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Abstract This paper addresses variable selection problems in sparse logistic regression model with errors-in-
covariates. We propose a corrected score Lasso method, which combines the weighted score Lasso approach with a
projected gradient descent algorithm, to handle the challenges posed by measurement errors. The weighted score
Lasso introduces a correction-amenable score function, enabling direct extension to measurement error scenarios
through subsequent score correction. Our method bridges the gap between rigorous measurement error correction
and practical high-dimensional implementation, establishing a framework extensible to other generalized linear
models with exponential family structure. Numerical studies demonstrate the superior performance of the corrected
score Lasso in error correction scenarios, highlighting its potential as a robust tool for high-dimensional data analysis
with measurement error.
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1. Introduction

Within the modern framework of statistical inference,
the logistic regression model serves as the theoretical
cornerstone for binary classification analysis, with its
canonical form defined as:

e el ) P A)
P(Y, =1)=F(x'8 )—W .

where the independent Bernoulli
Y e{0,1}i=1---,n , associates

covariates x, e R",i=1,...,n , through an unknown s -

sparse parameter vector B° (i.e., B°has only S non-zero

components). The focus of the research is on statistical
inference in high-dimensional settings ( p >>n), which

essentially constitutes a variable selection (or model
selection) problem.

To address the issue of variable selection, a variety of
well-established regularization methods have been
developed. The evolution of regularization methods,
which originated from the Lasso framework [1], has given
rise to advancements such as non - convex penalties in
SCAD [2] , the elastic net [3], group Lasso [4], and the
Dantzig selector [5]. These methodologies are extensively
detailed in the authoritative monograph [6].

Moreover, adaptations of these methodologies to sparse
logistic regression models have garnered considerable

response variable
with  deterministic

interest. Notably, Zou [7] introduced the adaptive Lasso,
while Loh and Wainwright [8] explored regularized M-
estimators incorporating non-convex penalties like SCAD,
MCP, and capped ¢, norms. Yin [9] presented the

weighted score Lasso method, and Zhong et al. [10]
proposed a penalized weighted score function approach to
tackle group sparsity in data. In the context of robust
estimation, Cornilly et al. [11] put forward a method based
on the elastic net framework, and Basu et al. [12] developed
a robust estimation technique for adaptive Lasso.

However, an implicit assumption in all the work
mentioned so far is that the covariates are directly
observable without errors. This assumption, however, is
seldom true in many practical studies. Common examples
include sensor network data [13], gene expression
microarray data [14] and high-throughput sequencing data
[15]. In such cases, the unobserved covariate x, is related

to the observed covariate W, through an additive
measurement error model

Wi=Xi+Ui (2)

where U, represents the measurement error. In classical
regression models, simply replacing x, with W, leads to

a naive estimator, which is well-known to be inconsistent
and biased (see [16] for a comprehensive review).
Consequently, the variable selection methods discussed
earlier are no longer valid in the presence of
measurement error.

To mitigate the impact of measurement error, several
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correction methods for variable selection have been
proposed in the literature. These include the Matrix
Uncertainty (MU) selector [17], the improved MU selector
[18], the regularized M-estimators [19], the orthogonal
matching pursuit algorithm [20], the Convex Conditioned
Lasso (CoColLasso) [21] and the Block coordinate
Descent Convex Conditioned Lasso (BDCoColasso)
algorithm [22] have been studied in the literature.
However, most of these methods focus on linear models
with measurement error. For high-dimensional generalized
linear models, Sgrensen et al. [23] and Sgrensen et al. [24]
proposed the generalized matrix uncertainly selector and
the conditional score Lasso respectively. Chen [25]
developed BOOME, a Boosting algorithm for
measurement error in logistic regression and probit
models. In the latter part of this paper, we propose a
corrected score Lasso method to study sparse logistic
regression with errors in covariates, leveraging the
weighted score Lasso proposed by Yin [9] and the
projected gradient descent algorithm suggested by Loh
and Wainwright [19].

The remainder of this paper is organized as follows. In
Section 2, we review the weighted score Lasso for sparse
logistic  regression  without errors in covariates.
Subsequently, in Section 3, we extend this approach to
sparse logistic regression with errors in covariates and
introduce our corrected score Lasso method. Section 4
presents numerical results obtained through simulations.

Notation: ~ Write X =(x,)=(x,-,x,) eR™ ,
W=W,)=W, W) er™ and Y=(Y,-Y,)
Denote by | = {j :/S'J.0 # 0} the non-zero coordinate of f°
and lets = card{l } be the number of non-zero elements of

B° . For a vector V=(v, v, ] eR*, we define

||V||1: JF:1 1<j<p
f(V)eR , we denote by Vf(V)eR?" its gradient at
VeR’.

p

vj| and |V||, = max

vj| . For function

2. Weighted Score Lasso

We now review weighted score Lasso proposed by Yin
[9]. The population loss corresponding to the negative log-
likelihood in model (1) is formulated as

X ¥) = =25 A, ~toglL+explx )}

The sparse logistic regression model can be obtained
through the ¢, -penalized population loss minimization:

miny(S; XY )+ 4
min{((8: X.Y )+ 2], .
where 4 >0 serves as a tuning parameter. The solution to
this Lasso problem satisfies the Karush-Kuhn-Tucker
(KKT) conditions:

L5 [F( p)-v K + 47 -0

nia

where V, represents the subgradient of |3,| which is the
sign of g, if B, #0 and can be any value belonging to [0,
1] when B, =0. A critical challenge arises in parameter
selection: the optimal A must satisfy ||V£(,H°; X,Y]L <chd

for some constant 0 < ¢ <1. However, the score function
valuedat g =p°:

vi(peix )= S IF( 8-V k.

contains a random component F(x'8°)-Y, with variance
F(x"8°Y1—F(x7 8°)), introducing dependence on the true
value B° (unknown) in A selection.

To address this fundamental difficulty, Yin [9]
proposed a weighted score Lasso approach through
innovative weighting of the score function components.
The weighted score Lasso solves:

L5 ol ol p)-v K +29 0.

where o(-) is a predefined positive weight function. The
specific weight function:

olx B)= %GXD(X‘TTﬂ] + %exp(— {Tﬁj (4

yields the weighted score function:

Ve (B X,Y)
Ll XY o X B (5
= %é {(1 Yi )eXp(TJ Yi exp[ T]}Xi

This formulation leads to the weighted score Lasso
estimator, defined as the solution to

r;zip{zm(ﬂ; X.Y)+ 28]} (6)

where the weighted loss function takes the form:

2

A key advantage of this weighted approach lies in its
correction-amenable score function, enabling direct
extension to measurement error scenarios through
subsequent score correction. The weighted formulation
maintains convexity while decoupling the 4 selection from

dependence on B°, resolving the technical challenge
present in standard logistic regression Lasso.

3. Corrected Score Lasso

Building upon the weighted score framework, we now
address the critical challenge of covariate measurement
error through innovative methodological extensions.
Consider the logistic regression model (1) augmented with
an additive measurement error structure:



26 American Journal of Applied Mathematics and Statistics

D

{P(Yi =1)=F(x'5°)

W, =x +U,

where W, represents error-contaminated covariates, U,
follows Normal (O, Zuu). Direct substitution of X; with W,

in standard Lasso implementations produces biased naive
estimators—a  well-documented ~ phenomenon  in
measurement error literature [16]. This bias persists in
high-dimensional  settings, necessitating specialized
correction mechanisms.

The corrected score approach circumvents this
limitation by constructing an unbiased estimating function

VI (B;W,Y) that satisfies

E(Ve (W, Y)Y, X))=ve(B;X,Y)

Since the score is unbiased, it follows that the corrected
score, if it exists, is also unbiased. Therefore, corrected
scores yield consistent estimators. However, Stefanski [26]
established the non-existence of conventional corrected
scores for logistic regression, our weighted score
formulation enables correction through strategic
exploitation of the measurement error structure.

Given a corrected score function V/: (8;W,Y), it is

natural to consider the following optimization problem:
min {72, (:W,Y )+ 241, |
R’ (8)
Although the above solution seems very natural, the

optimization program (8) is fundamentally different from
the optimization program (6). When the dataset is

corrupted by measurement errors, ¢ (8;W,Y) is not

usually convex. Hence the difference is, the optimization
program (8) is nonconvex, the optimization program (6) is
convex. To overcome this difficulty, we extend the
algorithm proposed by Loh and Wainwright [19] for linear
models with measurement error, to model (8).

Under Gaussian measurement errors, we establish the
pivotal moment relationships:

E{exp(g—@mxi} = exp[x‘TTﬂJ

£ o 2l

Due to the conditional independence of W, and Y,
given x,, we can obtain a correction score function based
on (5), which has the form

VI (BW,Y)
_Lslae WA B EBY _ZuB) (9
= %{(1 Y, )exp( . : j(wi . j
_YieXp[_WI_Tﬂ_MIWi . ﬁj}
2 8 2

The corresponding corrected loss function becomes:

fl(ﬁ;W,Y)=%é{(1—Y, )exp[Wiz . iuuﬂj
+Yiexp[_wi_Tﬂ_ﬂTz_uuﬂj}
2 8

This formulation preserves the essential unbiasedness
property E(fju(ﬁ;W,Yj(Y, X)):Z(U(,B;X,Y) under perfect
covariate observation. Whenn > p, the estimator for 3°
can be obtained by minimizing ¢: (8;W,Y) using the
standard gradient descent method. However, when n< p,
without addition regularization, optimizing ¢°,(4;W,Y )is
an ill-posed mathematical problem because it does not
have a unique solution.

To address the dual challenges of non-convex
optimization and high-dimensionality ( p >>n), we adapt
the projected gradient descent framework [19] to our
corrected score context. The proposed corrected score
Lasso estimator solves:

B eargminie’, (B:W,Y)+ )8, }

I8l=~

(10

where x>0 constrains the parameter space to ensure
feasibility of #°. The projection step onto the ¢, -ball

{ﬁ 18], < K}combines naturally with ¢, -regularization to

enforce sparsity while maintaining computational
tractability. The projected gradient descent algorithm

generates a sequence {ﬂt,t:O,l, 2, ...}of iterates by the
recursion:

g =il —yve (5w, y |
where IT denotes projection onto the ¢, -ball of radius « ,

andn is the step size parameter. As Loh and Wainwright

[19] showed, if x is properly chosen, the above iterates
converge with high probability to a vector extremely close
to any global minimizers of the program (10).

4. Numerical Studies

In this section we use simulated datasets to investigate
the finite sample performances of proposed procedures.

The performance of estimator B*' is assessed by the
Mean Absolute Error (MAE)

MAE(s)-

p-rl

To assess the ability of variable selection methods for
recovering the varying sparsity, we record “TP” and “FP”
that denote the number of true positives and the number of
false positives, respectively.

We generate 100 datasets from model (1), each
consisting of n=200 observations. We set s=10 and

p°=(--,10,--,0), for p=5000r 1000, respectively.
The matrix X had i.i.d. rowsx, ~N(0,% ), fori=1,---,n.
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We consider two model for covariance matrix X
component independent (X, =I{j=k} ) and

autoregressive ( £, =05"" ). The response Y, is

binomially distributed with mean F(x/4°) . A
measurement matrix W = X +U is generated with the
rows of U i.id. distributed Normal (0,c’l) where
62=020r ¢2=05.
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Figure 1. The elbow rule for corrected score Lasso, when covariance
matrix X, has entries X . = I j=k j,k= 1...,p and

o’ =0.2 with n =200 and p =500

We use R package “glmnet” to solve program (3),
where two tuning parameters are chosen via 10-fold cross-

validation: one (denote i ) corresponding to the

‘min

minimum deviance, and one (denote A_) corresponding

to the “one-standard-error” rule [27]. We apply weighted
score Lasso estimate (denoted as “WsLasso”) to solve
programm (6), where the settings of a)() Aand ¢ refer to

the paper by [9]. For comparison, we consider “glmnet”
and “WsLasso” estimators based on corrupted data (Y,W ).

Our corrected score Lasso estimator (denoted as
“CsLasso”) can be computed using an efficient projection
algorithm proposed by [28]. CsLasso requires an initial

estimator ﬁ" which was given by glmnet (with 4, )

estimate based on (Y,W) . CsLasso also requires

knowledge of |8°| or a loss function for choosing the

constraint parameter x . Since, B° is impossible to know

beforehand and CsLasso lacks a well-defined loss function,
the elbow rule [17] is used to select the constraint
parameter x from 39 equally spaced values in

l0.1>< 5, 2x|5° J Figure 1 shows the number of

nonzero coefficients plotted against the value of /Kﬂﬂo

n
and the eblow rule now amounts to selecting x where the
curve begins to flatten.

Table 1, Table 2, Table 3 and Table 4 offer a systematic
quantification of the error correction superiority of

CsLasso over both glmnet (with ise and /{mm ) and WsLasso.
The comparative analysis reveals three critical advantages:

1. Enhanced Selection Accuracy: CsLasso achieves

higher true positives (TPs) than glmnet with A_ while
simultaneously reducing false positives (FPs). Although
WsLasso demonstrates the lowest FPs, its substantially
compromised TPs reveal excessive conservatism. In
contrast, CsLasso maintains greater detection power
without sacrificing specificity.

2. Measurement Error Resilience: Under escalating
measurement error (o2 from 0.2 to 0.5), CsLasso exhibits
superior stability with less TPs reduction compared to
glmnet and WsLasso. While greater &% leads to a smaller
TP for all methods, CsLasso shows only a slight reduction
in TP and an increase in FP. This robustness stems from
CsLasso's integrated measurement error correction with its
optimization framework.

Table 1. Results from the simulation study, when covariance matrix
I, has entriesY , = 1{j=k}, jk=1...,p,and T, =cl,

p= 500. Reported numbers are the averages and standard errors
(show in parentheses)

Uuz =0.2 TP FP MAE
gimnet( ) 9.03(0.92) | 35.65(12.65) | 10.21(0.92)
glmnet( A, ) 7.24(2.00) 11.64(13.64) 9.54(0.52)
WsLasso
(£=0025, | 670034 4.19(2.32) 9.23(0.40)
CsLasso 9.38(1.44) 7.28(6.09) 9.12(0.49)
ol=05 TP Fp MAE
glmnet( 75 6.13(2.26) 15.60(21.37) | 10.24(1.53)
WsLasso
(£=0025, | 354137 136(1.21) 9.74(0.19)
Cslasso 8.60(1.60) 8.00(5.07) 9.49(0.65)

Table 2. Results from the simulation study, when covariance matrix
I, has entriesX , = 1{j=k}, jk=1...,p,and 2, =cl,
p =1000 . Reported numbers are the averages and standard
errors (show in parentheses)

cl=02 TP = MAE
glmnet( Ao ) 8.05(1.30) 34.40(17.51) 10.48(1.11)
glmnet( 7 ) 6.38(1.95) | 13.51(16.88) | 9.88(0.91)
WsLasso
(£=0025, | 59129 5.41(2.46) 9.46(0.38)
CsLasso 9.26(1.64) 11.67(8.25) 9.44(0.75)
cl=05 TP Fp MAE
gimnet( ) 6.09(2.09) | 24.42(1672) | 10.50(0.87)
g|mnet( ﬂ'se ) 493(223) 1614(2213) 1042(154)
WsLasso
(£=0025, | 266100 152(1.18) 9.85(0.14)
CsLasso 8.24(1.83) 12.15(6.12) 9.87(0.83)
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Table 3. Results from the simulation study, when covariance matrix
. j—k H 2
%, has entries £ =0.5, jk=1...,p,ad X, =0.l,
p= 500 . Reported numbers are the averages and standard errors
(show in parentheses)

c:=0.2 TP FP MAE
glmnet( imm ) 9.76(0.43) | 34.95(15.02) 8.98(1.15)
glmnet( /{SE ) 8.37(1.13) 2.77(8.70) 8.55(0.57)
WsLasso
(&=0025) 8.03(0.98) 0.13(0.39) 8.15(0.42)
CsLasso 9.68(0.85) 5.70(5.94) 7.26(0.77)
cl=05 TP FP MAE
glmnet( ,{min ) 9.51(0.61) | 30.78(14.68) 9.31(1.09)
glmnet( jse ) 7.98(1.30) 2.96(6.95) 8.88(0.42)
WsLasso
(£=0025) 5.17(1.06) 0.03(0.17) 9.29(0.27)
CsLasso 8.91(1.11) 2.93(3.22) 7.86(0.70)

Table 4. Results from the simulation study, when covariance matrix
%, has entries =, , =05, jk=1...,p, and =, =,
p =1000 . Reported numbers are the averages and standard
errors (show in parentheses)

cl=02 TP FP MAE
gimnet(4_ ) 9.54(0.56) | 39.78(16.48) | 9.45(1.28)
gimnet( A, ) 8.12(1.21) 3.42(7.37) 8.61(0.41)
( 8"5'6?8555 ) 7.46(0.99) 0.14(0.38) 8.40(0.40)
CsLasso 9.25(0.94) | 10.05(7.60) | 7.50(0.79)
c:=05 TP FP MAE
gimnet(4_ ) 9.32(0.65) | 35.50(17.41) | 9.74(1.07)
gimnet( A, ) 7.37(1.64) 3.27(6.12) 9.06(0.27)
( gvfl(‘fas% ) 4.18(1.13) 0.00(0.00) 9.53(0.20)
CsLasso 8.57(1.17) 4.40(4.36) 8.16(0.62)

3. Estimation Precision Dominance: CsLasso has the
lowest MAE in almost all cases. In high-error conditions

( 02=05 ), this advantage becomes even more

pronounced, with CsLasso's MAE being significantly
lower than those of glmnet and WsLasso.

These findings collectively demonstrate the superior
performance of CsLasso in error correction scenarios,
highlighting its potential as a robust tool for high-
dimensional data analysis with measurement error.

5. Conclusion

This paper focuses on variable selection in sparse
logistic regression model when covariates are subject to
measurement error. The key contribution of this study is
the development of the corrected score Lasso (CsLasso)
method, which effectively addresses the challenges posed
by measurement errors in covariates.

The CsLasso method builds upon the weighted score
Lasso framework, introducing a correction-amenable

score function that allows for direct extension to
measurement error scenarios through subsequent score
correction. This approach maintains convexity while
decoupling the regularization parameter selection from
dependence on the true parameter value, thereby resolving

a technical challenge present in standard logistic
regression Lasso methods.
The numerical studies conducted in this paper

demonstrate the superior performance of CsLasso in error
correction scenarios. CsLasso achieves higher true

positives (TPs) than gimnet with ise while simultaneously

reducing false positives (FPs). It also exhibits superior
stability under escalating measurement error, with less
reduction in TPs compared to glmnet and WsLasso.
Furthermore, CsLasso consistently achieves the lowest
Mean Absolute Error (MAE) in almost all cases, with this
advantage becoming even more pronounced in high-error
conditions.

The methodology proposed in this paper bridges the
gap between rigorous measurement error correction and
practical high-dimensional implementation. It establishes
a framework that is extensible to other generalized linear
models with exponential family structure, highlighting its
potential as a robust tool for high-dimensional data
analysis with measurement error.

Future research could explore the application of the
CsLasso method to other types of generalized linear
models and further investigate its theoretical properties in
ultra-high  dimensional settings.  Additionally, the
development of more efficient algorithms for
implementing CsLasso in large-scale data analysis could
be a valuable direction for future work.
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