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Abstract In this paper, we describe some reduction formulae for Gauss’ hypergeometric function and Fox-Wright
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1. Introduction and Basic Notations

In the present paper, we shall use the following
standard notations:

N:={1,2,3,..,Ny ={0,1,2,3,..} =N U {0}
Z5 =1{0,-1,-2,-3,..},

Z"={-1,-2,-3,.}=Zy\{0} and Z=(Z, v 2).
Here, as usual, Z denotes the set of integers, R

denotes the set of real numbers, RT denotes the set of
positive real numbers and C denotes the set of complex
numbers.

The Pochhammer symbol (or the shifted factorial) (1),
(4,veC) is defined in terms of the familiar Gamma

function by

I'(A+v
(1), =14
(1)
I (v=0;1eC\{0}
AA+D)...(A+n-1);(v=neN;1eC\Zy) (D)
1.1
D"k
= ; A=-k;v=mnkeNy;0<n<k)
(k—n)!
0; (A=-k;v=n;nkeNy;n>k)
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=D 5 v=-mneN;A=0,£1,4£2,..)).
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it being understood conventionally that (0), =1, and
assumed tacitly that the Gamma quotient exists.

In the Gaussian hypergeometric series , Fj(a,b;c;z),
there are two numerator parameters @ , b and one
denominator parameter c¢. A natural generalization of this
series is accomplished by introducing any arbitrary
number of numerator and denominator parameters. The
non-terminating hypergeometric series [[5], pp.42-43]

al,az,...,ap;

rty z
ﬂlaﬁ29"'aﬂq;

_ & (al)n(aZ)n“'(ap)ni

S Bn BBy 1

is known as the generalized Gauss and Kummer series, or
simply, generalized hypergeometric series. Here p and

(1.2)

q are positive integers or zero (interpreting an empty
product as unity), and we assume that the variable z , the
numerator parameters a,s,...,a, and the denominator
parameters /i, f,,..., B, take on complex values, provided
that

B;#0.-1,-2,...; j=12...q. (1.3)

Convergence conditions [[5], p.43]:

Suppose that none of the numerator parameters is zero
or negative integer (otherwise the question of convergence
will not arise), and with the usual restriction (1.3), the
pFy series in the definition (1.2)

(1) converges for |z |< o, if p<yq,

(ii) converges for |z |<1,if p=g+1.
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Furthermore, if we denote
q p
= Zﬂ J Zai s
j=1 i=1

it is known that the ¥y series, with p=¢g+1,is
(a) absolutely convergent for |z |=1, if R(w)>0,
(b) conditionally convergent for |z|=1, z=1, if
-1<R(w)<0.
Fox-Wright generalized hypergeometric function of
one variable:
The Fox-Wright ¥ function of one wvariable ([[3],
p-389]; see also [4,6,7]) is given by
(alaAl)a'--a(apaAp);
pra z
(B1:B))s-»(BysBy);

= 'y +A1n)...F(ap +Apn) N

_D(@)..I(a,) & @y - (@p)pay, (1.9
LB T(Bg) umo Pousy - (Bydup, 1t
=F(a1)...F(ap) p\PZ (al’Al)""’(aP’AP);Z ’ (15)

r(ﬁl)r(ﬁq) (ﬂl’Bl)’”'r(ﬂanq);
P
() T (e; = 4;6)
_ =1 -
3 IL L (-z)°d¢,  (1.6)

q

15,0

where ,02 =-1, z € C; parameters o;, € C; coefficients
4;,B; eR=(-om,+w0) in case of series (1.4) (or
4;,B; €R"(0,+0) in case of contour integral (1.6)),
4;#0 (i=1,2,..,p), B; #0 (j=1,2,..,9). In equation
(1.4), the parameters ¢;, ﬂj and coefficients 4;, B ; are

adjusted in such a way that the product of Gamma
functions in numerator and denominator should be well
defined [1,2].

1.7

. | 4 p
j=1 i=1
5*—{1£[|Ai |‘Ai][]1[|3j |BJ'J, (1.8)
/ j=1

(1.9

o =(l+ 4 +..+ A))~(B +..+ B,)=1-A".(1.10)

Case(I): When contour (L) is a left loop beginning and
ending at —oo , then » b4 g given by (1.4) or (1.6) holds the

following convergence conditions

i) when A" >-1,0 < z|< o0,z # 0,

iiywhen A" =-1,0<z|< ",

iii) when A" =—1,|z|=5",andR(x") > %
Case(II): When contour (L) is a right loop beginning and
ending at +oo , then p b4 q given by (1.4) or (1.6) holds the
following convergence conditions

i) when A" <—1,0<|z|<o0,z#0,

iiywhen A" =-1,|]z]> &,

iiiywhen A" =—1,|z]=5", and R(x') > %
Case (III): When contour (L) is starting from y —ioo and

ending at y+io , where y€R , then ¥, is also

prq
convergent under the following conditions

i) when o > 0,] arg(~z) |< %0*,0 < zl< o0,z #0,
il) when o = 0, arg(-z)=0, 0<|z|<ow, z#0 such
that —}/A* +iR(,u*) > %+ 7,

iii) when y =0, o = 0, arg(-z)=0, 0<z|<oo,

z # 0 such that, SR(ﬂ*) > %

Next we collect some results that we will need in the
sequel.
Decomposition identity:

The idea of separation of a power series into its even
and odd terms exhibited by the elementary identity

i(b(r) = i(b(%) + iq)(Zr +1), (1.11)

r=0 r=0 r=0

is atleast as old as the series themselves and concerned
power series is absolutely convergent.
Pfaff-Kummer’s linear transformation [[5],p.33(eq.19)]:

a,b; _ a,d-b; —z
El 77z l=(-2y B |7 . (1.12)
2 1{ d;Z} (I-2) 7, 1{ d: l—z}

(a,beC; deC\Zy and |arg(1-z)|< 7).
Binomial theorem:

(1-2)" = lFo{f;z}= i(b)r;'zr (1.13)
r=0 :

>

(z|<1; beC\Zy),

e m r
(1-2)" = FO[ m’z}= Z%,meNO.
B r=0 r

>

In sections 2 and 3, we obtain some reduction formulae
for Gauss’ hypergeometric function and Fox-Wright
hypergeometric function associated with suitable convergence
conditions by using binomial theorem, decomposition
identity and Pfaff-Kummer’s linear transformation.
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2. Some Reduction Formulae for Gauss’
Hypergeometric Function

The following reduction formulae associated with
suitable convergence conditions hold true

b,1-b; _X}
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GG N e
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vos ]
(M (e
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2Ny
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21+ ) zFl{
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2 3/2;

- (J) ) (R e

=

+X

<1;2—2beC\Zaj.

Proof of reduction formula (2.1):
Suppose right hand side of equation (2.1) is denoted by Q
Then by using binomial theorem (1.13), we obtain

= (T T
1F{l—zb;_ (Lﬂ

_ (m)zb_l - I+x
+1F0{1_2_b; (ﬁﬂ (2.5)

=(\/(]Tx))2b71

3 (1—r2!b),[ [1ij] vyl

r=0

Now using decomposition identity (1.11) in equation
(2.5), we get

Q-1 rﬂC))Zb12Fl{(1—21))/2,(2_213)/2;L}.(2.6)

1/2; I+x

Further using Pfaff-Kummer’s linear transformation
(1.12) in equation (2.6), and simplifying further, we arrive
at left hand side of equation (2.1).

Proof of reduction formula (2.2):

Suppose right hand side of equation (2.2) is denoted by
A . Then by using binomial theorem (1.13), we get

N
e

_lFo{l 2b 1+x}
-( “*x))%_li{(l 2 ( ( j] [ 1)’—1}}.

r=0 !
Now using decomposition identity (1.11) in equation
(2.7), we get

_ (\/m))Zb—l

,—b+3/2; X

—} 2.8)
X

-b+1
A=2Jx2b-1)(1+ %" F
Jx@b-1)(1+x)"7, 1{ 3% T

On using Pfaff-Kummer’s linear transformation (1.12)
in equation (2.8), and simplifying further, we have left
hand side of equation (2.2).

Proof of reduction formula (2.3):

Suppose right hand side of equation (2.3) is denoted by
A . Then by using binomial theorem (1.13), we have

A= (T + 47 (T )

—2b;
1F0{ - (—x j:l
2b - 1+x

(2.9

- SR L)

Now using decomposition identity (1.11) in equation
(2.9), we get

-b,-b+1/2; x

A:2(1+x)b2F{ 1/2;T+x

}. (2.10)

On using Pfaff-Kummer’s linear transformation (1.12)
in equation (2.10), and simplifying further, we arrive at
left hand side of equation (2.3).

Proof of reduction formula (2.4):

Suppose right hand side of equation (2.4) is denoted by
E. Then by using binomial theorem (1.13), we obtain

E:(m+&)zb—z_(m_\/})zb—z

)

- (| L

2—2b; X
—1F
! O{ - (1+x)}
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-2, ( X j ’
=(1/(1+x))2b_22 ! I+x) ) L (2.11)
0

Now using decomposition identity (1.11) in equation
(2.11), we get

E=4Jx(b-1)(1+x)P3?
-b+2,-b+3/2; x
X2 Fi —|.
3/2; 1+x
Applying Pfaff-Kummer’s linear transformation (1.12)

in equation (2.12), and simplifying further, we get left
hand side of equation (2.4).

(2.12)

3. Applications of Reduction Formulae in
Fox-Wright function

As an application of formulae (2.1)-(2.4), we obtain the
following two formulae for Fox-Wright hypergeometric
function associated with convergence conditions

2b-1
gr| G252 z4++(z% +4)
R (R0l I e 2

and

3.1)

2b
Z+— *'(22+4) (3.2)

2 b

( 3}J
Proof of reduction formula (3.1):
Suppose left hand side of equation (3.1) is denoted by

¢ . Then by using the definitions of oY q* (1.4) and (1.5),

we obtain

_— (b.1/2); ] _
P b, -1/ 2);

1Y z|=
(1+b,-1/2),

2

<l;be C\{O,i%,il,ié,iﬂ,ig,

2 2

4+z

< (D)2 2"
= (b)_pan!

(3.3

Now using decomposition identity (1.11) in equation
(3.3), we have

Z (b), 2> (b)(2n+1)/222n+1
0 () (2")' = (D)_(2p11)2 @+ DY

Solving further, we obtain

C= F b1-b;, —z2
20 1/2; 4

{b+1/2,—b+3/2;—22}
A =

(3.4)
LzT(+1/2)

r(b-1/2) 3/2; 4

Now applying the reduction formulae (2.1), (2.4), and
simplifying further, we get the right hand side of equation

3.1).
Proof of reduction formula (3.2):
Suppose left hand side of equation (3.2) is denoted by

©® . Then by using the definitions of » ‘Pq* (1.4) and (1.5),

we get

o (b,1/2); 2 (b),r2"
© 1T1L1+b,—1/2)} Z(1+b)_n/2n'

On using decomposition identity (1.11) in equation
(3.5), we get

241
i (b)n 2 L < (b)(2n+1)/2z "
(1+6)_, @)t 2 (14 D) _ 2412 21 +1)!

(3.5)

Solving further, we get

@_ E b’_b; _22
U 12 4
RO R b+1/2,-b+1/2;-2*
(1+b)_1/ 3/2; 4

b,~b; —z*
= ,F -
2 ‘{ 1/2; 4 }

b+1/2,~b+1/2;-22
+2b,F -
3/2; 4

(3.6)

Now applying the reduction formulae (2.2), (2.3), and
solving further, we obtain the right hand side of equation
(3.2).
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