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Abstract In this paper, the Laplace Differential Transform Method (LDTM) was utilized to solve some nonlinear
nonhomogeneous partial differential equations. This technique is the combined form of the Laplace transform
method with the Differential Transform Method (DTM). The combined method is efficient in handling nonlinear
nonhomogeneous partial differential equations with variable coefficients. Laplace transform is introduced to
overcome the inadequacy resulted from unsatisfied boundary condition in using DTM. Illustrative examples were
examined to demonstrate the effectiveness of Laplace differential transform method. Results revealed that the

LDTM is well appropriate for use in solving such problems.
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1. Introduction

Many natural events in applied sciences and
engineering are modeled with linear and nonlinear partial
differential equations as a result of the nature of
phenomena happening around the world. Although, most
of these problems involving linear or nonlinear partial
differential equations do not have analytical solution,
hence, numerical or approximate methods have efficiently
been used to solve these equations.

Pertubation method [1] is well known for solving
nonlinear partial differential equations but it is only used
based on the existence of small parameter. Hence, many
methods were presented to eliminate the small parameter,
which include: Adominan Decomposition Method [2,3],
Variational Iteration Method [4,5,6,7], Homotopy
Perturbation Method [8,9,10], Differential transform
method [11,12,13,14], Homotopy Analysis Method [15,16]
and Parameter Expansion Method [17,18]. But, most of
these methods works fine for small range, owning to the
satisfied boundary conditions, and the remaining
unsatisfied conditions are left out of the final results.

However, in recent research, Laplace transform is being
introduced to overcome inadequacy resulted from
unsatisfied conditions.

Laplace Homotopy Perturbation Method (LHPM)
[19,20,21], which combines the Laplace transform and

Homotopy Pertubation method(HPM), is effectively
employed to solve one-dimensional non-homogeneous
partial ~ differential equation; Laplace Adominan
Decomposition Method (LADM) [22,23,24,25], which
combines the Laplace transform and Adomian
Decomposition Method (ADM), is used for solving
nonlinear Volterra integro-differential equations; Laplace
Differential transform method (LDTM) [26], which
combines Laplace transform and Differential Transform
Method (DTM), is being used to solve linear non-
homogeneous partial differential equations with variable
coefficient.

Therefore, in this paper, nonlinear nonhomogeneous
partial differential equations with variable coefficient are
solved using coupled Laplace transform and Differential
Transform Method, with the aim to show the effectiveness
of this method in proffering reliable solution to nonlinear
PDEs.

2. Overview of Laplace Differential
Transform Method

In this section, basic idea of Laplace Differential
Transform Method (LDTM) is discussed. But, the basic
idea of Laplace transform and Differential transform
method (DTM) are introduced first before considering the
combined form.
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2.1. Overview of Laplace Transform

Laplace transform is the integral transformation of
a given derivative function with real variable t
into a complex function with variable s. It is used
to convert differential equations into algebraic equations.

The Laplace transform for a function f (t) is defined in

[27]
F(s)=£{f ()} = j(‘)” f (t)e Stdt

The Laplace transform for a function f(t) exist if the
transformation integral exist. Therefore,

j(j°|f (t)| e tdt < oo.

For some real positive o . The integral will converge
for o>a, if | f(t)], the magnitude of f(t) is less than

Me™ ie. | f(t)|<Me®, o is the abscissa of absolute

convergence.

The basic operations of the dimensional transform
which are useful in the transformation in this paper are
summarized as follows:

Original Function Transformed Function

N _nl!
f@)=t", 1,2,3.. F(s)_Sn+l
. a
f(t)=sinat F(s) = e
s“+a
f (t) =cosat F(s) = 25 5
s“+a
. a
f(t) =sinhat F8)=—5——
s°-a
f (t) = coshat F(s)= 25 5
s°-a

2.2. Overview of Differential Transform
Method (DTM)

The differential transform method construct a
semi-analytical numerical techniques that makes use
of Taylor series for the solution of differential equations in
the form of polynomials. [28].

The differential transformation of the k th derivative of
the function w(x, s) is defined as follows:

K—
W (k) = %{d‘;vT(;‘s)} (1)
X=XQ

Where w(x, s) is the original function and W (k) is the
transformed function. Differential inverse transformation
of W (k) is defined as follows:

W(X, ) = iW(k)(x— Xo)¥. )
k=0

The basic operations of the dimensional transform
which are useful in the transformation in this paper are
summarized as follows: [28]

Original Function Transformed Function

f(x,5) = 9006 S) Fo = &M (k)
dyn k!
f(x,5) = AW(X, 5) F(K) = AW (k)
f(x) = x" F(K)=S(k—n)
f(x,s) =ﬁv‘vi (x,8)
i=1
k k=h k=h-lh1

Fl=2 2 2 W)Wl )

h=01o=0 Ih=0
W(K=l =),

2.3. Basic Idea of the Laplace Differential
Transform Method (LDTM)

To illustrate the basic idea of this method, we consider
the general form of one-dimensional nonlinear second
order nonhomogeneous partial differential equations with
variable coefficients of the form:

d2w(x,t
#+an(x)Rw(x,t)+bn (X)Sw(x,t) 3)
= f(x,t) t>0,x>0,neN
d2

Where — is the linear differential operator of order 2,
dt

a,(x) and b, (x) are the variable coefficients, ne N ,

R is the linear operator, S is the nonlinear operator and
f (x,t) is the source function.
Equation (3) is subject to

W(x,0) =g(x), W (x,0)=9g,(x) (4)
w(0,t) =hy (t), W, (0,t) =hy(t) (5)

The method involves applying a Laplace transform to
equation (3) - (5) and the use of the linearity property of
Laplace transform

2
ﬁ{%@}+ﬁ{an(x)Rw(x,t)}

+L{by (X)SW(x, 1)} = L{ f (x,t)}

S2W(X, 5) — sW(X, 0) — W (x, 0)
+a, (X)RW(X, s) + by, (X)SW(x,s) = f(x,5)

(6)

Where W(x,s) isthe Laplace transform of w(x,t).
Applying the initial conditions in equation (4) into
equation (6) yields

s2W(X, 5) — 591 (X) — g (X) + ay (X)RW(x, s)

_ (7)
+b, (X)SW(x,s) = f(X,5)
Subject to
W(0,s) = hy(s), % =hy(s) 8

Which is second order initial value problem.
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Accordingly, using differential transform method, the
solution of equations (7) and (8) can be written as:

W(X,s) = iW(k)xk 9)
k=0
Where W (k) is the differential transform of w(x,s) and
W (k) is a function of the parameter s. After determining
W(x,s), inverse Laplace transform is applied to equation
(9) to get w(x,t).

3. Results and Discussion

Here, the effectiveness of the technique is demonstrated.

The advantage of this method is in the ability of applying
Laplace transform and differential transform method for
obtaining exact solutions of nonlinear nonhomogeneous PDEs.
Hence, the effectiveness of the LDTM is demonstrated
with the following examples:

3.1. Example 1

Consider the following nonlinear nonhomogeneous
equation given by

Wt+WWX=4t+t3+%Xt, t>0,xeR (10)
Subject to
3
w(x,0) =X (11)
w(0,t) = 2t2 (12)

Applying Laplace transform to equation (10) in view of
initial condition (11)

Wy m_4, 6, X (13)
2 dx 2 % 4s?
Subject to
v—v(o,s)zi (14)
3

Applying differential transform to (13) - (14) yields

sW(k)—gé(k—1)+Zk(l +OW (I +DW (k-1

=0 (15)
_ 4 s +£5(k) +i5(k -1): k=0
s2 s4 4s2
and
W (0) = 4 (16)
$3

Using the recurrence equation (15) and the initial
condition (16) yields the following outcomes:
W(l):zi, W(k)=0fork>2
S

Hence,

W(x,s) =W (0)+W (1)x

4 3
W(X,S) = — +—X a7
(x,8) 32

Inverse Laplace transform of (17) gives

w(x,t) = 2t? +gx

Which is the exact solution to (10) - (12)

3.2. Example 2

Consider the following nonlinear nonhomogeneous
equation with variable coefficient given by:

W + XWWy + Wy, =2t + 2x°

—%xt3+§x5t3, t>0,xeR a8
Subject to
w(x,0) = —x (19)
and
w0,t)=0, w(0,t)=-1 (20)

Applying Laplace transform to equation (18) in view of
the initial condition (19)

_ _dw d’w 2 2x® 2x 4x°
WA+ X+ XW— + —— = —+— 2472 (21)
dx dx? 2 s ¢t ¢*

Subject to
w05, W=t (22)
dx S

Applying the differential transform to (21) - (22) yields
SW(k)+o(k-1)

k h
+Z Z (I +IW L +DW (I)o (k=1 =1, -1)
lh=012=0
2 2 (23)
+(k+l)(k+2)W(k+2)=—25(k)+§5(k—2)
S

-345(k—1)+i45(k-5): k>0
S S

and

W (1) = —% (24)

W (0) =0,

By the recurrence equation (23) and the initial
conditions (24), we have the following results

2

S2

W(2) = W (k) =0 fork >3

Hence,
W(x,5) =W D)X +W (2)x?

W(x,s) =—%x+5%x2 (25)
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Inverse Laplace transform of equation (25) gives
W(X,t) =X+ 2x°t

Which is the exact solution to (18) - (20).

3.3. Example 3

Consider the following nonlinear nonhomogeneous
PDE with variable coefficient:

1, 2 X2t
Wi + 2 X W+ X W ==

(26)
+[t—%sin\/§t]x4, t>0,x>0
Subject to
w(x,0)=%,  w(x,0)=2x> 27
and
wO,t)=2t2,  w(0t)=t (28)

In lieu of the initial conditions (27), the Laplace
transform of (26) gives
_ 2__
szv_\/—sx—2x2+%x2v_\/d—w+x2d—W

dx 2
dx (29)

Subject to

w(0,s) :ig, —(0,8) =~ (30)
S

Applying differential transform to (29) - (30) gives

S2W (k) — so(k —1) — 25 (k — 2)

k h
- 2 2 (1w +DW (1) (k— b ~ 1, ~2)
lh=01=0
3 (31)
+D KW (1 +2)5(k ~1-2) =—-5(k ~1)
1=0 S
+#5(k -4), k=2
52(52 +2)

and

W (1) = iz (32)

4
W(0) =,
S S

By the recurred equation (31) and the initial condition
(32) altogether yield

2

W(2) = 5 , W(k)=0, fork >3
$°+2

Hence,

W(X, ) =W (0) +W (1)x +W (2)x?

W(x,s) = i3+i2x + x? (33)
s° s

s242

The inverse Laplace transform of equation (33)
yields

w(x,t) = 2t% + xt +/2xsin /2t
Which is the exact solution to (26) - (28).

3.4. Example 4

Consider the following nonlinear nonhomogeneous
equation with variable coefficient:

Wy + 2X2WWyy = X+ X2 sin~/2t (34)
Subject to
w(x,0) =%, W (x,0)=8x2 (35)
and
w(0,)=0, W, (0,t)= 1+%t3 (36)
Laplace transform of equation (34) using (35)
- 2
%W — sX — 8x? +2x2v_vd—W:12+ 2X 37
X s s°+2
Subject to
w(0,s) =0, awos) 1.3 (38)
dx s g4

Applying differential transform to equations (37) - (38)
gives

s2W (K) —sS(k —1) -85 (k — 2)

k |
+Z Zl“ (h+DW (L +DW (1,)8(Kk =l -1, -2)  (39)

h=012=0
1

k>2
s24+2

:iza(k ~1)+ S(k-2),
S

and

W(0) =0, W(1):%+si4 (40)

By the recurrence equation (39) and the initial condition
(40), we have

1 8

2 1

W(2) =
ST +2

=—— W(k) =0, fork >3
(s°+2)

Hence,

W(X, ) =W D)X +W (2)x?

_ 1 3 1 8
W(X,s) :(E+S—4jx+{(sz 27 + 2 +2]x2 (41)

The inverse Laplace of equation (41) yields

w(x,t) = x+%xt3 +(33;/§ sinﬁt—%cosﬁt] X2

Which is the exact solution to (34) - (36).
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3.5. Example 5

Consider the following nonlinear nonhomogeneous
equation with variable coefficient

wy +X°w? —w, = x3sinht (42)
Subject to

w(x,0)=bcosx+28x",  w(x,0)=0  (43)

and

w(0,t)=0,  w,(0,t) = B(sinht—t) (44)

For x e [0,%},ﬂ,b are constants.

Laplace transform of equation (42) using equation (43)

3

2

s2W—bscos x+ x°

2 dZV_V_ X

W- — (45)
dx?  s2-1

Subject to

_ dw 1 1
w(0,s) =0, &(o,s)= ﬁ(ﬁ?j (46)

Applying the differential transform to (45) - (46) yield
s2W (k) — CsG (k)

k |k
3 W)W )8kt ~1, ~3)

h=012=0 (47)
—(k+)(k +2W (k +2)
_ 21 S(k—3), k>0

s -1

and

W(0)=0, W(l)=,8( = —iz) (48)
sc-1 s
Where G(k) in (47) is the coefficient of the Taylor series.

By the recurrence equation (47), and the initial conditions
(48), yields

Lo
3s° S

W(2)=0, W(3)=- W) =46,

Hence,

W(x,5) =W D)X +W (3)x +W (5)x°

v‘v(x,s):ﬁ[ —ijx—£x3+%x5 (49)

s2 3s®

The inverse Laplace of equation (49) is

s2-1
w(x,t) = ﬁ(sinht—t)x—%ﬁtzx?’ + 2ﬁx5

4. Conclusion

The applicability of the combined form of Laplace
transform method and Differential Transform Method

(DTM) is demonstrated in this paper. This method solves
nonlinear nonhomogeneous partial differential equations
with variable coefficients. Laplace transform is introduced
to overcome the inadequacy resulted from unsatisfied
boundary condition using DTM, Consequently, the
combined methods efficiently gives the exact solution
with little computational work compared to differential
transform method. Laplace Differential Transform Method
(LDTM) can be applied to solve other nonlinear
nonhomogeneous partial differential equations.
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