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Abstract: Employing a combination of collocation and interpolation techniques, this research introduces a
novel set of Obrechkoff-type methods designed to address second-order boundary value problems (BVPs)
characterized by Neumann and Dirichlet boundary conditions. The methodology involves placing the derivative
function equation at all grid points and interpolating the basis function at only two locations, resulting in the
development of a series of continuous multistep techniques with variable step numbers. For numerical
implementation, our approach employs block mode techniques. We investigate the order, consistency, stability,
and convergence of these algorithms to ensure their robustness and reliability. To evaluate the efficacy and
precision of the proposed method, comprehensive testing is conducted using Obrechkoff-type problems. Notably,
the numerical solutions demonstrate improved performance compared to traditional methods, highlighting the
potential of our approach to deliver enhanced accuracy in solving second-order BVPs.
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1. Introduction

Mathematics is widely utilized and often considered a
prerequisite for progress in various fields, such as biology,
economics, chemical kinetics, circuit theory, and others.
Physical phenomena in these disciplines are frequently
examined through the lens of mathematical models, which
often yield equations involving derivatives of unidentified
functions in one or more variables commonly known as
differential equations.

Interestingly, differential equations arising from the
modeling of physical events often lack analytical
solutions. They form the basis for modeling a diverse
range of problems across sciences, technology,
engineering, social sciences, and more. Consequently, the
development of numerical techniques to approximate
solutions becomes imperative. Various numerical
methods, including finite difference techniques, finite
element techniques, and finite volume techniques, have
been devised to address the nature and type of the
differential equations at hand.

A boundary value problem comprises a differential

equation along with additional constraints referred to as
boundary conditions. A Dirichlet boundary condition, also
known as a first-type boundary condition, specifies the
values of the functions themselves. On the other hand, a
Neumann boundary condition provides details about the
normal derivative of the function at the boundary. A
solution to a boundary value problem is a solution to the
associated differential equation that also satisfies the
specified boundary conditions. The main goal of this study
is to numerically solve the boundary value problems of the
second-order ordinary differential equations (ODEsS) of the

type
y'=t(xyy)xefably(@)=voy(a)=yn, ()

Where f:9RxR?™ —»R™ are continuous functions
Y, Y, y'eR™ and m is the system dimension. There are

numerous engineering and applied science fields that deal
with these second-order boundary value problems.
Numerous authors have worked to solve equation (1)
utilizing numerical approaches for resolving boundary
value problems, which can essentially be divided into the
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shooting method, finite element method, and finite
difference method. The technique utilized can be divided
into two categories: linear multistep methods (LMMSs) and
one-step (single-step) techniques; see [1,2,3,4,5,6,7].
Evidently, approaches of the Obreckhoff-type are
effective for both start and boundary value problems. The
well-known Numerov method is the simplest of the
Obreckhoff-type approaches. For second-order initial
value problems, authors have created a number of
Obreckhoff-type approaches with higher orders in the
past. Consider the category of second-order boundary
value problem with Dirichlet boundary conditions in
equation (1),

y(a)=a,y(b)=2 )
and Neumann boundary conditions
y'(a)=ay'(b)=5. (3)

Numerous branches of science, engineering, and
medicine  encounter  second-order  boundary-value
problems. For instance, they can be observed in the
bending of Euler-Bernoulli beams Fernandez-Sez et al. [8]
and Li et al. [9], curved cantilever beams Ghuku and Saha
[10] homogenous-heterogenous flow of fluids over
surfaces, Malik and Khan [11], and Hayat et al. [12]
among other phenomena. Numerous techniques, including
the shooting technique Filipov et al. [13] , Block Nystrom
type method Jator and Manathunga [14] , Quartic B-spline
method Goh et al. [15]. Boubaker polynomials expansion
strategy Koak et al. [16], and the Adomian decomposition
method, Aly et al. [17]. The resolution of second-order
initial value problems given as follows has been studied
by a number of scholars.

v'=f(zny) ve) =w. V@) =ty

In reality, problems of kind (4) can be found in circuit
theory, biology, celestial mechanics, chemical kinetics,
and celestial mechanics. The second-order problem has
been widely studied; see Ibrahim and Ikhile [1], Ibrahim
and lkhile [2], Ibrahim and Ikhile [3], Ibrahim and Ikhile
[4] and other references herein.

Obrechkoff [18] introduced a series of techniques for
solving first-order IVPs in 1942 as

Z AjYntj= Z h! Z 3&;-9’:[:-};;
i=1 j =0 (5)
L=12..,5
were
-k,k=12,3,4
listed by Lambert [27]. By enhancing and extending
Lambert’s work on stability as Boundary Value Methods

(BVMs), Ghelardoni [20], expanded its scope, while some
BVPs were considered in Ibrahim et al. [21]; Ibrahim and

Lawrence [22] . The step length k was set at 2, and
Usmani’s formula [23] was used as the starting technique.

—UYn + Ynt1 = Zh (”Dyl N ’“yi‘ﬂl)

Classical Obreckhoff methods

(6)

Lambert [24] observed that, for large k , it is
impossible to satisfy the zero-stability of (5), as the error
constant decreases more rapidly with an increase in 1 than
with k. As a result, its stability domain appears to be
limited. Investigators have since conducted studies in this
area. Shokri [26] separately created higher-order L-stable
Obreckhoff methods with varied step sizes that are precise
and effective and produce a bigger stability domain. A
fascinating thing about Obreckhoff methods is that they
can be extended to solve higher-order ordinary differential
equations. Considering this, numerous authors have
expanded the Obreckhoff techniques (6) to

24 [rj?]
Z%yn J—Zh > )

= )

where the aforementioned equation successfully and
reliably resolves second-order initial value problems. The
inclusion of higher derivatives makes this family of
approaches stand out as distinct. The k -step Obrechkoff
method’s general form using the derivative y is provided

by Lambert [27]. These methods, known as Obreckhoff
methods, can be particularly effective with the first few
derivatives. Although Obreckhoff’s original work
primarily addressed numerical quadrature, it appears that
Milne [28] was the first to promote the application of the
Obreckhoff formula. However, before implementing the
method described in (6), additional one-step numerical
methods like the Euler or Trapezoidal method must be
introduced. This then can be translated to the block
method, Ajayi et al. [25].

2. Derivation of the Block Method

The Block Method is derived with the intention of
approximating the exact solution y(x) in the partition
a:XO<X1<...< anl

for X e[a,b] of a power
<Xp<Xppp <..< Xy =D

series polynomial of the form,
254+r—1

Z aj- ;Zl?j
j=0 (8)

where the numbers of collocation points and interpolating
points, respectively, are r and s. The second and fourth
derivatives of (8) are thus

2s5+r—1

Z i —Vaa? 2 = f(z,v)

9)
2s4r—1
(@)=Y - D6 -2 - 3’ =y(z,y)
7= (10)
The interpolation, collocation, and collocation

equations in equations (8), (9), and (10) will be used to
develop the suggested approaches.

The system of equations arriving from (8), (9) and (10)
will be expressed in the form of matrix equation as given
below.
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AX =B (1)
where
[ T T2 Tis ] [ ag ] [ bo ]
Tay Tog . . . . aq by
X=| 31 w32 VA= .B=
| Ts1 Ts2 ... s | | an | L bn ] (12)

is resolved for the parameters //'//s using the Gaussian
elimination approach. Equation (8) requires the
parameters to be swapped in order to produce continuous
schemes. The approach is then determined by evaluating
the continuous schemes at the non-interpolating point.

This results in the equations below
Yn 1= — har+h%as — BPas + h'ay — hPas + h2as — hay + ag

ag =Yn

fno1 = —42h%a + 30 h'ag — 20 h*as + 12 h2ay — 6 has + 242

frr1 =2h%az + 30 hag + 20 h®as + 12 h2ay + 6 has + 2a,
Yn1 = — 840 h2ar + 360 h2ag — 120 has + 24 ay
Yo =24 a4

Yni1 =840 hia; + 360 h2ag + 120 has + 24 a,,

(13)
Combining (13) into (11) in matrix form gives
1 =h K -B* K -k K —h ] -y_.,| -"“~
1o 0 0 0 il 0 0 Un ay
0 0 2 —6h 12K 20K 30RY  —42R° fost ity
00 2 0 0 il 0 0 In ay
X = B= 1=
0 0 2 6h 126* 20R°  30h'  42h° fat1 a4
00 0 0 24 =120k 360K —840K° Tn-1 as
0 o0 1 (1] | 1] (1] (1] Tn g
00 0 0 M 120k 360K ROK* Tl ay
noting
AX =B (14)
Solving (14) for the values of parameters aj’ s we obtain
o = Yn
ay _.-',n.lin.f, (366 Ay, — 25 Aty + TRy + 2028 1% £, 4 216 K% fo_y — 624 0% fr iy
b 5040 4, — 5040y, )
1
fy = 3 fa
G5 = = s (80K = TH¥0 s + 1829043 472 f o+ 21 foy =96 S 1)
1 -~
f]| _EI In
a5 = — ﬁii., 1= Yn41)
1 s . .
ag = — m[h"-»—:-.’f.. = fac1 = fas1)
ar =ﬁ (1089 + WPy + WP men + 24 fn =12 foog — 12 frsy).
(15)
A linear multistep technique with a continuous

coefficient of this type is produced by substituting (15)
into (8) to yield

(1) = 0qtnot + 0ot + 2 (Bofa + Aot fact + Bifact) + R (9-17mmt + 0070 + $17ms1) -

(16)

The coefficients of (16) were obtained as follows, using
the transformation
T — Tntk—1

t= k=1
h (17)
where
_q (T) = —1
[T} (T) =1+t
1 .
B_1(t) = — 0 B2t (3t° =78 + 147 — 18)
fo (t) = ﬁh% (315 —7¢° —21¢% + 105t + 122)
Bo(t) = %hgt (315 —7¢° — 21¢* +105¢ + 122)
1 .
Bi(t)=— mh?t (31° = 76" =561 +52)
9-1(t) = =555 h*t (31% — 21¢* + 494% — 25)
g0 (1) = &h% (5t°— 14> +35t° — 35124+ 61)
1
9 (1) ==515 Rt (3t% +21¢* —01¢% +73).

(18)
Evaluating (16) at t=1, gives the discrete scheme
below

W .
Ynst + Mnoy = 2in = o= (52059 + WPy g + WPy 4

RORf, +
240 I

16y + 16 1)

(19)
The first derivatives of (16) gives

hy’(i) :0’_1%—1 + ﬁ'ijn + hz( 'ifn—'l + fs(;fn + .Bifn+l)

+ B9 1Yn—1 + G0Vn + 91 ns1)

(20)
where
OC'L]_ (t) =—1
ag (t) =1
By (t)=— ﬁ h? (Tt5 — 14¢° + 14¢* — 6)
]‘ 4 |4
B (1) =575 1* (211° — 42¢° — 634> + 2101 + 122)
B{U)::Eéahz(QltG——42t5——168t2+—52)
g (1) :—50140 ht (2115 — 105 ¢* 4+ 14712 — 25)
1 5
g0 (t) =gz h* (35¢° — 8417 + 140¢° — 105¢* + 61)
! 1 4 6 4 2
= - - _2 )
91 () =gt (21¢° +105¢* — 2731 + 73)
(21)

Evaluating (21) at t =-1,0, and 1 gives the following
first derivative schemes:

1 g .
Yo = (195 'y, — 19 Ry, + 3T h'yey + 1056 2 £, + 5220% f,

2520h

— B18h? frar — 2520y + 25200y )

(22)
T m (366 hYy, — 25 WYy, + TR 0y + 2028 K3 f, + 216 % f, ) — 624 W2 fry
b 5040y, — 5040y, _,)
(23)
Yap = ﬁu 11 0%y, + 100, = 3Th 0y + 207G h* f,, — 18 W% £,y + 822h%f, 1,
+ 2520 gy, — 2520 45_1).

(24)
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2.1. Block form of One-step Obreckhoff-type
Method

Combining (19) and (23) give the block method below

BRI

L 0 . Lk n
+h2? I1 l I J B2 -I-;I--' Iu.u.-l,l fna
0 50 0 Toa T
0 s I 1
210 840 B0
1 66 T 1| -2 78 T
+h 0 56 |t j| +h 5040 :',u:n.-, [ . j|

Solving (25) using matrix inversion gives,

n
Lo 5 J1el]

(25)

S
<]

il
[
—

e

F

i
[E—

0 5L __5 73

510 . ™6 500 .
s 3 [ 31 67 fn—1
Rl 0 -5 Wl 25 —wom N :
In+1

(26)
Writing out (26) explicitly gives
LY IS L gL gap 3, B
UYn-1= uo h In ].DD‘h n-1T U40} 105 h f'i 70 h fn—l 105 h Jrr:—]
t Yn ?lilj.uh
(27)
U1 = — %n'-., + %h'w,. - %h L+ %n'—'f_.. - %n'-’-f_., L+ %h'-’,r,.. .
F ' B+ e
(28)
Substltutmg 27) and (28) |nto (22) and (24) gives
!
yn 1~ I‘]Jrl I‘]Jrl 1T hfn .: h n-1— ,_H]lfl Indl T U:r
(29)
, 1.. 1 . 7
Yog1= &0 "'dA.'n %0 IIEJ".\l-l 'J-lﬂ' b In+1 Mﬂ lf -1 | lfl 1 yr'
(30)

3. Analysis of the Method

This section presents the analysis of the properties of
the method as follows.

3.1. Local Truncation Error and Order

The developed system order was investigated using the
methodology described in Lambert (1973) and Fatunla
(1991). Equation (31) displays the error constants as
having order p=5 and

31

302400 31)

Cpio=—

_ —3cosh(z)+3sinh(z)+cos(z)+2

While the block method’s order was looked at, it has

order p=5, and the error constants are represented in
Equation (32) as
g [-3L 8L
ani [ 15120° 15120} (32)

3.2. Consistency

If a linear multistep approach converges with an order
greater than 2, it is considered to be consistent. That is,

(p=2).

3.3. Zero Stability

For any well-behaved starting value problem, a linear
multistep approach is zero-stable if all roots of the first
characteristics polynomial lies in the unit disk, and any
roots on the unit circle are simple,

10 0 1
P(Z)=det |z -

0 1 0 1

(8]

z -1
= det

0 =z
(33)
Equation (33) produces z =1 when set to zero, proving
that the approach is zero stable.

3.4. Convergence
Consistency and zero stability are the required and
sufficient conditions for our method to be convergent.

3.5. Region of Absolute Stability

As defined by Jator and Manathunga [14] and Ajayi et
al. [25], the region of absolute stability of the established
schemes is taken into consideration.

4. Numerical Application on Dirichlet
Boundary Conditions
In order to evaluate the effectiveness of the produced
methods, we consider the following problems and their

sources, Majid et al. [29] and Chew et al. [30].
Problem 1: One-Step Obreckhoff Block Method (1SOBM):

y"=y—e*?-1y(0)=0,y(1)=0,h=0.1.

Exact solution: y(x) = x(l—ex‘l).

Problem 2: Direct Adams-Moulton Method (DAMD)
y"=y+cos(x),y(0)=0,y(1)=1h=0.125.

Exact Solution: dsinh(z)

e’ +

Jcosh(z)+3sinh(z)—cos(x)-2 _g _ cosz
4sinh(z) € 2
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Table 1. Showing the comparison of error in the method (LSOMBM) with Chew et al. [30] for Problem 1

X y-exact y-computed | Error in (1ISOMBM) p=5, k=1 | Error in Chew et al (2012) p=5, k=1

0.1 | 0.05934303403 | 0.05934303458 5.500000E-10 1.690000E-06

0.2 | 0.1101342072 | 0.1101342095 2.300000E-09 2.430000E-06

0.3 | 0.1510244089 | 0.1510244144 5.500000E-09 2.470000E-06

0.4 | 0.1804753456 | 0.1804753562 1.060000E-08 2.300000E-06

0.5 | 0.1967346702 | 0.1967346880 1.780000E-08 2.090000E-06

0.6 | 0.1978079724 | 0.1978080001 1.770000E-08 1.830000E-06

0.7 | 0.1814272455 | 0.1814272862 4.070000E-08 1.500000E-06

0.8 | 0.1450153975 | 0.1450154550 5.075000E-08 1.090000E-06

0.9 | 0.08564632380 | 0.08564640236 7.856000E-08 6.000000E-07

1.0 | 0.00000000000 | 1.0494000E-07 1.0494000E-07 -

Table 2. Showing the comparison of error in the method (LSOMBM) with Chew et al. [30] for Problem 2
X y-exact y-computed | Error in (1ISOMBM) p=5, k=1 | Error in Chew et al (2012) p=5, k=1

0.1250 | 0.0609853492 | 0.060985348R83 3.700000E-10 1.460000E-06
0.2500 | 0.1384279351 | 0.1384279333 1.800000E-09 1.790000E-06
0.3750 | 0.2331755418 | 0.2331755380 3.800000E-09 1.530000E-06
0.5000 | 0.3461104542 | 0.3461104475 6.700000E-09 1.200000E-06
0.6250 | 0.4781726245 | 0.4781726139 1.060000E-08 8.840000E-07
0.7500 | 0.6303872830 | 0.6303872674 1.560000E-08 5.840000E-07
0.8750 | 0.8038972219 | 0.8038971991 2.280000E-08 5.910000E-07
1.0000 | 1.000000000 0.9999999699 3.010000E-08 -
1.1250 | 1.220190365 1.220190324 4.100000E-08 -
1.2500 | 1.466208177 1.466208126 5.100000E-08 -

Table 3. Showing the exact solutions, the computed results and the error from the 1SOMBM for Problem 1.

X y-exact v-computed | Error in (1ISOMBM)
0.1 | 0.05934303403 | 0.05934303458 5.500000E-10
0.2 | 0.1101342072 | 0.1101342095 2.300000E-09
0.3 | 0.1510244089 | 0.1510244144 5.500000E-09
0.4 | 0.1804753456 | 0.1804753562 1.060000E-08
0.5 | 0.1967346702 | 0.1967346880 1.780000E-08
0.6 | 0.1978079724 | 0.1978080001 1.770000E-08
0.7 | 0.1814272455 | 0.1814272862 4.070000E-08
0.8 | 0.1450153975 | 0.1450154550 5.075000E-08
0.9 | 0.08564632380 | 0.08564640236 7.856000E-08
1.0 | 0.00000000000 | 1.0494000E-07 1.0494000E-07

Table 4. Showing the exact solutions, the computed results and the error from the 1SOMBM for Problem 2.
X y-exact y-computed Error in (1ISOMBM)
0.1250 | 0.0609853492 | 0.06098534883 3.700000E-10
0.2500 | 0.1384279351 | 0.1384279333 1 .800000E-09
0.3750 | 0.2331755418 | 0.2331755380 3.800000E-09
0.5000 | 0.3461104542 | 0.3461104475 6.700000E-09
0.6250 | 0.4781726245 | 0.4781726139 1.060000E-08
0.7500 | 0.6303872830 | 0.6303872674 1.560000E-08
0.8750 | 0.8038972219 | 0.8038971991 2.280000E-08

1.0000 | 1.000000000 | 0.9999999699 3.010000E-08
1.1250 | 1.220190365 1.220190324 4.100000E-08
1.2500 | 1.466208177 1.466208126 5.100000E-08
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Figure 1. Comparison profile for problem 1
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Figure 2. Comparison profile for problem 2

5. Summary and Conclusion

Through the development,
effective application of a sophisticated class of
Obrechkoff-type block methods have achieved direct
solutions for second-order boundary value problems 1 and
2. Our investigation delved into the comparison between
Dirichlet and Neumann boundary conditions for second-
order boundary value problems within ordinary
differential equations. Leveraging continuous coefficients
and ensuring exceptional consistency, our collocation
approach has given rise to implicit methods of notable
accuracy. Notably, these methods demonstrate a
remarkable feature: they are implemented seamlessly
without the necessity for the development of predictors,
eliminating the need for additional methods to generate
starting values. The comparison profiles for problems 1
and 2 are visually presented in Figures 1 and 2 above,
providing a clear representation of the methods’
performance.

What sets our methods apart is their high order,
accuracy, and low error constants. This intrinsic
superiority contributes to the methods’ exceptional
proficiency, allowing them to achieve a level of perfection
that surpasses conventional approaches in Chew et al.
[30]. The culmination of these attributes establishes our

rigorous analysis, and

Obrekhoff-type block methods as an impressive and
reliable solution for addressing second-order boundary
value problems [31].
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