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Abstract The novel dynamical and spectral features of (single photon) spontaneous emission from an atomic
transition near a photonic band edge are investigated by frustrating these features by spontaneous emission through
another atomic transition far from the photonic band edge and deep in the photon continuum, the two atomic
transitions forming the two dipole-allowed transitions of a three-level atom in a A configuration. Though
spontaneous emission through the atomic transition far from the photonic band edge (the “far” transition) is not
directly affected by the photonic band gap (PBG), it is indirectly affected by the PBG through its coupling to the
atomic transition near the photonic band edge (the “near” transition) via the A configuration. As a result of this
coupling, spontaneous emission through the “far” transition can be used as a probe to measure the strength of the
effects of the PBG on spontaneous emission through the “near” transition. We have shown that the effects of the
PBG on spontaneous emission via the “near” transition are strongly affected (and, therefore, can be controlled by)
not only by the detuning of the “near” transition from photonic band edge but also by the vacuum decay rate of
spontaneous emission through the “far” transition which is coupled to the “near” transition through the A
configuration. In particular, we have shown that the oscillatory behavior of spontaneous emission near a photonic
band edge as well as the Autler-Townes doublet of the spontaneous emission spectrum (due to the splitting of the
atomic level near the photonic band edge) are strongly dependent on the decay rate of spontaneous emission through

the probe transition which is far from the band edge.
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1. Introduction

The novel dynamical and spectral features of (single
photon) spontaneous emission near the edge of a photonic
band gap (PBG) are well known and are extensively
discussed in the literature [1-6]. Chief among these novel
feature of spontaneous emission near the edge of a PBG
are its oscillatory behavior (as opposed to simple
exponential decay in vacuum), and non-zero steady-state
populations on excited levels (as opposed to zero in the
case of vacuum) [6-9], leading to many actualized and
potential applications such as enhancing the light
extracting efficiency of LED’s [10,11,12,13], improving
photocatalysis [14,15], optical memory on atomic scale
[8], qubits for quantum computation [9], super-radiance
[16] as well as photon hopping conduction [17,18].

In this paper we apply a nearly exact operator
formalism (the only approximations being electric dipole
and rotating wave approximations) to investigate the
dynamical and spectral features of (single photon)
spontaneous emission from a three-level atom in a A
configuration embedded in a PBG. Of the two dipole-

allowed transitions of the three-level atom in a A
configuration, one transition (the “near” transition) is
close to the edge of the photonic band gap, whereas the
other transition (the “far” transition) is far from the
photonic band gap and deep in the photon continuum. As
a result, spontaneous emission through the “near”
transition is strongly affected by the photonic band gap,
whereas that through the “far” transition is not directly
affected by the it. However, even though the “far”
transition is sufficiently far from the photonic band gap to
be directly affected by it, it is indirectly affected by the
gap because of its coupling to the “near” transition via the
A configuration. As a result of this coupling, spontaneous
emission through the “far” transition can be used as a
probe to measure the strength of the effects of the
photonic band gap on spontaneous emission through the
“near” transition.

The atomic transition near the photonic band edge (the
“near” transition) is characterized by its detuning from the
band edge, whereas the atomic transition far from the
photonic band gap and deep in the photon continuum (the
“far” transition) is characterized by its vacuum decay rate.
Our emphasis is on the combined effects of the detuning
of the “near” transition from the photonic band edge, and
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the vacuum decay rate of the “far” transition on the
dynamics of spontaneous emission from the “near”
transition. We have shown that the effects of the photonic
band gap on spontaneous emission via the “near”
transition are strongly affected (and, therefore, can be
controlled by) not only by the detuning of the “near”
transition from photonic band edge but also by the
vacuum decay rate of the “far” transition which is coupled
to the “near” transition through the A configuration. In
particular, we have shown that the oscillatory behavior of
spontaneous emission near a photonic band edge as well
as the Autler-Townes doublet [19] of the spontaneous
emission spectrum (due to the splitting of the atomic level
near the photonic band edge as a result of the strong
non-Markovian [16] interaction between the atom and its
own localized radiation) are strongly dependent of the
decay rate of the probe transition which is far from the
band edge.

An arrangement of a A system in a PBG similar to ours
has been briefly investigated by John and Quang [7].
However, their investigation was based on an isotropic
dispersion model for the PBG which is but a non-realistic
instructive toy model for studying the effects of a PBG
qualitatively. Our detailed investigation in this paper is
based on a realistic anisotropic dispersion model for the
PBG which introduces several important quantitative
corrections over and above the isotropic model [6].

This paper is organized as follows. In the next section
(section 2) we describe our model system and write the
Hamiltonian of the system under the electric dipole and
rotating wave approximations [21]. In section 3, we write
the general state vector of our model system in terms of
the basis vectors of the Hamiltonian of the system as well
as on time-dependent population amplitudes, and then
derive the general solutions for these time-dependent
amplitudes via the time-dependent Schddinger equation.
In section 4, we introduce the memory kernels (delay
Green’s functions) describing the highly non-Markovian
atom-photon interactions in PBG materials, for both
isotropic and anisotropic dispersion models of a photonic
band gap. Section 5 deals with detailed investigation of
the dynamical and spectral behavior of spontaneous
emission from our model A system under three
subsections. Section 6 summarizes our conclusions.
Finally, appendices A and B are used to derive the
formulas employed in our investigation.

2. Model Hamiltonian

The physical system we consider consists of a single
three-level atom embedded in a PBG material. We let |0>
denote the ground level of the atom; and |1> and |2> the
two excited levels, Figure 1. The three level atom is
assumed to be in so called A configuration where the
uppermost atomic level |2> is dipole coupled to the lower
levels |1> and |0> by radiation modes (photon reservoir) in
a three dimensional PBG, whereas the transition |1) — |0>
is dipole forbidden.

We designate the energy of an atomic level |i) by ha;

and the frequency separation between level |i) and | j)
by

Wjj = 0~ O] (2.1

Transitions between atomic levels are described by atomic
operators oj; =|i)(j| with the property oj; [K) =Jj |1)
from which the commutation relation

oi 1K) =liXi = oy on | = Sji0k —dioy (2.2)

readily follows. We let d denote the atomic dipole
moment vector and express it in terms of the atomic

operators Oij as

d = djjoy, dij =(ild| j>=dijaij (2.3)

i
where dj; is the magnitude of dj;, and ai,- is the unit

vector in the direction of dj; .
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Figure 1. Three-level atom in a A configuration. The atomic transitions
[2>—|0> and |2>—|1> are dipole-allowed transitions, whereas |1>—|0>
is not. The atomic transition frequency wy is assumed to be near the
band edge frequency «. of a PBG, whereas w,; is far from the PBG and
deep in the photonic continuum. For this reason, the atomic transitions
[2>—|0> and [2>—]|1> are dubbed, respectively, the “near” and the “far”
transitions. The detuning of w,; from w is denoted by d=w;;-w.

We assume that the atom is initially excited to the
uppermost level |2) by a resonant laser pulse of
frequency @, =,y . We then consider the scattering of
this pulse via the transitions | 2) —|0) and | 2) —|1) into
Rayleigh and Stokes components with frequencies
op =wp =0, and og = wy = o —a@yg . Accordingly,
we divide the photon reservoir into two parts, a Raleigh
part (identified by the subscript R ) and a Stokes part
(identified by the subscript S ). With such a division, the

Hamiltonian H describing our model atom-field system
can be written as [6,20].

H:HA+HR+HS+HAR+HAS’ (24)
where
2
Ha =) hooy, (2.52)
i=0
2 T
HR = ZZha)kaM’Rak/LR (25b)

=1 k
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2
"
HS = z Zha&akﬂlsaklys (250)
A=1 k
g 20 t
HAR = |hz Z gk/ﬂi,R(ak/l,Ro-OZ —O'ZOak/LR). (25d)
A=1 k

2

Has =inY. > 0k s (3;2,1,5012 —018,5)- (2.5¢)

2=1 k
Here H, represents the Hamiltonian of the bare atom,
whereas Hi and Hg represent, respectively, the
Hamiltonians of the Rayleigh and Stokes components of
the photon reservoir, k and A being the wavevector and
polarization index of a photon of mode {ki}. Associated
with the Rayleigh and Stokes components are the
annihilation (a, ) and creation (aliﬂ ) operators satisfying

the commutation rule

f -
|:akﬂ.y77 ’ ak’i’ 77/ :| -

whereby we assumed that the Rayleigh and Stokes
components are well separated in frequency that their
corresponding field operators commute. We also assume

that atomic operators oj commute with the field

5 5 .. n=RS

57777 N (2.6)

operators @, and al‘;ﬂ for the quantized Stokes and
Rayleigh modes.

A
[O'ij!akxl,ry] :[O'ij'akﬂ,,ryJ =0,7=R,S

The Hamiltonians H g and H g given by Egs. 2.5d
and 2.5e are interaction Hamiltonians; H,g describes

interaction between the atom and the Rayleigh component
of the photon reservoir, whereas H 55 describes the same

between the atom and the Stokes component of the photon
reservoir. These interaction Hamiltonians are written in
the electric dipole approximation whereby the spatial
variation of the photon field over the atom is ignored.
They are also written in the rotating wave approximation
whereby virtual processes of excitation (de-excitation) of
the atom with simultaneous creation (annihilation) of a

2.7

photon (terms of the form 3&4020 and a ;00 ) are
neglected [21-25]. In these interaction Hamiltonians, the
factors g||<]/1,;7 represent the frequency dependent coupling

constants between the atomic transitions |i) —| j) and the
modes {kA,n} of the radiation field. These coupling
constants are derived in [6] and are given by

i OGN g i n=RS 2.8
M, L] L] -

9kan =, [ZEOWVJ n-dij, 17

where @j is the atomic transition frequency given by

Eq.2.1, dij and ai,- are the magnitude and unit vector of
the atomic dipole moment dij given by 2.3, V is the

quantization volume of the radiation field, and ¢, is the

Coulomb constant. The vectors ékm are the two
transverse (polarization) unit vectors satisfying

Iz.ékg,,] =0, ékg,,,.ékg'ﬁ = 5Mf ,n=R,S (2.9

where Kk is the unit vector in the direction of the
wavevector k . The condition l?.ékg,ﬂzo expresses
transversality of the photon field, whereas the
condition ek, .ek =8 shows that unit vectors

{ékl,,],ékz,n , |2} form a right-handed triad.

3. Excited State Population on Level [2>
and Its Steady-State Value

For our model atom-field system, we assume that
initially the atom is resonantly excited from the ground
level |0) to the uppermost level |2) by a laser pulse of
frequency | =@y, Whereas both the Rayleigh and

Stokes components of the photon reservoir are in the
vacuum state. As a result, the initial state of our model
system can be written as the direct product of the atomic
state |2) and the radiation state |{0}), since the atomic
operators are assumed to commute with the radiation field
operators (Eq. 2.7).

|'¥(0)) = 2,{0}) (3.1

The notation | 2,{0}) is a short way of writing the direct
product state | 2) |{0}) which means the atom is in state
| 2) whereas both the Rayleigh and Stokes fields are in the

vacuum state (that is, no Rayleigh or Stokes photons) [26].
As a result of the perturbation by the interaction
Hamiltonians H 5 and H g applied at initial time t =0,

the initial state |W(0)) of Eg. 3.1 evolves in time
according to the time-dependent Schrédinger equation

ihgm’(t)) “H W), (3.2)

where H is the total Hamiltonian of the system given by
Eq. 2.4. At any time t, the state vector of our model
system can be written as a linear combination of the
eigenstates of the non-interaction Hamiltonians H,, Hg

and Hg as
[P () =y (e 2! [ 2,{0p)

—i t
T NG e C AL TR
kA

—i t
+ Cas (e (s ) |LLss)
ki

(3.3

where time dependencies due to H,, Hg and Hg are

explicitly factored out in the form of exponentials. The
state vector |0, ) means atom in state |0) and a

single Rayleigh photon of mode {k4,R}. Similarly, the
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state vector |11, g) means atom in state 1) and
a single Stokes photon of mode {k4,S}. From Egs. (3.3)
and (3.1), we obtain

€2(0) =1, ¢y g =Cs5(0) =0, (3.4)

as the initial values for the amplitudes c,(t), ¢y, r(t)
and ¢, s (t) corresponding to the initial state (3.1).

Using Eq. 2.4 for the total Hamiltonian, and Eq. 3.3 for
the general state vector in the Schrddinger equation
(Eq. 3.2), and projecting the result onto the eigenstates
[2{0}, 10,4, ) and |LL; g) of Hy, Hg and Hg ,
respectively, we obtain the following (infinite) set of
coupled equations for the amplitudes c;(t), ¢, r(t) and

Cka,s (1)

20 —ipk Rt
. Oia,RrCka,r (e 7
Gt)=-) ” i st (3.5a)
ki|+0i7 sCkas (e
- i Rt
Car(t) = gl%?l,RCZ (t)e“*R (3.5b)
- iz st
Cha R (D) = 9&7 sCo (1) S (3.5¢)

Here a dot over an amplitude signifies total time
derivative, whereas

Hi R = O R — W0, Hi,s = W5 — @21 (3.6)

represent the detunings of the radiation mode frequencies
o r and ay ¢ from the atomic transition frequencies

oo and @yq . Egs. 3.5b and 3.5c can be integrated (in
time), using the initial conditions (3.4), to give

t roi [’ ’
Car(t) = 9|§91,RI0C2 (t)e kR dt', (3.72)

t ro g t’ '
Cras () = gﬁ,s IoCZ (t)e" S dt'. (3.7pb)

Substituting these expressions for ¢, r(t), and
Ckrs(t) in Eg. 3.5a and exchanging the order of

summation over kA and integration over time, we obtain
the following integro-differential equation for ¢, (t).

cz(t)=-jé[GR(t-t')ms(t-t')]cz(t')dt’ (3.9)

Here

, 2 iy
Grit-t) =Y (a8 r) e "R (3.90)
kA

: 2 Y
Gs (t-t )ZZ(GQ,S) e At (3.9p)
ka

are the delay Green's functions associated with the
Rayleigh and Stokes components of the photon reservoir,
and depend very strongly on the photon density of states
of the relevant photon reservoir. In essence, these Green's

functions measure the photon reservoir's memory of its
previous state at a later time and, therefore, are alternately
known as memory kernels [6].

Our goal is to solve Eq. 3.8 for the amplitude c, (t) for

different kinds of photon reservoirs which determine the

nature of the Green's functions GR(t—t') and Gg (t—t') .

The integral on the right hand side of Eg. 3.8 is a
convolution integral which suggests solution by Laplace
transformation [27]. Upon taking the Laplace transform of
both sides of Eq. 3.8, and using the initial condition for
Cy(0) =1 (Eq. 3.4), we obtain

1
s+Gg(s)+Gg (s)

Gy () = (3.10)
where ¢,(s) , Ggr(s) and Gg(s) are, respectively, the
Laplace transforms of c,(t) , Ggr(t) , and Gg(t) .
For given dispersion relations e g and g , we

evaluate GR(t—t') and Gg (t—t') from Egs. 3.9 which,
in turn, are used to evaluate GR(S) and és (s) . These

expressions for Gg(s) and Gg(s) are then used in
Eq. 3.10 to find €,(s) . Finally, the amplitude c,(t) is
obtained by inverting €, (s) . Once c,(t) is calculated, the
excited state population n,(t) on level |2) , and the
steady-state value n, of this excited state population are
obtained from ¢, (t) by

M (1) =1 Co () 7, nps =lim_,., [, () F (3.11)

4. Memory Kernels for Isotropic and
Anisotropic PBG

The memory kernels (delay Green's functions) of
Egs. 3.9 for Rayleigh and Stokes photon reservoirs are
highly dependent on the the dispersion relation for the
relevant photon reservoir. In the case of vacuum, the
dispersion relation is linear and is given by w(k)=ck,

resulting in a density of propagating photon modes p(w)

which varies with frequency @ continuously like o,
Figure 2. For such a linear dispersion relation, the Green's
functions of Eq. 3.9 are given by [6]

Gr(t—t) = ypod(t—t),

, , (4.1)
Gg(t—t)=pyo(t-t)
where
3.2
1 doids
Vij = ! 3” (4.2)
472'60 67C

is one-half of the spontaneous emission rate I'y; for the

transition |i) —| j), and &(t—t") is the Dirac delta
function.
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Figure 2. Density of propagating photon modes p(®) for vacuum and for
PBG as a function of frequency . In vacuum, p(®) varies continuously
like % whereas in a PBG, p(o) exhibits a gap (or gaps) in which p(o) is
absolutely zero, o, and . being the lower and upper band edge
frequencies of the gap.

In free space, the memory Kernels GR(t—t') and

Gg (t—t') are proportional to the delta function (Eq. 4.1).
This is because free space is an infinitely broad photon
reservoir (flat spectrum), and, therefore, its response
should be instantaneous. Interactions governed by such
delta function dependent memory kernels are said to be
Markovian [22,23]. From Eqg. 4.1, we obtain

Gr(S) =720, Gs (5) =721 (4.3)

for the Laplace transforms of the Green's functions in the
case of vacuum.

In a PBG, unlike in vacuum, there is a gap (or gaps) in
which the density of propagating photon modes p(w) is
absolutely zero [28], meaning photons with frequencies in
the gap cannot propagate in the PBG, Figure 2. A simple
model dispersion relation which exhibits a gap in the
photon density of states is the so called isotropic effective
mass dispersion relation given by [4,5]

o ~ o, + Ak —kg)? (4.4)

Here «, is the upper band edge frequency (Figure 2),
k is the modulus of the wave vector k, and k, is a

constant characteristic of the PBG. The factor A is a
constant which measures the curvature of the dispersion
curve w(k) at k =k, and is given by

A:E{fﬂj _o
2 2
AN M

The dispersion relation of Eq. 4.4 is valid only for
frequencies close to the upper photonic band edge

(4.5)

depicted in Figure 2. However, if the width @, —m, of
photonic band gap is large enough, and if the relevant
atomic transitions are near enough the upper photonic band
edge «, , the effects of the lower photonic band would be
negligible, making Eq. 4.4 a good approximation.

The dispersion relation of Eq. 4.4 is isotropic because it
depends only on the magnitude k of the wave vector k .
Such a dispersion relation associates the band edge wave
vector with the entire sphere |k|=ky in k space
(spherical Brillouin zone) and, therefore, artificially
increases the true phase space available for photon
propagation near the band edge. This results in a photonic
density of states p(w) which, near the band edge . ,

behaves as (co—aoc)’ll2 for o>, , the square-root

singularity being characteristic of a one-dimensional phase
space [4,5]. While there is no physical PBG material with
isotropic gap, the isotropic dispersion relation of Eq. 4.4 gives
qualitatively correct results. Realistic anisotropic dispersion
relations lead only to quantitative corrections [6].

For the isotropic dispersion relation of 4.4, the Green's
functions of Eq. 3.9 are given by [6]

’ aild20(t—t)-7/4]
Grt—t)= 3¢’

Jr(t—t) '

(4.6a)
1y
b
(2]
' ei[szl(t—t')—nM]
Gg(t-t)= B3 ——
yz(t-t) (4.6b)
32 1|7y 312
B = Z(Aj (2
w21
where
g0 = g = g, F1 = W1 — (4.7

represent the detunings of the atomic transition frequencies
o and @y from the upper band edge frequency w, . At

optical frequencies y;; ~108Hz and @ij ~ 27 x10'° Hz
so that f3; ~10‘6a)c. Thus, if the band-edge «; is also in

the optical regime, we have B ~ 10 Hz .

Eq. 4.6 shows that, in the case of an isotropic PBG, the
memory kernels G,7(t—t’) decay in time like (t—t')‘llz,
unlike in the case free space where the G,7(t—t’) have

delta function time dependence (Eq. 4.1). As a result,
unlike in the case of vacuum where atom-photon
interaction is Markovian [22,23], in the case of PBG,
atom-photon interactions are highly non-Markovian [16].
From Eqgs.4.6, we obtain

—(if20 —(iB2
1[5—i520 ﬂS—ié‘Zl

for the Laplace transforms of the green's functions in the
case of isotropic PBG.

3/2 3/2
) )

Gr(s) = , G (s) = (4.8)
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In a real 3D PBG, the gap is highly anisotropic and the
band edge is associated with a finite collection of symmetry
related points in k space, rather than with the entire
sphere |k ||k, |. For such a realistic PBG, the effective

mass approximation of the photon dispersion relation near
the upper band edge takes the vector form [4,5]

o = o + Ak —Kq )2, (4.9)

In this case A, is approximately given by A= fc? ! oy
where f isa dimensionless factor for scaling the different

slopes the dispersion curve exhibits in different directions.
The anisotropic dispersion relation of Eq. 4.9 leads to a
photonic  density  of states  which  behaves

as p(a))~(a)—a)c)1/2 for ® > w,, characteristic of a

three-dimensional phase space [4,5].
For the anisotropic dispersion relation of 4.9, the
Green's functions of Eq. 3.9 are given by [6]

oil620(t—t ) +7/4]

GR (t—t,) =—C¥20 —,37
4r(t-t) (4.102)
2
2 1 {720
Ay =~ ——=| == | o,
SEETIE szo]
, oilo21(t-t )+7/4]
GS (t—t ):—a21—,,
Jar(t-t)’ (4.10b)

2
2 1 (7
FYREA P
16f° \ w21

where &, and J,, are detuning frequencies given by Eq. 4.7,
whereas y;; (given by Eg. 4.2) is one-half of the

spontaneous emission rate I'; for the transition [i) —] j).
At optical frequencies, y;; ~ 10® Hz and wjj ~ 27 101 Hz
so that aij@ ~107Y f’3a)c. For example, when f =10°%,

we obtain o? ~10‘8wc so that &2 ~10" Hz , for @ isin

the optical regime.
Egs. 4.10 show that, for the anisotropic dispersion
relation of Eqg. 4.9, the memory kernels decay in time

faster like (t—t')‘3’/2 as opposed to the slower (t—t')‘ll2

time decay for the isotropic dispersion relation of
Eq. 4.4. The enhanced memory effect for the isotropic
model is an artifact of artificially increasing the phase
space available for propagating photon modes near the
upper band edge by associating the band edge with an
entire sphere |k |=Kky in k space rather than with a finite

collection of symmetry-related points. From Egs. 4.10, we

obtain
Gr(s) = e Js—idy,
Gs (5) = apge”™* s —idyy

for the Laplace transforms of the green's functions in the
case of anisotropic PBG.

(4.11)

5. Spontaneous Emission from A A
Systemina PBG

When the three-level atom in the A configuration is in
vacuum, we use Eq. 4.3 in Eq. 3.10 to obtain

. 1
6(s)=——— (5.1)
Sty t7ra
which can be easily inverted to give
Cy(t) = e~ (rar+raut (5.2)

showing that, in the case of vacuum, spontaneous
emission from level | 2) is purely exponential, and that, in

the stead-state (long-time) limit, the population of the
excited level |2) is zero. That spontaneous emission is

purely exponential, and that all populations on excited
levels eventually decay to the ground level is a general
result valid not only for vacuum but for any broadband
smoothly varying electromagnetic density of states in
which the Wigner-Weisskopf approximation is valid [25].
When the electromagnetic density of states changes abruptly
in the vicinity of an atomic transition (such as near a photonic
band edge), spontaneous emission through the transition
displays behaviors dramatically different from those in
vacuum. In particular, spontaneous emission near a photonic
band edge is shown to be oscillatory (as opposed to simple
exponential decay in vacuum), and there may be non-zero
(fractionalized) steady-state population in excited states
unlike in the case of vacuum in which all excited state
populations eventually decay to the ground level [6,7,8,9].
The case of spontaneous emission from a three-level atom
in the A configuration embedded in a PBG material modeled
by the isotropic dispersion relation of Eq. 4.4 is briefly
discussed in [7]. In this work, we discuss the same case in
much more detail, with the PBG modeled by the more
realistic anisotropic dispersion relation of Eq. 4.9 which gives
quantitative corrections over and above the isotropic model.
In our analysis of the three-level atom in the A
configuration, we make two important assumptions. The
first assumption is that the Stokes frequency w,; lies in the

photon continuum far outside the gap so that atom-photon
interaction for the transition | 2) —|1) is described by the

vacuum memory kernel of Eq. 4.1 for which the Laplace
transform is given by Gs (S) =y-1 (Eq. 4.3). The second
assumption is that the Rayleigh frequency w,q lies near
the photonic band edge @, so that atom-photon
interaction for the transition | 2) —| 0) is described by the

anisotropic PBG memory kernel of Eq. 4.10b for which
the Laplace transform is given by Eq. 4.11. Applying
these two assumptions in Eg. 3.10, we obtain

orisy— L
& (s+id) = 56 (5.3)
where
D(s) =+ e ™ /s + (yq +i6) (5.4)

Substituting x = e 74

we obtain

s in the equation for D(s),
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D(s) = iD(x) (5.5)

where

D(X) = X% + arpgX + (5 i) (5.6)

is a quadratic equation whose roots (separated into real

and imaginary parts) are given by
2 2
i\/V’7 +2721 7.7

[ 2, 2
+
o= _(azo)i\/ n +ya+tn N

- 2 2

where

2
n= [“—goj -5 (5.8)

In terms of the roots of D(x) =0, Eq. 5.4 for D(s) is
expressed as

D(S) =S+ (Zzoei”/4

2 .
:H(\/g_elﬂl4qj)-
j=1

S+ (}/21 + |5)
(5.9)

Using Eq. 5.9 in Eq. 5.3, we obtain

1

S+ 06206‘”[/4

& (s +i5) =
2 S + (g1 +i0)

_ 1 (5.10)
2

H(\/g—eiﬂmqj')

=

The amplitude c,(t) is obtained from the inverse
Laplace transforms of ¢, (s+id) given by Eq. 5.10 via the
complex inversion formula [27]

e %, (t) = L (5.11)

5 [ ety (s +is)ds,
7l

€—loo

where the real number ¢ is chosen so that s=¢ lies to
the right of all the singularities (poles and branch points)
of the function €,(s+id). Once c,(t) is calculated, the

excited state population n,(t) on level |2) as well as the
steady-state value n,g of this excited state population are
obtained from c, (t) via Eq. 3.11.

Our objective in this work is to evaluate c,(t) for a

PBG described by the anisotropic dispersion relation of
Eq. 4.9, and then investigate the nature and behavior of
the excited state population n,(t) as well as its steady-

state value n,g for such a dispersion relation. To this end,
we consider the case in which y,; =0 separately from the
case in which y,1 =0 in the following subsections.

5.1. Spontaneous Emission near the Edge of
an Anisotropic PBG: the y,;= 0 Case

Our system of three-level atom in the A configuration
depicted in Figure 1 is initially assumed to be in the upper
most level |2) (Eq. 3.4). If we further assume that

791 =0 , the decay channel |2) —|1) for the initial
population on level | 2) is completely closed, so that the

three-level atom essentially acts as a two-level atom
consisting of atomic levels |2) and |0) . This case of
spontaneous emission from a two-level atom near the edge
of a photonic band gap has been discussed in detail in [7],
albeit under the non-realistic isotropic dispersion of Eq. 4.4.
In this subsection, we briefly discuss this two-level atom
case under the realistic anisotropic dispersion relation of
Eq. 4.9. This y»; =0 case involving only two of the three

atomic levels, besides being an interesting case in its own
right, will be used as a reference for the y,; #0 case,

whereby all three levels of the three-level atom have to be
taken into consideration.

For y,1 =0, Appendix B shows that the amplitude
C,(t) is given by

721=0=
.
2 O s if 5 <0
U —u
. ) (5.12)
Cz(t) = |(5,t, if 0<o6< (a20 /2)
i 2
V2 0Ny (5,0, & > (g 2)?
Vo —Vp
where
[04 (04 2
Uy :—[%ji |5|+[%} (5.13a)

2
Vi, =—(a—§0jii | 5|—["%0j (5.13b)

the upper signs of + applying for u; and v; . The term
1(5,t) is given by

~ azoemm J_OO &e—(x—lé)t
0

————dx (5.14)
(=x+10)" +iajyx

and represents the branch-cut contribution arising from the

deformation of the contour of integration around a branch

point in the complex inversion of Eq. 5.10 via Eq. 5.11.
From the population amplitude c,(t) given by Eq. 5.12,

the excited state population n,(t) on level |2) is

obtained by n,(t) = c,(t) |2 (according to Eq. 3.11. This
excited state population on level | 2) is depicted Figure 3

as a function of the scaled time a%ot for various values of
the detuning parameter § = w,q — e, . From this figure we

see that, unlike in the case of vacuum where spontaneous
emission decay is purely exponential, spontaneous
emission near the edge of a photonic band gap exhibits
pronounced oscillatory behavior [7]. This oscillatory
behavior of spontaneous emission near a photonic band
edge was first predicted by John and Quang [7] using the
isotropic dispersion model of Eq. 4.4. Our result depicted
in Figure 3 confirms their result for the more realistic
anisotropic dispersion model of Eq. 4.9.
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In all cases, v, =0 i

wt

Figure 3. Atomic population ny(t) = |c,(t)|? on level |2> for c,(t) given by Eq. 5.12 as a function of the scaled time a’t, for 7y 5 = 0 and for various
values of 3, the PBG described by the anisotropic dispersion relation of Eq. 4.9

Besides its oscillatory behavior, the other novel feature
of spontaneous emission near a photonic band edge is
the presence of non-zero (fractionalized) steady-state
population on the excited level | 2), as opposed to zero in
the case of vacuum. This feature of spontaneous emission
was first predicted again by John and Qaung [7], and
again for the case of the isotropic dispersion relation of
Eq. 4.4. We hereby have shown that their prediction is
also true for the more realistic anisotropic dispersion
relation of Eq. 4.9, albeit with one major difference. For
the case of the isotropic dispersion relation, non-zero
steady-state population on an excited level was predicted
even when the excited level lies slightly outside the gap
but not far from it [7]. However, for the case of
anisotropic dispersion relation, non-zero steady-state
population exists on an excited level only when the level
is strictly inside the gap so that its detuning ¢ = @y — @,
from the band edge «, is negative. This discrepancy between
the two dispersion relations is due to the enhanced

memory effect of the isotropic one which varies as V2
(according to Eq. 4.6) as opposed to that of the anisotropic

one which varies as t /2 (according to Eq. 4.10).

For the y,; =0 case, Appendix B shows that the
steady-state value of the excited state population on level
| 2) is given by

, 2
721 =0=ny = lim |, (1) |
t—ow

4u12

=1 (U —uy)
0, ifo>0

S 5<0 (5.15)

where u; , are given by Eqg. 5.13a. Therefore, even when
the excited level |2) is right on the band edge so that
0 =wmyq—m, =0, there is no excited population on

level |2) in the steady-state limit. The variation of this
steady-state population of level |2) according to Eq. 5.15
is depicted in Figure 4.

5.2. Frustrated Spontaneous Emission
near the Edge of an Anisotropic PBG:
the y,1 # 0 Case

For the y5, =0 case, Appendix A shows that c,(t) is
given by

02 2
Cy(t) =20+ 28 (@O s (5.16)
0 —02 G2—G
where ¢y , are given by Eq. 5.7, and

oy ™ IOO Sxe(x-iot

. dx (5.17)

1(5,t) =

T (—X+i5+}/21)2 +ia20X

represents the branch-cut contribution of the complex
inversion of Eq. 5.10.
Figure 1 depicts the variations of the excited state

population n, (t) = ¢, (t) |2 of level |2) for c,(t) given by
Eq. 5.16 as a function of the scaled time a%ot for various
values of the detuning parameter & = w,q — @, . From this

figure we see that, like in the y»; =0 case, inthe yp; #0

case the spontaneous decay of the excited state population
displays strong oscillatory behavior. However, unlike in
the y,, =0 case, in the y,; #0 case all excited state
population eventually decays to the ground level in the
long-time (steady-state) limit, even when the excited level
lies deep inside the photonic band gap. This total decay in
the excited population of level | 2) occurs through decay

channel | 2) —|1) which is assumed to be far outside the
gap and deep in the photon continuum.
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steady-state population on level [2> when v, =

5."'[1_20

Figure 4. Steady-state population on the excited level [2> as given by Eq. 5.15 as a function of the scaled detuning 5/a%o, when y2; = 0 and the PBG is
described by the anisotropic dispersion relation of Eq. 4.9. Unlike the isotropic dispersion of Eq. 4.4 for which steady-state population on an excited
level was predicted to be non-zero even when the atomic transition lies outside the gap [7], for the more realistic anisotropic dispersion relation, the
steady-state population on an excited level is non-zero only when the corresponding atomic transition of the level lies inside the gap so that 5 <0

7
In all cases, 7,, = 0.1a ,, 2

20

Figure 5. Atomic population [ca(t)]? on level [2> for c,(t) given by Eq. 5.16 as a function of the scaled time o?t, for y2 = 0.1a% and for various values
of 3, the PBG described by the anisotropic dispersion relation of Eq. 4.9. When y,; # 0, the excited state population always decays to zero sooner or later
depending on the value of §
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We can easily see why the steady-state population on
the exited level |2) is always zero when y,;#0 ,
by investigating the three terms on the RHS of
Eqg. 5.16. Since 0!220 ~10"Hz and 21 ~10%Hz at optical

frequencies, from Eg. 5.7 we see that the real and
imaginary parts of root u; are both positive whereas those

of root u, are both negative. Therefore, the roots u; and
U, can be expressed as

G = A +IB, dy =—(Ay +iB)

where A, and B are positive real numbers given by

(5.18)

2 2
N
Alz—(a—goj+1/%>0 (5.192)
2 2
NS +75 +
py=| G20 | NI TTATH g (519p)
2 2
[2. 2
B, [N a7l (5.19¢)

2

As a result, the exponentials on the RHS of Eq. 5.16
involving the roots Zw; and Zw; can be cast as

(02 i p2_p2
e|(q1 +o)t _ e|(Al -B +5)te—2AiBt

49

2 a2 2
g (T2t _ ol(#3=B7+o)t -2 0Bt (5.20b)

showing that the first two terms on the RHS of Eq. 5.16

a2 g2
. —B4+6)t
are both oscillatory due to the factors e'(Al +9) and

22 p2
e'(A2 BTvo)t but both decay to zero in the steady-state

limit (t -> o0 ) due to the factors e 2Bl gng g 2A2B
Moreover, the integrand on the RHS Eq. 5.16 decays to

zero as e "' It follows that all three terms on RHS of Eq.

5.16 decay to zero as t — oo, so that the amplitude c, (t)

and, therefore, the population |c,(t) |2 decay to zero in

the steady-state limit.
The oscillatory behavior of the excited state population

N, (t) = ¢, (t) |2 on level |2) (which is assumed to be near
the photonic band edge @, ) depends on the strength of
the decay channel |2) —|1) which is specified by the
decay parameter y,q1. As shown in Figure 6, the smaller
the value of y,q, the slower the decay of n,(t) and the
longer the oscillation life-time of n,(t) , though the
oscillation frequency of n,(t) depends only on the value

of & . The ability to control the oscillatory behavior of
spontaneous emission near the edge of a photonic band
gap using y,q1 as depicted in Figure 6 is an important

0.8

(5.20a)  conclusion of our investigation.
T | T | T I T
¥y, = 0.01a,, (solid curve) In all cases, 8 =-5a, |
¥, = 0.1a, (dashed curve)
¥y, =0.2a0, (dashed-dotted curve)

R
I (1 Fi LY —
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Figure 6. Atomic population |cx(t)]* on level |2> for c,(t) given by Eq. 5.16 as a function of the scaled time o?;t, for & = —502, and for various values of

v21, the PBG described by the anisotropic dispersion relation of Eq. 4.9. The
of level |2>, though the frequency of oscillation depends only on &

smaller the value of vz, the longer the oscillation life-time of the population
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5.3. Spectrum of Frustrated Spontaneous
Emission near the Edge of an Anisotropic
PBG

With €,(s) given by Eq. 5.10, the spectrum of the

spontaneous emission through the decay channel
| 2) —|1) is given by [7]

1 |2 (5.21)

—i(w; —wy1) —axo(w; — 1) +6 +721|

Figure 7 depicts the spectrum S(w,) for 721=a220
and for different values of the detuning 6 = w,g — @, Of
the atomic transition frequency @,y from the band edge
frequency «. . From this figure we see that for small §
(that is, when level |2) is close to the band edge) the
spectrum S(w;) splits into a doublet. This splitting is

analogous to the Autler-Townes splitting (dynamic Stark
splitting) of an excited level into two dressed states by a
resonant (or nearly resonant) external driving field. In the

PBG case, however, there is no external driving field, and
the splitting is solely due to the strong non-Markovian
interaction of the atom with its localized radiation field
[1,2,14]. This splitting was first predicted by John and
Quang [7], albeit for a PBG described by the isotropic
dispersion relation of Eq. 4.4 which artificially enhances
the effects of the PBG by artificially increasing the phase
space available for band edge photons. The splitting
depicted in Figure 7 is for a PBG describe by the more
realistic anisotropic relation of Eq. 4.9 and, therefore, is
not as pronounced as that in [7].

Figure 8 depicts the spectrum S(w;) for 5:a220,
and for different values of the decay rate y,; of
the spontaneous emission through the transition
| 2) —|1) which is assumed to be sufficiently far from
the gap to be directly affected by the gap. From this figure,
we see that the smaller the value of y,; the more
pronounced the splitting effect on S(w;), though the
positions of the peaks is determined only by & . The
ability to control the spectrum of spontaneous emission
near the edge of a photonic band gap using y,; as

depicted in Figure 8 is another important conclusion of
our investigation.

1.5 . | .

(o, — m_?._].-cx 20

Figure 7. Spectrum of spontaneous emission via [2> — |1> for yz; = oy, and for different values of the detuning & = w0 — o, Of wy from o.. The
frequency o, for the transition [2>— |1> is assumed to lie in the photon continuum far outside the gap. The spontaneous emission spectrum splits only
for g close to the band edge wc (for 5 = —o?p and & = —0.10%), the closer the ®20 to wc, the more pronounced the splitting. Transitions sufficiently
deep inside the gap (8 = —50y) or sufficiently far from the gap (5 = +5a0) do not exhibit spectrum splitting
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Figure 8. Spectrum of spontaneous emission via [2>— |1> for & = a?y and for different values of y,,. The frequency g for the transition [2> — [1> is
assumed to lie in the photon continuum far outside the gap. The smaller the value of y,; the more pronounced the splitting effect on S(w,), though the

positions of the peaks is determined only by &

6. Conclusions

We investigated spontaneous emission from a three-
level atom in a A configuration embedded in a photonic
band gap (PBG) material. Of the two dipole-allowed
transitions of the atom, one is near the photonic band edge
(the “near" transition), whereas the other one is
sufficiently far from the photonic band gap not to be
directly affected by the gap (the “far” transition). Though
the “far” transition is not directly affected by the photonic
band gap, it is indirectly affected by the gap because of its
coupling to the “near” transition via the A configuration.
As a result of this coupling, spontaneous emission through
the “far” transition can be used as a probe to measure the
strength of the effects of the photonic band gap on
spontaneous emission through the “near” transition. In this
paper, we showed that the oscillatory behavior as well as
the spectrum of the spontaneous emission through the
“near” transition are strongly dependent (and, therefore,
can be controlled by) the vacuum decay rate of the “far”
transition which lies far outside the gap and deep in the
photon continuum. In short, we have shown that
spontaneous emission through an atomic transition near
the edge of a photonic band gap can be investigated by
frustrating it by another atomic transition far from the
photonic band gap but coupled to the near transition via a
A configuration.

Appendix A: Derivation of Eq.5.16 for
Cg(t): The 721;&0 Case

The atomic amplitude c,(t) is obtained from the
inverse Laplace transform of ¢, (s+id) given by Eq. 5.10

following similar Laplace inversion by Woldeyohannes
and John [6]. This inverse Laplace transform is evaluated
via the complex inversion formula [27]
e it (1) = — [T este (s +is)ds
] 271 Je—loo J

(A1)
where the real number e is chosen so that s=¢ lies to
the right of all the singularities (poles and branch points)
of the function €,(s+i0). It is apparent from Eq. (5.10)

that s=0 is a branch point of ¢, (s+id). In order to
evaluate (Al), we consider the contour C shown in
Figure 9 where the branch cut of the integrand is chosen to
lie along the negative real axis. According to the residue
theorem,

1 - .
qusc e'e, (s+i5)ds = Rym (A.2)

where Ry, is the sum of the residues of the integrand at
the poles enclosed by the contour C . Omitting the
integrands, we obtain

_ 1
2r7i’C

Rsum
(A.3)

- 2i7ri(.|‘AB +.[BDE +IEH +.[HJK +IKL+ILNA )

In the limit r -0 and R — o (so that T — ), the
integrals over the curves BDE, HIL and LNA on the RHS
of Eq. (A1) approach zero and, according to Eq. (5.10),

the integral over the line AB gives e_i&cz (). Therefore,
_ist 3 . 1
6719, (t) = Ry — 1im —(jEH +Ho ) (A.9)

R0 2770
r—0
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Figure 9. The contour used in the complex inversion formula (A.1)

Along EH, s=xe'” =—x and using this in Eq. 5.10
we obtain

- st ~ -
lim en © Cy(s+io)ds

R—o
0
"~ » (A.5)
o e
=] Tinla —OX
0 —X—(ZZOe 7 X+(}/21+|5)
Similarly, along KL, s= xe ™ = —x; and using this in
Eq. 5.10 we obtain
lim [ e%é,(s+i8)ds
A Ji & C2(8+19)
0
"~ (A.6)
" e Xt
- Sixl4 —dx
O —X+agge X + (ypy +i6)
Using Egs. A.5 and A.6 in Eq.A4 we obtain
e—i&tcz ®)
izl4 -xt (A.7)
=Ryym + 20° j;o e dx

V4 (—x+i5+;/21)2 +ia220x

Next we evaluate the total residue Ry, . From Eg.
(5.10), we obtain

eSt

(x/g—ei”mql)(\/g—ei”qu)
_ est (\/g+ei7t/4q1)(\/g+eiﬂ'/4q2)
(s—ig?)(s—ig3)

esle, (s+is) =
(A.8)

Clearly, the function e5t62(5+i5) has simple poles at
S= iql2 and s= iq%. The residues at s = iql2 and s= iq§
are given by

R = lim (s—ig?)eSc, (s +is)
saiq1

| e +a)u/ef +a) | o

o — a3

(A.9)

R, = lim (s—iq3)e’c, (s +is)
saiq%

| e + /e +a) | e

95 —of

(A.10)

For the complex roots g; and g, given by Eq. 5.7, we
choose the positive branch of the square root function and
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set \/%ij , (j=1,2). The residues at g and q, are
then given by
2
Ro=—2h ¢t g,
O — 02

so that the total residue is

. 2
20, elqzt
G2 -G

(A.11)

2 2
Royy = Ry + Ry = —2_glit 202 ia3t (5 19)
G —02 02 — 01

Using Eq. A.12 in Eq. A.7, we finally obtain Eq. 5.16.

Appendix B: Derivation of Eq. 5.12 for
C2(t): The vy, =0 Case

With the initial condition of Eq. 3.4 (that is, atom
initially on the upper most level |2) ), and with the

assumption that y,y =0 (so that the decay channel
| 2) —|1) for the population of level |2) is completely

closed), the three-level atom of Figure 1 essentially acts as
a two-level atom consisting of levels |2) and | 0) . In this

two-level atom case, the expression for the amplitude
C, (t) is obtained as follows [6].

For y51 =0, Eq. 5.16 reduces to

D(X) = X% + appX+ 5 (B.1)
and its roots are given by
a (24 2
U]_’Z =-| =20 + =20 -0 (B2)
2 2

where the upper sign of + applies for u; . Just like
in the 51 #0 case, in the y»; =0 case, the amplitude
C,(t) is obtained via the complex inversion formula

of Eq. A.1 using the contour of Figure 9. The inversion
gives different results depending on the value of
the detuning & =awy, -, of the atomic transition

frequency w,q from the band edge frequency w, . We
consider three different cases, the § <0 case (case 1), the
Os5§(a20/2)2 case (case Il), and the §>(a20/2)2

case (case Il1).
1.Casel: 6 <0
For &6 <0, the roots of Eq. B.1 are given by

2
u1:_ @ + |5|+ @
2 2
(24 (24 2
uz:_[ﬂj_ |5|+(Aj
2 2

In this case, uy is a positive real number and, therefore,

lies inside the contour of integration so that it has a non-
zero residue. On the other hand, u, is a negative real

number and, therefore, lies outside the contour of

5<0= (B.3)

integration so that its residue is zero. As a result, when
6 <0, the amplitude c,(t) is given by

Y21 = 0&6<0
iu2 (B.4)
eyt =—2U U s
U —Up
where
iz/4 —(x—id)t
1o =22 | e —dx  (B5)

7 20 (—x+i58)? +iaZyx
and u , are given by B.3.

2.Case Il: 0< 6 < (apg / 2)?
In this case

2 2
Osas(aZO/Z)Z:\/[%J _5:\/(“_20j ~15]

As a result, both roots of Eq. B.1 are negative real
numbers given by

0<6 < (ay/2)?

2
ulz—(a%j+ [a_goj -|16]<0
=
2
RS IR E PRI

and, therefore, lie outside the contour of integration so that
their residues are zero. The only contribution to c,(t) is

the branch-cut contribution. The amplitude c, (t) is then
given by

(B.6)

721 =0&0< 5 < (ay /22 = cy(t)=1(5,t) (B.7)
where 1(5,t) is given by Eqg. B.5.

Case I11: 5>(a20/2)2
In this case,

5> (ay 12)?

oo

As a result, the roots of Eq. B.1 are complex conjugates
of each other and can be expressed in terms of positive
real numbers A and B as

o> (0620 /2)2

A:[@j>0
{vlz—A+iB 2
=

Vy =—A—iB’ 2
B= |5|—(“—§°j >0

(B.8)

so that

i(v2 a2 02
g M+ _ i(A-B +0)tg2ABt _, o0 (a5t 5 o) (B.9)
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2 )
ol (V2 +O _ i(A°-B2+o)tg-2ABt _, ) (ast — ) (B.10)

increases
2ABt

The residue corresponding to root v

exponentially in time due to the factor e and,
therefore, is unphysical. As a result, when & > (ayq /2)2,

the amplitude c,(t) is given by

ya1=08&3 > (a9 / 2)?

v i3+o) (B.11)

= ¢y (t) = +1(5,1)

Vo —Vq
where v, , are given by Eq. B.8 and 1(5,t) is given by

Eq. B.5. Summarizing our results for the y,; =0 case, we
finally obtain

721=0=
2 2
G (50, if 5 <0 (B.12a)
U —Up
Cy (1) =< 1(S,1), if 0< 6 < (ay/2)? (B.12b)

2 L2
Y2 V2O L (5.0) i 5 > (a1 2)? (B.A2C
(6,1) (090 12)

Vo —Vp

2
Uy = - (TO) |5|+(“—§°j (B.13a)

o))

the upper signs of +
is given by Eq. B.5.
4. Steady-state population on level | 2) when y,; =0

where

(B.13b)

applying for u; and v, and 1(J,t)

L2

In Eq. B.12a, the exponential e'(u1+b) is a non-
decaying oscillatory factor because root u; (which is
given by Eq. B.13a) is a positive real number. On the

. . i24s)
other hand, in Eq. B.12¢ the exponential e * 2 decays

in time like e2”8' as shown by Eq. B.10. The term

1(5,t) in Egs. B.12a-c also decays in time and tends to
zero as t—oo . As a result, in Egs. B.12a-c for c,(t),

only the first term in Eq. B.12a remains in the long-time
limit. Therefore, in the long-time limit, the amplitude
C, (t) is given by

2 o
2l e|(u1 +o)t
Up —Uz
0,if5=0

,ifo<0

721=0=¢y(t) = (B.14)

where u; , are both real and are given by Eg. 13a, the
upper sign of + applying for wu .
population of level | 2) is then given by

The steady-state

4u12 .
_ 2 | ——=—=if6<0
21 =0= lim [ ¢ (®) =1 (u; - u,) (B.15)
t—o
0, if6=0
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