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Abstract In this paper, we introduce a new class of extended (m,r)-convex function and we establish the
Hermite-Hadamard inequality for (m,r)-convex functions. Some special cases are discussed. Results represent
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1. Introduction

Definition 1: A function f:/ S R —> R is said to be
convex if the inequality

fx+ 1A =-0)y) Stf()+ A -0Of ()

is valid for all x,y € I and t € [0,1]. If this inequality
reverses, then f is said to be concave on interval [ # @.
This definition is well known in the literature. Denote by
C (1) the set of the convex functions on the interval 1.
Definition 2: f:1 € R - R be a convex function defined
on the interval I of real numbers and a, b € I with a < b.
The following inequality

f(a;bjg biaff(x)dxsw

a

(1.1

holds. This double inequality is known in the literature
as Hermite-Hadamard integral inequality for convex
functions.

The inequality (1.1) is well known as the Hermite
Hadamard integral inequality. Readers can find
more information in [1]. Some refinements of the
Hermite-Hadamard integral inequality on convex
functions have been extensively investigated by a number
of authors (see [2,3,4]).

Definition 3: [5] The function f:[0,b] = R is said to be
m-convex, where m € [0,1], if for every x,y € [0, b] and
t € [0,1] we have

ftx +m(1 = t)y) <tf(x) + m(1 = Of ().

Denote by K, (b) the set of the m-convex functions on
[0, b] for which f(0) < 0.

In [5], the author gave the following theorem about the
inequalities of Hermite-Hadamard type for m -convex
functions.

Theorem 1: Let f:[0,00) = R be a m-convex functions
withm € (0,1]. If 0 <a < b < oo and f € Ly[a, b], then
one has the inequality:

1
b-a

b
J-f(x)dx

s oy

Definition 4: [6] A positive function f is called r-convex
on interval [a, b], if for each x,y € [a, b] and t € [0,1],

1

f(oe+(1-1)y)< [ffr(x)+(1—t)fr(yﬂ?’ 20
T,

If the equality is reversed, then the function f is said to be
r-concave.

The definition of r-convexity naturally complements
the concept of r-concavity, in which the inequality is
reversed [7] and which plays an important role in statistics.
It is obvious 0-convex functions are simply log-convex
functions, 1 -convex functions are ordinary convex
functions and —1 -convex functions are arithmetically
harmonically convex. If f is r-convex in the interval
[a, b], then f" is a convex function (r > 0) and If f is
r-concave in the interval [a,b], then f7 is a concave
function (r < 0). We note that if f and g are convex and
g is increasing, then gof is convex; moreover, since
f =exp(log f), it follows that a log-convex function is
convex.

Some refinements of the Hadamard integral inequality
for r-convex functions could be found in [8,9]. In [10],
Bessenyei studied Hermite-Hadamard-type inequalities for

r=0.
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generalized 3 -convex functions. In [8], the authors
showed that if f is r-convex in [a,b] and 0 <7r <1,
then

1

dx<_[ "(a)+ (b))

n [11], the authors show that f is r-convex in the
interval [a, b] and r > 1, then

1

b

L [rars| (7 @ o))

b—a
a

and they prove the following inequality for r -convex
functions:

1 b . , fr+1(b)_fr+1(a)
a r+l ()= 1" (a)

(r>0).

2. Main Results for (m, r)-convex
Functions

The main aim of this paper is to establish new
inequalities of Hermite-Hadamard type for the class of
functions whose derivatives in absolutely value at certain
powers are (m, r)-convex.

Definition 5: A positive function f is called (m, r)-convex
on interval [0, b], if for each x,y € [0,b] and t € [0,1],

f(tx+m(1—t)y)
1 2.1)
<[y ()+m(1=0)1" () ]ror 20

If the equality is reversed, then the function f is said to be
r-concave.

Theorem 2: Let f:[0,0) = (0,00) be a (m,r)-convex
and r € R\{0} and me(0,1] . If 0<a<b<o
and f € L[a, b], then the following inequalities hold:

! If(x)dx

mb—a
a

r+l
;om’r le(b)—le(a)
r+l 7 (b)- 1" (a)
1
(f (a)#mr f(b), r#0,-1),
f(a)

(2.2

IN
I

(f(a)zm™ (b ),r=—1),

=m ' f(b),r =-1)

Proof: Suppose that 7 # 0, —1.

1
i. f(a) # mrf(b). Using the definition of (m, r)-convexity
and changing variable as u = tf"(a) + m(1 —t)f" (b),
we get

0
= W‘}(b) u%du
g )1 (@)
r+l

- mTfr+1 (b)_fr+l (a)
w0 (@

1
For f(a) = mrf(b), we obtain,

1

s forst-ar o]
-

ii. Let 7 = —1. For f(a) # m~1f(b) we obtain,

om_ 1

S
~

“mf(a)-/(5)

For f(a) = m~1f(b), we have
1 mb
e If(x)dx

This completes the proof of theorem.
Corollary 1: Suppose that all the assumptions of Theorem
2 are satisfied. In the inequality 2.2, If we choose m = 1,
we obtain the inequality in [11].

In [12], iscan obtained main results using the following
lemma. We will use the same lemma to obtain the main
results for (m, r)-convex functions.
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Lemma 1: Let f:] c R — R be differentiable mapping
onl°, a,bel witha<b. If f' € L[a,b] and A, u €
[0,00), A + u > 0, then following equality holds:

25

Theorem 3: Let f:]1 c (0,00) - R be a differentiable
mapping on I° such that f* € L[a,b], where a,b € I°

with L <b. If |f'|? is (m,7)-convex on [a, b], for some
m

b
Af(a)+uf(b) 1 [7(x)dx fixed m € (0,1], A, 4 € [0,00) with 2+ 1> 0, g > 1 and
A+u b-a* (2.3) r € R\{—1,0}, then the following inequalities holds for
b 1 ' . |
- /1+2£[(/1+ﬂ)t_ﬂf (tb+(1—1)a)dt. ()] % me" f[%} :
Af(a)+uf(®) 1%
‘ A+ p b_a;[f(x)dx
r+l q(r+1)
q-1 () . a
<b_a[/12+/12] r ﬂ|f (b)| A f(mj
R o -2
m
1
2r+1 |f'(b)|q(2r+1) q
' r , qr | 2r+l1 4 q(2r+1)
5 . [l|f (b)|q +mﬂ‘f (3’) rz(/“_ﬂ) +m T f’(m)
+ L (r41)(2r+1) T (r+1)(2r+0) 2
i ” -
e et o2 ]] e

Proof: Let ¢ = 1. From Lemma 1 and the definition of (m, r)-convexity of | f ’ |, that is,

‘f '[fb+m(1—f)%]ﬁlflf () +m(1-2)

N | =

c

|

we have
%Af(agizf(b)_biajf(x)dx = /{:Zj[(/l+y)z—/1]f'(tb+(1—z)a)dt
S/I;;ZH(/l+,u)t—ﬂ||f’(tb+(1—t)a)|dt
< z;jlh(my)r—/q f’(tb+m(1—t)%) di
Sj;;ﬂ(l+,u)t—l| z|f’(b)|’+m(1—t)f'(%jr}r di
b—am RPN [ a r%
ol p._(my)z][ty (0) +m(1—t)f(;j } di
b-a | RN [ a "l
| [(/1+,u)t—/1][t|f (0) +m(1—t)f(;j } d
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r+l 2r+1

o [ﬂ—(ﬂ+ﬂ)t]{t|f'(b)lr+m(1—t)f'(:ljr}r e {rlf/(b)lwmu—r)f(;)’}’
S Adtu|r+l |f’(b)|’_m‘f'(:1)r +(r+1)(zr+1) @f’(b)r—m‘f(;er
s o) B e !
o [(A+u)t-4] +m(1_t)f(:1}r e [t|f’(b)|r+M(1—t) f(;j } ;
T ey [If'<b>|’-m‘f'(ijrr
T
) 2r41
S /1|£'+(i:)|’ +mﬂ‘j;(:j _m2rr+l f'(:qum
b-a) " f(mj () | 2
e (] [If'<b>|’—mf’[i)r}
) 2r+1
ﬂli(f;)p ) mut’(;nj e
Lb-a | (o) 2 (A+ ) 2
B TR B {Ifxb)l’-m\f’(ijr]

| r+l r+l il 2r+l 2r+1
P Ml 4 ) BT U Rl 4
=/1+,ur+1 o (a r _(r+1)(2r+1) r
ror-oj(; ror-+} ]
_2r+l
Alf (b)) + ‘f’("j '
L2Abma) {' OF i)
2r+l (r41)(2r +1) e
T

Let g € (1, ). From Lemma 1, the Power-mean integral inequality and the (m, r)-convexity of |f |7, we can write
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|/1f(a)+,uf(b)_ 1 b |b-a T _
vy b_alf(x)dx_“ﬂg[(my)t A) (o +(1-1)a)dt
q-1 1
cbeaffi, ild iz Al (m+(1 Yar | (2.5)
s .([|( + )t = Adt _([|( +pu)t=Al| 1 (b +(1-t)a)" dt ,
- Ly
b— ! ! - ar \r

SA+Z[£|(l+y)t—ﬂ|dt] '(|;|(/1+y)t—/1|{t|f’(b)|q +m(1—t)f'(%j ] di | .

Let calculate the integral in (2.5) respectively: Firstly, sample calculation give us
A
1 Atp 1 12+u2
£|(/1+ﬂ)t—,1|dt: £ [A=(A+u)t]dt+ £ [(/1+,u)t—/l:|dt:2(/1+’u). (2.6)
Atu
Using the partial integration, we get
1
1 qr |,
j|(/1+y)t—/1|[x|f'(b)|‘”+m(1—f)f(ﬁj } dt
0 m
A 1 1
At . gr (a ar | 1 ' o (a gr |,

= [ -G dre) +m(l—r)f(;j s [ [aeui=2] (o) +m(1_t)f(;j d,

A+u

r [ﬂ<z+u>r]{r|f'(b>|‘”+m<1r)f(}‘;j‘"}r?+ o {t|f,(b)|qr+m(l_t) f(m”
. rer (] e @f'(b)W—m\f(;)‘”T
Lo G|, frorsepter ]
- If'(b)lqr—m‘f'(;j‘” (r+1)(2r+1) @f’(b)r"—m‘f' (,,,M

2r+1 e

R T e n
ey —m‘f () i () UG [| e ’"‘f(m) qu

e EE [

C(r1)(2r+1) ) q,r ' 2.7)

Substituting (2.6) and (2.7) inequalities in (2.5), we obtain
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Af(a)+uf(e) 1%
A+u b—a;[f(x)dx
’il q(r+l)
q-1 , q(r+1)_ p [ a
<b-a[12+ﬂ2J A f(mj
S A+u 2(/1+,u) r+l g (a1
o s3]
_2r+l
, g (a qr | r o 2r+l a q(2r+l)
2 r? {ﬂf “) +mﬂ‘f (’”j P2 (A+u) @) e f(mj
+

(/Hﬂ)%ﬂ (r+1)(2r+1) @f’(b)vr—m‘f’(ijqrz C(r+1)(2r+1) bf’(b)r]r—m‘f’(;i)

Corollary 2: Under the conditions of Theorem 3,
(i) In the inequality (2.4), for r = 1, we get the following inequality:

1,2 zq;l
Sb—a(gjq(ﬁ K

2 \3 2q+1

(/13 +344° +2y3)|f'(b)|q

@

4 b
|’1f(a/1)+Zf(b)_biaJ‘f(x)dx

q

a

+m(2ﬂ,3 +3/12,u+,u3)

(A+u)
(i1) In the inequality (2.4), for A = u, r = 1 and m = 1, we get the following:

|f(a);f (b)_bia s%A; (If’(a)|q’|f @)

If(x)dx

a

where A is the arithmetic mean.
(iii) In the inequality (2.4), forA=pu, r =1, m =1 and g = 1 we get:

|/ (a)+ £ (b)
| 2

b—
4

<

La(|r (@) @)).

1 b
—b_aj.f(x)dx

where A is the arithmetic mean. This inequality coincides with in [12] for a = 1.

Q| =

Theorem 4: Let f:1 c (0,0) — R be a differentiable mapping on I° such that f* € L[a, b], where a,b € I° with% <b.
If|f'|? is (m,7)-convex on the interval [a, b], for some fixed m € (0,1], A, u € [0, ) with A + u > 0,q > 1, and and

1
r € R\{—1,0}, then the following inequalities holds for | f '(b)| zmi"

2}

Af(a)+uf(®) 1
‘ A+u b—a;[f(x)dx
1 r+l
q qar | r
baf ar ) sl aror A7)
<24 ? rel +m 7 - mf'[iJ
A+u\ (p+1)(A+p) |f’(b)|qr—m‘f’(ayr A+p A+p m
m
1 r ; . ) ‘ (a)qr r
A+u\ (p+1)(A+u) |f'(b)|qr—m‘f'(ajqr A+ u A+u
m

(2.8)
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where 1 + L 1.
P 9q
Proof: Using Lemma 1, the Holder inequality and (m, r)-convexity of |f'|9, we get

|ﬂ’f(‘2:zf(b) bia,ﬁf( )dx

1 1
A p( A " " !
b—a Atp » A+p . - | ) | q
“ea] | Dy a) | hrosnafal 3250 JGrapT ) | Jira-nef'a
0 0
ez pr
! 1
" p( A D Ve
beua Atp » A+u o . p_—
< { {2-(a+p) ) dt (j) 1 )" +m(-1) f[;j i
l —
b L
+b—a iT[(ﬁ-ﬁ- )t—l]pdt } t|f q +m1 t)f(ijqr rdt
ATH G : 2 m
At o
1
il LH p
1 r 9 i} (a q | r "
oo gyl AT g e
A+ pl (p+1)(A+ 1) (o) ‘f( At i A+u
1
1 Y,
1 r 4 | ‘ (a r
b a{ 'up+l Jp m |:|f,(b)|qr:|r:_ /1|f,(b)|qr +mluf m
/I-hu (/1+,u) g (a qr A+u Py
o )
where we use the fact that
A
Atu +1 1 "
AP p
A ) di=—"— [ [(2+p)i=2 ] di=
l [A~(A+u)] ()21 4) {[( +u)i=4] A
2

—_

1

S[t| £(b) +m(1-t)

‘ f'(tb+m(1—t)ﬁJ f’[ij
m m

Corollary 3: Under the conditions of Theorem 4,

(1) In the inequality (2.8), for r = 1, we get the following inequality:

|4 (a)+41 (b)
/1+Z b—aif

1
q

o op
] +u ? {(22ﬂ+y2)|f'(b)|q+mu2

ptl

1 1
b a( ; 1 \p Pl p
a 1k/1+/1 p+1

24

)

1
qjq

[/12|f ) +m(,12+2/1y ‘f
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(i1) In the inequality (2.8), for A = p and r = 1, we get the following inequality:

+ b :
0011

a

where A is the arithmetic mean.
(iii) In the inequality (2.8), for A = y, r = 1 and m = 1, we get the following inequality:

+ b : 1
)

a

<b_

a
2+l
2 94

where A is the arithmetic mean.

Ir
b- 1 » q ' ’ 1 q ’ '
s {rorsd e | frora(s
2 4

_(ﬁJ a1y ,3|f’(a)|q)+A;(3|f O )|

:

Theorem 5: Let f:1 c (0,00) — R be a differentiable mapping on I° such that f € L[a, b], where a,b € I° with% <b.
If |[f'| is (m,7)-convex on the interval [a,b], for some fixed m € (0,1], A, u € [0,00) with A+ u >0, > 1, and

1
r € R\{—1,0}, then the following inequalities holds for | f ’(b)|;tmq’

)

Af(a)+uf(®) 1%
‘ A+u b—a;[jf(x)dx
2r+l1
ar a qr r
Alf ()| +mu‘f’(mj
A+u
rz(/1+,u)
(r+l)(2r+l)

o —alr(2)]']
)

2r+l

qr] B

qr]r , MJF#){m‘f(;j
|f'(b)|CIr _m‘f(;j ar (r+1)(2r+1) [

)" —m‘f(:;)

2
qr]

o o)

qr (r+1)(2r+1){

.

’ qr ’
|7(0) —m‘f [m

2r+l
Ao smir(2]" |
A+
r2(/1+,u) |
g 2 o, [(r+)(2r+]) ) ar P
bl i) ror sl (2]
r+l 2r+1
o] 2 Geallrer]
r+1

2
qr]

-

(2.9)
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Proof: From Lemma 1 and using the Power-mean integral inequality and (m, r)-convexity of |f |7, we get

—_

Q| =

|21 () +11 ()
/I-i-lu b aJ‘f
l+ﬂj[l+yt A) (b +(1~t)a)dt
A 1_1 A
A q(_~
b—a A Adp ’ q
“Tta i[ﬂ—(z+yy]m g[?:{ﬂ+yﬁ]f(M+O_Qa»¢ﬁ
L
q
b-a| [, Ad [ (4 A+ 14
iy J; [(A+p)t=2]dt { [(A+u)t- ]|f(t +( —t)a)| t
A o
A 1*1 y)
A q(_~_ _
b—u A+ A+ o
<TTa £ —(A+p)t e !;[/1 (A+p)] t|f ()" +m(1-1)
L
b—a ! ' L | , qr
T { [(A+u)t-2]dt { [(2+u)e=2] e/ (B)" +m(1-1)
m T/J _ 2r+l1
A|f +m,u|f'(a/m)|qr] K
Cb-af 22 V4| P2(a+n) A+p
A+ p| 2(A+u) (r+1)(2r+1) o1
ool |

r+l

G

2r+l1

)qr] ;

R d

r

r+1

@) —m‘f’[,‘;j

b—a

w(r+U@r+U®fwar,4f(;j

or
2 (/l + y)

2
qr }
2r+l1

qr] r

+m,u|f'(a/m)|
A+

2 g
. H
At u| 2(A+u)

r+l

. o]

(r+l)(2r+l)

2
qr]

ol (3)

o Grallrey ]

+r+1 o a
o -]

g (r+1)(2r+1) {

aJQ’]Z

’ qr !
O

< |

Q| =

| =

Q| =
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Corollary 4: Under the conditions of the Theorem 5,

(1) In the inequality (2.9), if we choose r = 1, we obtain

the following inequality:

Af(a)+uf(®) 1 &
01
_ 1
q
b—a(l é i 2 /1|f'(b)|q+m(21+3,u)‘f’(:lj !
= 2 kgj (iﬂuj A+u
] 1
a 7 1q
1 ’ q m | &
o) umaalref o )
2 3) U+ A+ u

(i1) In the inequality (2.9), if we choose A =y and

r = 1, we obtain the following inequality:

(iii) In the inequality (2.9), if we choose 4

i b
EAWE
(b)) +5m‘f’(:1jq !
2

q

ES)

sl ()" +m
2

an

+

Il
RS
<
Il
—_

and m = 1, we obtain the following inequality:

EE

a

1
2

=

| @)+ (a)f
2

Corollary 5: Suppose that all the assumptions of Theorem
5 are satisfied. In the inequality (2.9), if we choose 4 = p,
r=1,m=1and qg = 1 we get the following inequality:

f(a)+r(p) 1%

2 b—a{f(x)dx
<@l )

where A is the arithmetic mean.
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