868
65.64406779661017 1.4471663255337515 0.12285551589314885 1.040979648625023 0.9170242979712588
66.94915254237289 1.447183570121909 0.12285405195117344 1.0409883280104388 0.9170166521532379
68.2542372881356 1.4472001462730462 0.12285264478759746 1.0409967084617318 0.9170092697923469
69.55932203389831 1.4472162387386116 0.12285127871533891 1.041004605227453 0.9170023136200769
70.86440677966102 1.4472316627671573 0.12284996941450026 1.0410125019931742 0.9169953575533414
72.16949152542374 1.4472466736789051 0.12284869520873931 1.0410202140074472 0.9169885643314706
73.47457627118645 1.4472612009050814 0.12284746208594181 1.0410273281534737 0.9169822978383874
74.77966101694916 1.447275543379809 0.12284624466979162 1.0410344422995002 0.9169760314309513
76.08474576271186 1.447289103234842 0.12284509370605855 1.0410413716940783 0.9169699278418786
77.38983050847457 1.4473023641557516 0.1228439681367842 1.0410480021545332 0.9169640876377455
78.69491525423729 1.4473153261425387 0.12284286796057307 1.0410544478635395 0.9169584102366353
80.0 1.4473278044437534 0.12284180885682078 1.0410605946384228 0.9169529962031447
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Figure 6. Huang-Rhys factor S as a function of screening length A for GaAs and CdTe
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Figure 7. Sensitivity of the theoretical GaAs:Mn photoionization spectrum to the MGECSC potential parameters ap and bp.

The theoretical spectrum of GaAs:Mn, developed
within the variational-polaronic framework, is strongly

dependent on the choice of the parameters (A,ap,bp).

These parameters respectively control the effective
localization length, the weight of the exponential
polaronic component, and the characteristic screening
length. Their combined effect determines both the
absolute position and the relative intensity of the phonon
replicas in the resulting absorption profiles.

First, the parameter a, sets the spatial extension of the

carrier’s bound state. A larger a, corresponds to a more

delocalized wave function, which reduces the Coulomb
binding strength and shifts the fundamental transition
toward higher energies (weaker binding). Conversely,

smaller values of a, lead to stronger localization,
enhanced electron—phonon coupling, and a more

pronounced redistribution of the oscillator strength toward
phonon sidebands. This sensitivity is directly reflected in

the following curves, where slight adjustments of a,

allow one to correct the onset energy and recover the
proper spacing relative to the zero-phonon line.

The role of bp is more subtle but equally essential. As
an inverse length scale, bp regulates the exponential

decay of the polaronic potential. An increase in bp

suppresses long-range contributions, thereby narrowing
the spectral distribution and reducing the amplitude of

higher-order phonon replicas. Conversely, smaller bp

values broaden the spectrum and enhance the persistence
of multiphonon contributions at larger energy shifts. If bp

is too high, the resulting spectra are too narrow and
underestimate the sidebands, while too low a bp

exaggerates the vibronic envelope.

Finally, the screening length A introduces a carrier-
density-dependent  renormalization. Strong screening
(small A ) weakens the polaronic correction by enlarging
the localization radius and decreasing the correlated lattice
polarization energy. This leads to a reduction of the
Huang—-Rhys factor S , thereby suppressing the phonon
replicas and strengthening the zero-phonon line. In the

weak-screening regime (large A ), the opposite occurs:
phonon sidebands become more intense and the spectral
profile broadens, consistent with the expected physics in
GaAs:Mn, CdTe:Cu, or GaAs (CdTe) doped with Li or Na
[25,26].

Thus, the interplay of ap,bp and A provides a flexible

yet physically consistent framework for bridging theory
with possible experiments. These results highlight the
central role of polaronic parameters in shaping the
vibronic structure of these semiconductor materials and
confirm that screening progressively modifies electron—
phonon coupling in GaAs:Mn.
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To model the photoionization cross-section spectra, the
variational results for the binding energy E,(4) and the

optimal orbital radius a*(ﬁ) were used to compute the

Huang-Rhys factor S(4), which quantifies the strength
of the electron—phonon coupling. Each vibronic replica p
is associated with a photon energy threshold given by
Ep + plio o -

For a clear representation, the cross-section was

modeled as a sum of contributions activated above each
threshold. Each replica is weighted by the Poisson factor

e’SSp/p!, reflecting the statistical distribution of

phonon emissions. The amplitude of each replica is
proportional to the square root of the available energy,
characteristic of continuum transitions, and is broadened
by a Lorentzian lineshape to account for intrinsic
transition broadening and instrumental effects when
comparing with experiment. The absolute amplitude is
given in arbitrary units (a.u.), although conversion to
absolute units is possible; this choice was made to allow
variation of the pre-exponential factor (including local

2
field corrections (EEL::) and dipole matrix elements).

In the quasi-unscreened limit (4 =80nm), the spectra

exhibit a sharp zero-phonon line at the threshold 7w = Ey,
followed by distinct phonon replicas at E, +#m o and
Ep +2hw g . The relative intensity of these replicas is
governed by S, which is significantly larger in CdTe
(S ~0.92) than in GaAs(S ~0.12), explaining the more
pronounced phonon sidebands observed in CdTe.

As A decreases (increasing carrier density), the main
ionization threshold redshifts due to the reduction in E,.

Concurrently, the relative intensity of the phonon replicas

slightly decreases, consistent with the mild reduction in S
with stronger screening. For instance, in GaAs, the main

peak shifts from ~108meV (1 =80nm) to ~103 meV

(A=20nm) and ~87 meV (A =5nm). A similar trend is

observed in CdTe, though at higher absolute energies and
with more prominent replicas.

Altogether, the present results demonstrate that the
MGECSC+CCC variational-polaronic framework
consistently bridges Coulombic, screened, and phonon-
coupled regimes. This unified description provides a
coherent interpretation of impurity-related PCS in polar
semiconductors.

4. Conclusion

In this work, we have developed a unified theoretical
framework for describing impurity states in polar
semiconductors, combining the MGECSC screened
potential, central-cell corrections, and electron—phonon
coupling. The variational approach allows for an accurate
determination of binding energies and photoionization
cross sections, accounting for both long-range plasma
screening and short-range lattice effects. Our theoretical

and numerical calculations for GaAs and CdTe reproduce
experimental trends, notably the reduction of binding
energies and vibronic coupling with increasing screening.
Beyond comparison with experiments, the method
provides predictive insight into impurity behavior in other
polar semiconductors. It therefore constitutes a flexible
and powerful tool for exploring the interplay between
Coulomb screening, polaron formation, and impurity
localization.

Future perspectives include the study of anisotropic
valence-band effects, many-body corrections, and
temperature-dependent screening, paving the way for
quantitative modeling of impurity-induced processes in
advanced optoelectronic and spintronic devices. To
validate these predictions, targeted experimental studies
such as temperature-dependent photoluminescence and
magneto-optical spectroscopy could directly probe the role
of screening on impurity binding energies. In addition,
high-resolution infrared absorption measurements would
be valuable for testing the predicted anisotropic
photoionization cross sections.
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