Turkish Journal of Analysis and Number Theory, 2018, Vol. 6, No. 6, 159-163

Available online at http://pubs.sciepub.com/tjant/6/6/3
©Science and Education Publishing
DOI:10.12691/tjant-6-6-3

g i

Fixed Point Results in JS-Multiplicative Metric Spaces

Abdullah Shoaib”, Qaiser Mehmood

Department of Mathematics and Statistics, Riphah International University, Islamabad - 44000, Pakistan
*Corresponding author: abdullahshoaib15@yahoo.com

Received September 22, 2018; Revised November 11, 2018; Accepted December 06, 2018
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1. Introduction

Ozaksar and Cevical [1] investigated multiplicative
metric space and proved its topological properties.
Mongkolkeha et al. [2] described the concept of
multiplicative proximal contraction mapping and proved
best proximity point theorems for such mappings.
Recently, Abbas et al. [3] proved some common fixed
point results of quasi weak commutative mappings on a
closed ball in the setting of multiplicative metric spaces.
They also describe the main conditions for the existence
of common solution of multiplicative boundary value
problem. For further results on multiplicative metric space,
see [4,5,6,7]. In 2017, Ali et al. [8] introduced the notion
of b -multiplicative and proved some fixed point result.
As an application, they established an existence theorem
for the solution of a system of Fredholm multiplicative
integral equations. Bakht Zada and Usman Riaz [9]
introduced the idea of multiplicative b-metric-like space.
Jleli and Samet [10] introduce a new generalization of
metric space called generalized metric space (Js-metric
space) and proved some fixed point theorems (see
[11,12,13] for further results).

In this paper, we present a new concept of Js multiplicative
metric space that covers different spaces including
multiplicative metric space, multiplicative b-metric space
and multiplicative b-metric-like space. Also we prove
Ciric type fixed point theorem and some fixed point theorems
with partial order in Js multiplicative metric space.

2. Js Multiplicative Metric Space

Definition 2.1 Let . X'# ¢ and let ¥: ' x.t — [, +)
be a mapping. For all we.t’, we define the set
B(¥, ', w) as follows:

B(W, X, w)={{w,} = lim ¥(w,,w)=1

Definition 2.2 Let ' #¢ and ¥ : ¥'x 4 —[1,+x) be
a given mapping. Then (., W) is called Js-multiplicative
metric space, if it satisfies the following conditions:

(¥1) For all w,yeZ, we have ¥(w,y)>1 and

Y(wy)=1=>w=y;
(W,) Forall w,y e &, we have ¥ (w,y)="¥(y,w);
(W3) there exists h>0 such that if for all
(w,y)e ' x.¥, {w,}eB(¥, ¥, w), then
Y(w,y) <lim sup ¥(w,, y)h.
n—o0

The pair (',W) is called a Js multiplicative metric space.
Remark 2.3 Clearly if the set B(W, X, w) is empty for all
we X, then (X,V) is a Js multiplicative metric space if

and only if (V1) and (¥, ) are satisfied.
Example 2.4 Let X =[0,+00) and let ¥ : X xX —[1,0)
be define by

w(w,y) = a9

where o >1 be a finite fixed real number is a Js
multiplicative metric space for all w,y,eX. Let

z, € B(¥,X,w), then
lim ¥(z,,w)=1.
N—o0
So z,, <o except possibly for finite number of terms.

Let p be the smallest natural number such that z, < o,
then
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P(w,y) = a9 < a(W+Z”+Z”+y)2, foralln>p
_ a(w+zn)2+(zn+y)2+2(w+zn)(zn+y)

< AWz 4z +y)°]

2
_ {a(wumz At y? }

Y(w,y) <lim sup ¥(z,, y)2.

nN—o

So (W3) hold with h=2. Clearly, (¥1) and (¥;)
hold. Thus (X,Y¥) isJs multiplicative metric space.
Definition 2.5 A sequence {w,} in Js multiplicative
metric space is convergesto we X, if

W, € B(¥, X, w).

Proposition 2.6 Let (X,¥) be Js multiplicative metric
space. Suppose {w,} isasequence in X and w,y e X. If
{w,} is convergent to both w and y, then w=y.
Definition 2.7 A sequence {w,} in Js multiplicative
metric space (X,¥) is called Cauchy, if

lim (W, Wy, ) =1
m,N—o
Definition 2.8 A Js multiplicative metric space (X,¥)

is called complete if every Cauchy sequence in it is
convergent to some elementin .

Definition 29 Let A#¢ and a function
B:XxX —>[l,+») is called a multiplicative
b-metric-like on X if B satisfies the following

conditions for all w,y,ze X and a constant s>1
(By) B(w,y)=1, then w=y;
(By) B(w.y)=B(y,w);

(By) B(w,z)<[B(w, y).B(y,z)]S.

The pair (X, B) is called a multiplicative b-metric-like
space. If we take s=1, then (X,B) becomes dislocated
multiplicative metric space. If we take w=y,
then B(w,y)=1 then (X,B) becomes multiplicative
b-metric space. If we take w=y, then B(w,y)=1 and

s=1, then (X,B) becomes multiplicative metric space.

Proposition 2.10 Every multiplicative b-metric-like space,
multiplicative b-metric space, dislocated multiplicative
metric space and multiplicative metric space is Js
multiplicative metric space.

Let Y#¢ and let J:YxY —[0,+0) be a given
mapping. For all xe Y, let us define the set B(J,),x)
as below

B(J.V,x)={{X,} =V lim J(x,,x)=0¢.

Definition 2.11 [10]

Let Y#¢ and J:Yx)Y —[0,+0) be a given mapping.
Then (),J) is called Js-metric space if it satisfies the
following conditions for all x,ye ) :

(Jp) Jxy)=0=x=y;

(J2) J(xy)=3(y.%);

(J3) there exists h> 0 such that V(x,y) e Y=Y, and
{X2} €B(3,V,x)

J(x,y) <hlimsup J (X, ¥).

N—o0

Remark 2.12 Every Js metric space (X',d) generates a Js
multiplicative metric space (X,¥) defined as

¥ (x, y)=ed(x‘y).

3. Ciric Type Result in a Js multiplicative
Metric Space

This section deals with fixed point for Ciric type

mappings in Js multiplicative metric space.
Definition 3.1 Let (X, W) be a Js multiplicative metric

space and 7 : X — X be a self mapping. Let k €(0,1)
then T is called Js k-quasicontraction if

W (Tw,Ty) <[J(w, y)[* forallw,y e X,
where
Y(w,y), ¥(w,T(w),
J(w,y) = max< ¥ (y,T(y)), ¥(w,T(Y)),
Py, T(w))
Proposition 3.2 Let (X, W) be a Js multiplicative metric
space and 7 be a Js k-quasicontraction for some
k €(0,1). Then any fixed point ue X of 7 satisfies
Y(u,u) <oo= ¥(u,u)=1

Theorem 3.3 Let (X,¥) be complete Js multiplicative

metric space and let 7 be a Js k-quasicontraction
mapping for some k (0,1) such that hk <1. If there

exists an element wy € A" such that 7(¥,7,wy) < o then
the sequence {T”(wo)} converges to ueX and if

W(wp,7U) <oo and W(u,7u) <o then ‘U’ is the fixed
point of 7 . Moreover for each fixed point U e X of T
such that W(u,u’) <o and W(u',u’) <oo then u=u'.

Proof We shall prove that {Tq(wo)} is a Cauchy

sequence. Let qelNy(qg=1), as 7T
quasicontraction, for each i, j € Ny, we have

is a J k-
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YT wy, 79 I wy)

W(T g, 79 wp),
‘F(Tq71+IWO,Tq+IWO)|
< max ‘I’(Tq_1+iwo,7'q+jwo),
YT g, 79 wy),
‘II(Tq71+jWO,Tq+iWO)

»

As
n(¥, T, 7% w)
= sup{W(7 9 (w), 79I w)) i, j e No}.
So, (1) implies
n(¥, T, T%,) <n(¥, 7,79 wy)k
< n(‘I’,T,Tq*ZWO)kZ.

So, we obtain

2OV, T, T (wy)) < (¥, T, )< 2)
Taking (2) into account and by the Definition of 7, for
every m, q € Ny, we have
\P(TqWO,Tq+mWO) < ﬂ(\P,T,TqWO)
< (¥, T wp)<".

Using the fact that k € (0,1) and n(W¥,7,w) < o, we
get

lim W(7T%), 79 Mwy) =1.
g, M—o0

This shows that 79 (wp) is a Cauchy sequence. By
completeness of (X,¥), we must have some u e X’ such

that 79 (wp) is convergent to U . Now, we suppose that
¥ (W, 7U) < oo. Using the inequality (2)

W(T Wy, 79 M) < (W, T, w)< (3)

For every gq,meNg, by the property (¥3), there
exists some constant h >0 such that

¥(u, T %) < lim sup W(T 9wy, 75 Mwy)"
m—oo (4)

< n(‘P,T,WO)hkq for every q € Ng.

Now,

k
W (T, Tu) < max{\y(wo’u)’\P(WO’TWO)'T(U’m)’} |

W (Twg, u), ¥ (wy, 7U)
By using (3) and (4), we obtain

n(‘P,T.wO)“k.n(lP,T.wO)k,}

W (7wp, 7U) < max
P (u, Tu)¥, W (wo, Tu)*

Again, using the above inequality, we have

2 2
¥, T, w) ™ (e, T, W)X,
W (T 2wy, T) < max n( o) 0)

K k2
P (u, TU)X, ¥ (W, TU)

Consequently, we get

hkd K
(T, ) < x| T T 0 (E T o)

for all g e N. Therefore, we obtain
lim sup W(7 9wy, TU) < W (u, Tu)¥.
g—
Since W (wp,7u) <o and n(\¥,7,wy) <. Using the
property (¥3), we get
W(70,u) < lim sup W (7 9wy, 70)" < W (u, 70)"™.
q—>0
which implies that
Y(7u,u) =1.

Since W(u,7u) < and hk <1. Then u is the fixed
point of 7. By using Proposition 3.2, we have

Y(u,u)=1.

For uniqueness, suppose that u” e X" is another fixed
point of 7 such that W(u,u’) <o and W¥(u',u’) <oo. By
using Proposition 3.2, we have

Y(u',u')=1.
Since 7T is a Js k-quasicontraction, we obtain
W(U,u) = ¥ (7u,70’) < W(u,u)k.
This implies that
u=u.
Corollary 3.4 Let (X,d,,) be a complete dislocated
multiplicative metric space and let 7 : X —» X a mapping
for which there exists 1 € (0,1), such that
Ay (TW, 7y) < [ I (W, y)]*, forall w,y e X,

where

] _ {dm(W, Y),dm(W.T(W)),dm(y,T(Y)),}
m(W! y)_ max )

dm(W7T(y))7dm(le(W))
if there exists wy € X’ such that
sup{dm(Ti(WO),Tj(wo)):i, je No} <.
Then 7 has a unique fixed point. Moreover, the
sequence {Tq (wo)} converges to fixed point of 7.

Corollary 3.5 Let (X,B) be a complete multiplicative
b-metric space with constant s>1 and let 7 : X — X be
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a mapping for which there exists 4 (0,1) with As <1,
such that

B(Tx, Ty) < B(x, y)*, forall x,y € X,

if there exist x; € X we have
sup{B(Ti(XO),Tj(xo)):i, je NO} <.

Then 7 has a unique fixed point. Moreover, the
sequence {Tq(xo)} converges to fixed point of 7.

Example 3.6 Let X' =[0,1] and ¥(x y)=ca""’, where

a>1 (a finite fixed real number). Clearly ¥ is Js
multiplicative metric space for all x,y e X. Let us define

afunction 7: X > X by

T(x)=—,0<x<1.

X
2
. 1

Thus, with k = E

W(T%,T9) <[3 (%, V)]

Let Xy =1 then it is clear that »(¥,7,Xy) <.

1 1 q 1

Now WO:E,TZXO:—Z,TSXO:— ......... T7X
2 2 2

and so on. Clearly quo is Cauchy sequence and

all the properties of Theorem 3.3 are satisfied. So 7 has a
unique fixed point.

4. Results in a Js Multiplicative Metric
Space with Partial Order

Definition 4.1 Let (X,¥) be a Js multiplicative metric
space with partial order < and let 7 : X —» X a mapping.
Then 7 is weakly continuous if x, c X converges to

X € X, then there exists a subsequence {an} of x, such

that {T(an)} is convergentto 7 (x) as (q —>oo).
Definition 4.2 Let X #¢ with partial order <. A
mapping 7 : X — X is called nondecreasing if

X<y =T (X)<7T(y)wherex, yelX.

Definition 4.3 The pair (XX,<) is called regular if for
every sequence {X,}c X satisfies x, < x,,; for each
neN with {x,} being convergent to xe X then there
exist a subsequence {an} of {x,} such that x,q < x for

every qeN.

Definition 4.4 A function 7 : X — X is called weakly Js
k-contraction for some k € (0,1) if x<y or y<x we
have

¥ (Tx, Ty) < ¥(x, y)¥.

Theorem 4.5 Let (X,¥) be a complete Js multiplicative
metric space with partial order < andlet 7:X — X bea

function. Assume that the following conditions satisfied:
(i) 7 be a weakly continuous;
(if) 7 be a weakly Js k-contraction for some k < (0,1);

(iii) there exists wy € X such that n(¥,7,wp) <o
and wy <7 (Wp);
(iv) 7 is nondecreasing.

Then, {T“(WO)} converges to ue X’ such that u is

fixed point of 7. Moreover,
Y(u,u) =1

Proof. Since 7 is nondecreasing and wy <7 (wp) then
for all ne Ng, we obtain

if W(u,u)<oo, then

7" (wo) < 7™ (wp).
By transitivity of <, for every r,s e N, we have
r<s=7"(wy)=<7°wWp).

There, for each neNgy(n>1),i,jeNg, 7™ (wp)

and 71 (wp) are always comparable. As 7T is weak Js
k-contraction for each ne N, i, j € Ny, we have

YTy, T ) < W7 wg, 7" wg )X,
This implies that
n(W, T, T "Wy) <n(¥, 7,7 " wy)¥
< n(‘P,T,T”‘ZWO)kZ.
So, we obtain that

2O, T T W) < 7(¥, T, wg)<" . (5)
Taking (5) into account and by the definition of 7, for
every m,ne Ng, we obtain
\P(TnWO,TnerWO) < 7](\P, T,TnWO)
kh
<n(¥,7,wp)" .

Using the fact that k € (0,1) and n(¥,7,w) <o, we
get

lim (7 "wy, 7" Mwy) =1.
n,m—oo

This shows that T“(Wo) is a Cauchy sequence. By
completeness of (X,¥) , we must have some u e X such

that 7"(wp) is convergent to u. Since 7 is weakly

continuous so there is a subsequence {T”q(wo)} of

{T“(WO)} such that {T”q”(wo)} is convergent to 7 (u)
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as (g — ). By uniqueness of the limit, we get u =7 (u)
and u is a fixed point of 7. Now if ¥(u,u) <o then as
u=<u and 7 isweak js k-contraction, we have

¥ (u,u) = ¥(7u, Tu) < ¥ (u,u),
which is possible only if
Y(u,u) =1.

The weak continuity assumption of 7 in the previous
theorem can be replaced by Definition 4.3 to obtain the
following result.

Theorem 4.6 Let (X,¥) be a complete Js multiplicative

metric space with partial order < and let 7:X — X be a
function. Assume that the following conditions satisfied:
(i) (X,<) is regular;
(if) 7 be a weakly Js k-contraction for some k € (0,1);
(iii) there exists wy € X such that n(¥,7,wp) <o
and wy <7 (Wp);
(iv) T is nondecreasing.
Then {T”(wo)} converges to ueX such that u

is fixed point of 7. Moreover, if W(u,u)<oo, then
Y(u,u) =1

Proof. As we have proved in previous proof that 7" (wg)
is convergent to u. Moreover, we have

T" (wy) < 7" (wy) forallneN,.

Since (X,<) is regular, there exists a subsequence
{T”q(wo)} of {T“(WO)} such that 7" <u for each
geN. As 7 is weak Js k-contraction, we have

¥(T "y, TU) < (T wg, u)*.

Using the inequality above, we get

lim W(7 " w,y, 7u) = 1.

g—0

This implies that {T“q+1(w0)} is converges to 7 (u).
By uniqueness of the limit, we obtain
T (u)=u.

As in the previous proof
Y(u,u) <o = ¥(u,u)=1.
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