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Abstract This study lights on the phenomenon of quantum decoherence when Biphoton and Schrodinger cat
states are evolve. The primary focus of the work is to explore and analyze the phenomenon of decoherence by virtue
of the insightful representations on the way of deriving the Wigner function for the considered states. A crucial
aspect of this work involves shedding light on the behaviour of Biphoton and Schrédinger cat states with the same
spatial modes and similar theoretical tomography. By considering the influence of an external environment, we
further extend our exploration of decoherence, aiming to understand how environment as a factor, impact the

stability and coherence of these quantum states.
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1. Introduction

The Quantum entanglement is a fundamental phe-
nomenon in quantum physics that has opened up count-
less avenues for futuristic quantum technologies such as
quantum information [1,2,3,4], quantum computing
[5,6,7], and quantum metrology [8,9,10]. As photon can
carry quantum information over long distances with the
highest speed [11], the entanglement of photon systems is
most important for advancing these technologies [2,11,12],
the biphoton is an entangled state of two photons and it is
a promising state of approach for realizing theoretical
analysis [13,14,15]. However, in any experimental setup,
the interaction of photon systems with the environment
inevitably causes decoherence [16,17], which diminishes
the intrinsic coherence between the constituents of the
system [16]. This undesired process was first explained
by H. Dieter Zeh in 1970 [18] and later explored by
Wojciech Zurek in the 1980s [19,20]. To convey desired
information through an entangled photon pair, we must
design experiments that minimize decoherence.

The significance of this study is to express the ir-
reversible loss of quantum coherence in biphoton and
Schodinger cat states. For this, We have imagined a
modified Hong-Ou-Mandel (HOM) interferometer and
exploited a simplified method for simulating the Wigner
function (se Figure 1). In HOM interferometer, two highly
correlated photons are fed into a 50:50 beam splitter (BS).
The photons are then either detected in a single detector or

less frequently in two separate detectors simultaneously,
as evidenced by the HOM dip (a rigorous proof of this
statement) [21,22,23]. The most convenient technique to
produce a highly correlated and nonseparable two-photon
state is the spontaneous parametric down-conversion
(SPDC) process [24,25,26]. In this robust process, a
coherent pump beam is fed into a non-linear medium [27]
(say BBO crystal), as a result the emergence of two highly
correlated photons, is due to the amalgamation of the
characteristics of the pump beam and the non-linear
medium  [22,25,26,27]. If proper phase-matching
conditions are implemented, the quadrature variables yield
utterly non-Gaussian behavior, which recognize the non-
classicality of the entangled system [22,27,28].

Theoretically, the Wigner representation [29], more
precisely the Wigner quasi-probability distribution [30], is
sufficient to analyze and illustrate the arcane behaviour of
quantum superposition and entanglement [16,31]. In
general, to manifest the characteristics of an entangled
system, we explicitly increase the dimensions of the
contextual Hilbert space [32,33,34], whereas the Wigner
representation is itself integrated with entanglement in phase
space [30,35]. Most importantly, the epistemology of the
acquisition of negative values by the Wigner function,
distinctly confirms the non-classical behaviour of the state to
be considered and significantly indicates the quantum
entanglement [35,36]. Here we are deliberately harnessing
the sufficient Wigner approach due to its precisely rooted
theory [37], which can easily be imposed in the entangled
system without underlying the elaborate theoretical
perspectives.
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Figure 1. A patterned HOM interferometer is placed in contact with an
external environment. |p:) and |p,) representing the quantum state of
photon-1 and photon-2 before entering the HOM interferometer, u and &
representing the position and momentum translation in the quadratures of
respective photons. BS is a 50:50 beam splitter, environmental
interaction is represented by the state vector |e), and A and B are the
photon coincidence detectors

Suppose, a continuous pump beam having monochro-
matic, polarized, and degenerated fields, the general two-
photon state expressed as[22,38,39],

ly) = H F (p; +P2)F_(Py — P2) |P1.P2) dP1dDp; O

where F. is the normalized momentum distribution of the
pump beam, £ is the phase matching function and p; the
Transverse Momentum (TM) vector of the i-th photon.
Here, p. = p1 = p2z depict the sum and differences of
momentum coordinates. The term F(p) in equation (1)
provides explicit information on the quantum superposi-
tion and coherence between the photons in the momentum
space. Once we find out the correlation between the spa-
tially transverse and canonically conjugate coordinates of
the state, the Fourier transform directly measures the
Wigner function over the phase space [30,40].

Here, we have employed a tomography called a direct
measurement technique of the Wigner function [22],
especially, to define the TM quadrature variables over the
phase space [30], which are defined after minor alteration
on the formal structure of HOM interferometer [22], as
aforementioned.

2 Methods

Let us consider Figure 1, showing a patterned HOM
interferometer, and imagine, photons derived by the SPDC
process enter through the two distinct input arms of the
interferometer. Where a photon of state |p;) faces a
variation of u in position and the photon of state |p,) faces
the momentum variation of §. These photons pass through
a 50:50 beam splitter where they interact physically, and
form a biphoton state, and fly toward detectors A and/or B
individually or compositely. Theoretically, after position

and momentum translation, the state vector of the two-
photon system is given by [22]

)= [#,5) = [| Forpees

Py — H,pp) dpdp,
)

After passing through the BS, the biphoton state will be
[22,38,39],

|¥) =1/2 H dpdp,F(py. py)e2P°
(py=mw 4P = |P1— g lp—2)4+
[Py = 1) g |P2) g = |P1 = 1) 4 |P2) 4 (3)

Now, suppose the system interacts with the environ-
ment (imagined photon bath) indicated by the state vector

W55 5ne.) =1/2 H dpydpyF (py, py)e 2P°
(p1 = m)a P2 g = |P1 = 1) g |P2) A +
Pi— 1) g |P2)g — [P =M alP2d ) €) (y)

Let us consider the case when photons travel through
different paths A and B only,

|'PBS.EJ:L.‘_> 21/2 J] dp]dPZF(pth)e_szg&

After exhaustive calculations [41] (important steps of
calculations are given in Refs [22,38,39] and
supplementary materials of Refs [22], the coincident
probability is mathematically interpreted as

I(u,6,7) =5 - %Reﬂ F(r F (b1 p2)

F*(py + u,p2 — 1 p2 — p)e 2 77%dp dp, ()

where F (y, t) is theoretically outlined decoherence fac-
tor in which y is the bandwidth of the transmission arm
and t decoherence period.

Now, one of the quadrature variable normalized to
unity in real part of the equation (6) we get, for a quadra-
ture say y,

F(r, ) Fy(u + p)Fy (= p)e¥"2dpy = aW, (1,6, 7) (7
and for another photon in a different quadrature, say X,
F(r.0)F(u+ p)F; (= p)e*™’dpy = aWo(n,6,7) (g)

Therefore, the coincidence probability reads to be

11 i
I, 6,7)= — — —Wi(u, 8,
(4,6, 7) 5" 5 (u.6.7) ©
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Figure 2. The figure illustrates the correlation detection rate in for the HOM interferometry of biphoton, depicting the extraction of position marginals
from the Wigner distribution function of the biphoton state across varying values of decoherence time (z)
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Figure 3. The figure illustrates the correlation between the coincidence detection rate for the HOM interferometry. It showcases the extraction of posi-
tion marginals from the Schrodinger cat state Wigner distribution function, with a focus on varying decoherence time (z) values

3. Results

To determine the Wigner distribution function for
biphoton state (see Figure 4) we insert the pump beam pr
file for the phase-matching function
F(p) = ——cxp [ﬂ] _ "

Ve, “r phase-matching condition
|pI?

F(p) = 4/ sinc (25
(P) \/;smC( ‘f) and coherence phase factor

F(r.v)=exp (=2r7lal®) jn the equation (7), where w, is beam
width, k is wave vector, L is the length of non-linear crystal
and «a is the square root of average photon numbers. To get
the coincidence probability rate we used equation (9).

So far, we have focused on the biphoton state, in which
we were deeply concerned the state vector alone rather than
individual basis vectors of the system [16]. Conversely, in
the Schrodinger cat state, each basis vector is to be
considered with a composite state vector [31]. These two
states have conceptually distinct structures; hence, we have
examined the Schrodinger cat state along with a biphoton.

In principle, the Schrodinger cat state is a well-known
classical coherent quantum state [31]. It is a quantum
superposition of multiple quasi-classical coherent states.
Mathematically, its Wigner function can acquire nega-

tive values (see figure 5) which indicates the quantum su-
perposition or interference among its constituents [16,31].
To calculate the Wigner distribution of the Schrodinger
cat state, we conceived a Gaussian pump profile that
divided onto two coherent waves and added as a coherent
sum to create a pure state. Experimentally, it can be
determined by using a spatial light modulator (SLM). We
implement the difference Ap = @ [k/1)in TM quadrature

for numerical calculations [22] and use equation (8) to get
the Wigner distribution, and by equation (9), we
calculated the coincidence probability rate.

4. Discussion

Figure 2 depicts the coincidence probability of the
biphoton state as a function of position quadrature and
decoherence time. Initially, the coincidence probability is
above 60%. However, as the environment interacts with
the system, the coincidence rate drops to 50% in the wings.
The length of the HOM dip indicates the simultaneity of
two photons in two detectors, while the width expresses
the magnitude of interference [42]. The probability rate
exhibits a non-Gaussian pattern, indicating the non-
locality of the state [23].
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Figure 4 represents the Wigner probability density of
biphoton state and Figure 6 depicts the density of proba-
bility amplitude for the biphoton entanglement more
analytically via contours. It shows that as far as the system
interacts with the photon bath, it loses its robustness of
entanglement. The probability amplitude gradually

decreases in some sub-picoseconds, but it does not
completely vanish, meaning that the individual entity
remains partially inseparable. Figure 4(a) displays the
probability amplitude of the Wigner distribution function
of the system before it interacts with the environment.

Figure 4. The figure presents a visual portrayal capturing the intricate
process of decoherence in the biphoton state, meticulously illustrated
from left to right. Through the utilization of the Wigner probability
density function, this figure provides a profound glimpse into the
dynamic behaviour of quantum entanglement and its susceptibility to
environmental influences

Figure 5. The figure illustrates the phenomenon of decoherence in the
Schrodinger cat state, depicted statically from left to right. The visual
representation showcases the evolution of the Wigner probability density
function, providing insights into the intricate interplay between quantum
superposition and environmental interactions

Figure 6(b) and Figure 6(c) demonstrate that the
interaction of the environment gradually reduces the
amplitude of the omnipresent spatiotemporal coherence of
the system. Finally, Figure 6(d) shows the dominance of
decoherence and also the vestige of entanglement until the
HOM dip disappears.

The Schridinger cat state is a manifestation of nonlo-
cal realism in the realm of quantum mechanics [31]. This
state is essential to demonstrate the non-classical corre-
lation between two photons [16,31]. Figure 5 exhibits
remarkable interference patterns resulting from quantum
superposition, which inevitably diminish due to deco-
herence. In figure 3, the coincidence probability of the
Schrédinger cat state concerning momentum translation is
shown for different times. The interaction with the en-
vironment causes the HOM dip to decrease, leading to a
weakening of the quantum correlation from 90% to

50%within certain time intervals.

Figure 7 provides a more detailed representation of the
Schrodinger cat state via the contour surface of its Wigner
distribution. In figure 7(a), the red sports indicate the state
of the two photons in distinct detectors, while the dark red
spot at the centre with two blue spots indicates the
interference between the photons. The blue spots signify
the negative part of the Wigner distribution function.
Figure 7(b) and (c) demonstrate how decoherence reduces
the interference between the photons. In contrast, Figure
7(d) shows that the cat state evolves into a classical
mixture or a mixed state of the sum of two classically
coherent states.

Figure 2 and Figure 3 provide a quantitative analysis of
the biphoton state and Schrddinger cat state, respectively,
shedding light on their quantum properties. The
coincidence rate for the Schrddinger cat state decreases
more rapidly compared to the biphoton state, indicating a
faster loss of coherence due to environmental interactions.
Moreover, the interference pattern observed in the
biphoton state is more pronounced than in the Schrédinger
cat state. One possible explanation for this difference is
that the entities in the biphoton state are one-to-one
correlated, while in the Schrédinger cat state, they are
more rapidly separable. This behaviour could be attributed
to the non-local nature of the biphoton entanglement [14].

At first glance, one may assume that the theoretical
analogies of a biphoton entangled system should guide the
selection of entangled states for quantum technologies.
However, the ultimate confirmation of this notion lies in
the hands of experimentalists who can put these theories
to the test in the laboratory. After all, in the realm of
qguantum mechanics, theory and experiment are two sides
of the same coin, and the success of one ultimately
depends on the success of the other.

The concern of this work is to explore the decoherence
in phase-space via the most valuable phase space
distribution ~ function, the Wigner quasi-probability
distribution function to taking into account its recent use on
quantum technological enhancement to analytically
visualization approach, e.g., IBM quantum [43,44,45] or
Google’s Cirq [46] open cloud platforms, as Qumode [44]
studies. This study has advantages like the methods being
theoretical, but in parallel to experiments, the direct
measurement technique of the Wigner function can provide
new ideas to study more complex quantum modes [44].

The main motivation is to spread this insightful scheme
for multiple degrees of freedom. Here we have taken for
the representation of the behaviour of Quantum
Decoherence. It may also be useful to study angular mo-
mentum [47] or the characterization of multi-particle en-
tangled states [48]. The proposed work has a limitation in
that experimental verification of the results requires com-
plex hardware architectures for verification.
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Figure 6. The figure depicts the Wigner distribution of decoherence that occurred in a biphoton state when the photons impinge with a slight change in
position § and the momentum variable u of the photons before interacting with the external environment including the beam splitter with variable
decoherence time (a) 7 = 0 ps, (b) T = 1.2 ps, (c) T = 1.4 ps, and (a) = = 1.6 ps. It is straightforward to see from the contours that the interference
vanishes with the decoherence time
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Figure 7. The figure depicts the Wigner distribution of decoherence that occurred in a Schrodinger cat state of two photons when the photons impinge
with a slight change in position § and the momentum variables p of the photons before interacting with the external environment including the beam
splitter in HOM interferometer with variable decoherence time (a) 7 = 0 ps, (b) T = 0.2 ps, (c) T = 0.4 ps, and (d) = = 0.6 ps. It is straightforward to see
the contours of the interference vanish with the decoherence time
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5. Conclusions

In the realm of microscopic scales, decoherence is an
ever-present in ubiquitous form of environmental inter-
action. Its behaviour can manifest in various and peculiar
ways; a precise understanding of its spasticities is crucial.
To this end, we undertook a comprehensive analysis of the
coincident probability rate of biphoton and cat states using
a patterned HOM interferometer and using numerical
simulations of the stochastic theory of the Wigner
approach. from the SPDC scheme to direct measurement
techniques of the Wigner function allowed us to explore a
picture of quantum interference which is being affected by
decoherence. It is clear, as far as decoherence persists the
coincidence rate declined and the interference pattern for
the photons faded out. It can directly cause of difficulties
in extracting the information associated with the system,
e.g., in quantum computing.

Our study revealed that the peaks of the coincidence
rate affected slowly over sub-picoseconds intervals, but
remarkably, the one-to-one correspondence between the
photons partially persisted indefinitely. It suggests that the
information assigned to the photon system will endure
even in the presence of quantum decoherence. Which has
fascinating implications for entangled states. We also
addressed the seemingly inevitable behaviour the HOM
dip and offered a concise and intuitive explanation.
Finally, one can conclude that the biphoton state is more
ambitious than the Schrédinger cat state when compared
interference patterns through the Wigner functions.

These methods are not only useful when considering
multi-photon states, but they also have numerous
implications in quantum optics and quantum information
processing.
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