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Abstract

In this paper the entire triple sequence space are the generalization of the classical Maddox's

paranormed sequence space have been introduced and investigated some topological properties of entire triple
sequence space of binomial Poisson matrix of Ab;3 and Ab3.
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1. Introduction

A triple sequence (real or complex) can be defined as a
function x:NxNxN—>R(C), where N,R and C
denote the set of natural numbers, real numbers and
complex numbers respectively. The different types of
notions of triple sequence was introduced and investigated
at the initial by Sahiner et al. [1,2], Esi et al. [3,4,5,6,7,8],
Dutta et al. [9], Subramanian et al. [10], Debnath et al.
[11] and many others. Throughout w, I" and A denote
the classes of all, entire and analytic scalar valued single
sequences, respectively. We write w? for the set of all
complex triple sequences (Xmnk), where m,n,k e N, the

set of positive integers. Then, w? is a linear space under

the coordinate wise addition and scalar multiplication.
Let (Xpnk ) be a triple sequence of real or complex

o0
numbers. Then the series Z Xmnk 1S called a triple
m,n k=1

o0
series. The triple series Z Xmnk 1S said to be
m,n,k=1

convergent if and only if the triple sequence (Syk) iS
convergent, where

m,n,k

Sk = 2, Xijg(Mnk=123,..).
i,j,0=1

A sequence X = (Xyn ) is said to be triple analytic if

SUPm,n,k |ank |m < o0,

The vector space of all triple analytic sequences are
usually denoted by A A sequence X = (Xpnk) is called
triple entire sequence if

1
|xmnk|m+n+k —0 as m,n,k — oo,

The vector space of all triple entire sequences are

usually denoted by 3. The space A% and T2 is a metric
space with the metric

d(xy)

1 (1.1
= SUPm.n k 1| Xmnk — Ymnk |men+k m,nk:1,2,3,...¢,

forall x = {Xync s and y ={yqu} in T

Consider a triple sequence X =(Xppk). The mnk ™"

section x[™MKl' of the sequence is defined by
nk Nk

X[m n.k] = ??j?q=0xijq5ijq for all m,n,k € N,
...0 0
...0 0

Smnk =

.10
...0 0

Sk has 1 in the mnk™ position, and zero otherwise.
The Poisson matrix is defined by A=T®1+1®T.

4 -1 0 100
Example: If T=|-1 4 -1|jand T=|0 1 0] then
0 -1 4 0 01
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T+21 -1 0
A=T®I+1QT=| -I T+21 -1
0 -1 T+21

2. Properties of Poisson Matrix of Eigen
Values and Eigen Vectors
A=TQRQI+IRT

(1) We have Axj =Axj for jk=1,23---,m;

(2) The eigen vectors are orthogonal
(3) A is symmetric;
(4) A is positive definite.

2 - 1 0] [1 0 2 -1
Example: If A:[ }@{ }r }@{ }
-1 0 0 1| |0 1 -1 0
Hence

4 -1 -1 0|1
-1 4 0 11|

1
1
-1 0 4 -1|1| “|1f
0 -1 -1 4][1] |1
1
1

4 -1 -1 01
-1 4 0 -1|1 4
-1 0 4 -1|-1 -1
0 -1 -1 4} -1 -1
and so on.
Now, we define the
B"™ = Abjgy,mnk, Where

binomial poisson matrix

rs
vw, mnk

1 [rﬂ{% WY (o) (nv)s(kw) wsvw
(s+r1)
=if 0<u<m,0<yv

0

ifu>mv>nws>Kk

<n0<w<k

where r,s>0. In this paper, we define the binomial

Poisson triple equence spaces b, and b, as the set of
r A

all sequences whose B — transforms are in the spaces
2 and A3, respectively, that is

Abl[%
1 u,v,w u Y]
) (s+r)u+v+W m%vzo[mj[nJ
= IImU,V,W—)oo o

w
] k]S(um)+(vn)+(wk)ru+v+wAX%1/rr]nk+n+k

and
rs
AbA3
1 u,v,w u v
U+V+W z [m)(n]
(5 + r) m,n,w=0
= supu,v,waN
] I(Js(u—m)+(v—n)+(w—k)ru+v+wAX%n/m(+n+k
< 00,

Define the triple sequence y = { Ay, (rs)}, which will

be frequently used as the B" — transform of a triple

sequence X = (Xpnk ), 1-€.,

{AY i (1)}

gL U U

. gUU=m)H(v=n)+(w-k) m-+n+k Axrlnlgwk+n+k .

r

forall m,n,k e N.
Now, we may begin with the following theorem which
is essential in the text.

3. Definitions and Preliminaries

3.1. Definition. g is aparanormon X if
(i) g: X >R with g(x)=0,

(i) g(x)=0<x=0,

(i) g(x)=9g(-x);vxe X,

(iv) g(x+y)<g(x)+g(y);vx,yeX.

(V) If Ag.dg€C with &g — Ag(r,5,t >o0) and if
Xrs,a€ X with x.¢ —>a (r,s;t>o) in the sense
that g(x—a)—>0 (r,s5,t—o0), then AgXs — A2
(r,s,t—> o) in the sense that g(ApgXest—4oa)—>0

(r,s,t > o).

4. Main Results

4.1. Theorem. Ab"™ is a complete metric space
r

paranormed by g, defined by

oo

9(X ) =SUPy v weN (U=M)+H(v=n)+(W=K) u+v+w

1/ k
'A(ank ~ Ymnk ) e
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Proof: Let {x(i)} be a Cauchy sequence in Ab",. Then
r

given any e >0 there exists a positive integer N depending

on e such that g(x(i),x(j))<e forall i, j > N. Hence

e,

Supu,V,WeN .S(u—m)+(v—n)+(w—k)ru+v+w <e

'A(Xr(r?lk - yr(njn)k )1/m+n+k

forall i, j > N. Consequently

o

.s(u—m)+(V—n)+(w—k)ru+v+wA(X(i)

1/m+n+k
mnk )

is a Cauchy sequence in the metric space C of complex
numbers. Since C is complete, so

oo

.S(ufm)+(v—n)+(Wfk)ru+v+WA(X(i)

-0
)1/m+n+k

mnk

as i — oo. Hence there exists a positive integer iy such that

1 uv,w (u V[ w
U+V+w Z mjnik
(5+ r) m,n,w=0

S(u—m)+(v—n)+(w—k) <e

)1/m+n+k

SUpu,v,WeN :

~r“+"+WA(x(i)

mnk ~ Xmnk

forall i >iy. In particular, we have

s

_S(u—m)+(vfn)+(wfk) u+v+wA( ()

<e.
1/m+n+k
mnk ~ Xmnk )

Now

mﬁ%ﬁ[*}[" )

S(u m)+(v—n)+(w 1/m+n+k

an

e )

_S(ufm)+(vfn) U+V+WA(ank

U+V+WA(

)1/m+n+k

el Uy

. 1/ k
.S(ufm)+(vfn)+(wfk)ru+v+WA(Xg(r)]|Z) mens
<e+0

for each m, n, k. Thus

mereed U U U

.S(ufm)+(vfn)+(wfk)ru+v+WA(ank )1/m+n+k

each m, n, k. That is XeAbrSS. Therefore, Abrz is a
r r

complete metric space.
4.2. Theorem. The entire triple sequence space Abrz is
r

linearly isomorphic to re.
Proof: Now to prove that the existence of a linear

bijection between thespaces Ab" and r? with the
r

notation of (), define the transformation T from Abrs3

r

and T3 by X+ y=Tx. The linearity of T is trivial.
Furthermore, it is obvious that

0 6 .0 0
6 6 .0 0
X=Xmnk = :
0 6 .0 0
0 6 .0 0
whenever
6 6 .0 0
6 6 .0 6
TX =TXmnk =
6 6 .0 6
0 60 .0 0

and hence T is injective. Let yel“3 and define the

sequence
1 m,n,k m n k
:rm+n+k Z a|b|ec
a,b,c=0

(cs)(moay(n-b)(eec) (g pyarbic 5y yasbic

)1/m+n+k

(ank

abc

for each m,n,k e N. Then, we have

(Brsx)uvw

T, s AL

.s(u—m)+(v—n)+(w—k)rm+n+kA(ymnk )1/m+n+k
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j(;}[{(vj S(umm)s(v-n)s(w-k) m,zn,k (
a,b,c=0

1 u,v,w u
= u+v+w m
(S+ r) m,n,w=0

n

k
bj[cj(_s)(ma)+(nb)+(kc) (s+ r)a+b+c A(Yane )1/a+b+c

u,v,w u,v,w u/(v\(w)/ m\/ n\(k
_ (S - r;-quWW Z [ z (mj(nJ[kj(aj{bJ[st(u—my—(v—nﬁ(w—k) (_S)(m—a)+(n—b)+(k—c) (S + r)a+b+c JA(yabc )1/a+b+c
a,b,c=0\m,n,k=a,b,c

1 u,v,w
w2
(S+ r a,b,c=0

Il
—
w
+
-
= |~
+
<
+
=
[
= =
<|? <
o
VR
QD
N——
7 N\
o<
Ne—
7\
o=
N——
w

Lu+v+w
= A(Yuvw) :
Thus, we have that x Ab", and consequently T is
r

surjective. Hence, T is a linear bijection. Hence the
spaces Ab", and '3 are linearly isomorphic.
r

5. The Basis for the Space Ab",
r

Let (/1, g) be a paranormed space. Recall that a entire

triple sequence (B ) of the elements of 4 is called a
basis for A if and only if, for each x € A, there exists a
unique entire triple sequence (e ) Of scalars such that

u vV W

g£x_ Z Z Z Omnk Pmnk | —> 0 @S U, V, W —> 0.
m=0n=0k=0

The series D > " atpnk Bank Which has the sum x is

then called the expansion of x with respect to (S ).

and written as X =" >">" @k Bnk- Since it is known

that the poisson matrix domain A, of a triple sequence

space A has a basis if and only if 4 has a basis we have
the following, because of the isomorphism T is onto,
defined in the proof of the Theorem 4.2, the inverse image

of the basis of the space 2 is a basis of the new space
Ab",. Therefore, we have the following:
A

5.1. Theorem. Let ﬁmnk:(Brsx) for all

mnk

m,n,k e N. Define the sequence b™* = {b(mnk)} .
m,n,keN

(\év](r#_an nv_bb](IZV—CC](_S)(m_a)Jr(n_b)+(k_c) S(u—a)+(v—b)+(w—c) (S + I,)a+b+c A(yabc )1/a+b+c]

(u-a)+(v—b)+(w—c) (S + r)z;1+b+c

of the elements of the space b" by
T

rs _
buvw,mnk =

1 [#}j[r\;](\l’(vj(_s)(u—m)+(v—n)+(w—k)(S+r)m+n+k
r.U+V+W
if u>myv>nw>k
0
0<u<m,0<v<nO0<w<k

for every fixed m,n,k € N.

The sequence {b(m"k)} is a basis for the space

m,n,keN

Ab",, and any x e Ab" has a unique representation of
r r

the form

=2 2 At ™.

m n k

6. The a, p and y-duals of the Space Ab;S3

In this section, we state and prove the theorems
determining the @, 4 and y— duals of the space Ab"
r

of non-absolute type.
We shall firstly give the definition of «,f and

y — duals of triple sequence spaces and after quoting the
lemmas which are needed in proving the theorems given
in this section. The set S(4, ) defined by
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z :(Zmnk)GW:XZZ(ankZmnk)eﬂ 6.1)
for all X = (Xpnk ) € 4 ’

S(ﬂ,,u)z{

is called the multiplier space of the triple sequence
space A and u. One can easily observe for a triple

sequence space v with A>v > u that the inclusions
S(/l,,u)cS(v,,u) and S(ﬂ,,u)CS(/I,v) hold.
The «,f and y— duals of a triple sequence space

are also referred as Kothe-Toeplitz dual, generalized
Kothe-Toeplitz dual and Garling dual of a sequence space,
respectively

For the give the , 8 and y — duals of the space b'}
r
of non-absolute type, we need the following Lemma.

6.1. Lemma. Let A be a binomial Poisson matrix.
Then the following statments hold

1) Ae(l“3:£3)<:>

SUpkes .| > AMY<w3IMeN. (6.2
u,v,wi(mn,k)eK
@) Ae(C3 :53)<:> (6.2) holds and
SIS A< 6.3)
u,v,w|m,n,k
3) Ae(Fs:C3)c>
SUpuvwen . JAM <0, 3M eN,  (6.4)
m,n,k
Jomnk € RS Iimu,V,W—>oo |A_amnk| =0, 6.5)
for all m,n,k e N,
oty €R: supu’v’WENN’l > |A-apyM P
m,n,k (6.6)
IM eNand VN e N.
4) Ac (03 :c3) & (6.4), (6.5) (6.6) hold
ok € R:AiMy oo z A-api|=0. (6.7

u,v,w
5) Ae(F3 :A3)©
supm’n’kEN[ > |AM —1J<oo,3|v| eN. (6.8
m,n,k

(6)Ae(£3 :£3)<:>

(6.9

Z Al < o,

(uv,w)eN

SUPN e38UPm,n keN

Ae(€3:A3)<:>sup|A|<oo. (6.10)

@) Ae(€3:A3)<:>
sup|A| < oo, (6.11)
SUPm ke ‘AM _1‘<oo. (6.12)

m,n,k
©) Ae(€3 :c3)© {6.11} and (6.12) hold, and

limy v wseo A= Bk YM,n, k € N, (6.13)

6.2. Theorem. Let K e 3 and

K*={(m,n,k)eN3ZmSU,nSV,kSW}ﬂK

for K e 3. Define the sets T,"*,T,°,T; and T, as follows:

T, =Ups11supK e SZUMW > bM< oo,
(m,n,k)eK+
u,v,w
T,° ={ > bJ\S‘,v‘,’mnkM_1 exists for each u,v,we N}
u,v,w|m,n,k=0

-1
Z bJ\iw,mnk M

u,v,weN

<oo},

T,={J {SUPNES >

M>1 m,n,k

Z blE\S/W,mnk

u,v,weN

Ty = {SUPN e35UPm n keN

where the poisson matrix by, mnk

w5 L

.(_S)(u—m)+(v—n)+(w—k) (S + r)m+n+k A (6.14)

rs _
buvw,mnk =

if msun<vk<w
0 if u<mv<nw<k

a
rs
Then [Abrg} =Ty

Proof: We choose the sequence Aew. We can easily
derive that with the * that

1 u,v,w u Vv w
Ax=m > |Imin]|k
m,n,k=0
.(_S)(u—m)+(v—n)+(w—k) (S+ r)m+n+k AV 6.15)
=(brsy)_
for all m,nk,u,v,weN, where b =bfj, ok defined

by (6.14). It follows from (6.15) that (Ax) e 3 whenever
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xeb', if and only if by e /> whenever yeT3. This
r
o
means that A:(A)e[Abrz} if and only if
T

o
be (F3 :Zs). Then we observe that [br‘ﬂ =T
r
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