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1. Introduction and Preliminaries

Fibonacci and Lucas numbers have been studied by
many researchers for a long time to get intrinsic theory
and applications of these numbers in many research areas
as Physics, Engineering, Architecture, Nature and Art. For
example, the ratio of two consecutive numbers converges

1+\/§
2

to the Golden ratio o = which was thoroughly

interested in [1]. We should recall that , for keR_ ,
k-Fibonacci {Fk’n} y and k-Jacobsthal {J k’”}neN sequences

ne

have been defined by the recursive equations [2,3];

Fyneo =kF 1 + Frp
Fk,O :O, Fk,l :1

Jiens2 =6 pe1 +2J5
and
Jk,O =0, Jk,l =1

For the special case k=1, it is clear that these two
sequences are simplified to the well-known Fibonacci and
Jacobsthal sequences, respectively. More recently, many
papers are dedicated to Fibonacci sequence, such as the
works of Caldwell et al. in [4], Marques in [5], Shattuck
in [6] and Falcon et al. in [7].

The main purpose of this paper is to present some
results involving the A-Fibonacci and k-Jacobsthal
numbers using define a new useful operator denoted by

5;‘1 by By making use of this operator, we can derive new
results based on our previous ones [8,9,10,11,12]. In order
to determine generating functions of the product of
k-Fibonacci and k-Jacobsthal numbers and Chebychev
polynomials of second kind, we combine between our

indicated past techniques and these presented polishing
approaches.

Here, we recall some basic definitions and theorems
that are needed in the sequel.

Definition 1. [2] Let A and B be any two alphabets, then
we give S, (A —B) by the following form

T10-#1)
m = ZOS (4-B)¢" (1)

acA

with the condition S, (4—B)=0 for n<0.
Definition 2. [13] Taking A= {0,0,...,0} in (1) gives

[T(-b66)=>S,(-B)". (@)

beB n>0

Definition 3. [14] Given a function f on R", the divided
difference operator is defined as follows
axi i+] (f )

_ f(x1,...,xi,xm,...xn)—f(x],...,xm,xi,...xn)
X T Xiq

Definition 4. [15] The symmetrizing operator 5[5@ is
defined by

Fg(b)-brg(b
5[/:1’b2(g):b1g( ;)—big(Z)

bl

forall keN .

Remark 1. If g (b ) = by, we have

5;51;)2 (g)=Si (b +by).
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2. Main Results

In this section, we combine all results obtained here in a
unified way such that they can be considered as special
cases of the following Theorems.

Given two alphabets A={a,,a,} and
B={b,,b,} then

zw:S al + a2
n=0

S, (a,+a,)t-a,a,S, (b +b,)1’ (3)

(Bo o )gs o)

o0
and ) S, (-4)" be two

Theorem 1.

(B +b,)1"

0
Proof. Let ) S, (A)"

n=0

- 1
sequences such that »_ S, (4)" = =

n=0 Sn (_A)tn

n=0
On one hand, since f(b)=) S,(4)b't" and
n=0
f(by)=>.8,(A4)b5t", we have
n=0

Z Sn bn n

we have that
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(isn( A,)b z")[is" (—Az)bz”t”j
n=0 n=0

So, this completes the proof.
Theorem 2. [16] Given two alphabets A={aj,a,} and

B ={b,b,} we have:

0

2. Sula+az)

n=0

S, (b +by)t"

_ 1—a1a2b1b2t2 (4)
(is (-4;) bl"t"J(ZS (-4;) bgt”J
n=0

Theorem 3. Given two alphabets A={aj,a,} and
B ={by,b, } we have

D Suct (@ +a2)S,1 (b +by)1"
n=0
_ t - ayaybybyt’ )
(Zs (-4,) bI”t"](ZS (-4,) bgt"j
n=0 n=0

3. On The Symmetric and Generating
Functions

In this section, the new generating functions of
the products of k-Fibonacci numbers, k-Pell numbers,
k-Jacobsthal numbers and the Chebychev polynomials of
the second kind are given by using the previous theorems.

Case 1: Replacing b, by (—b,) and a, by (—a,) in (5)
yields

2 S (@ +[=a2]) S, (b [, ])"

"0 )

_ t— a1a2b1b2t3
B (1 — alblt)(l + a2b1t)(1 + albzt)(l — azbzl) '

This case consists of two related parts.
Firstly, the substitutions of

{(11—(12 :k {bl—bz =2
and .
aqay =1 blbz =k

In (6), we deduce the following theorem
Theorem 4. We have the following a new generating
function of the product of k-Fibonacci numbers and k-Pell
numbers is given by

z Fk,nPk,ntn
n=0
(7)

~ t—k®
1—2kt—(k3 +2k+4)t2 —21283 + 124
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Corollary 1. If k =1 in the relationship (7) we get

-1
1-26—7¢2 =263 +44

0
D FBt" =
n=0

which represents a generating function of the product of
Fibonacci numbers and Pell numbers [17].
Secondly, the substitution of

{al —a :2and{b1 —b2 =k

a1a2 = k ble = 2
in (6) yields
> St (g +[-a2]) S,y (B +[-B2])"
n=0

~ t -2kt
1= 2kt — (k> + 4k +8) — 4Kk21> + 4k**

We deduce the following theorem.
Theorem 5. For neN, the new generating function of
the product of k-Pell numbers and k-Jacobsthal numbers
is given by

Z Pk,n']k,ntn
n=0

s ®
_ t—2kt

1—2kt—(k3 +4k+8)t2 — 4128 ¢ 4Kt

Corollary 2. If k =1 in the relationship (8) we get

=28
1-26—13¢% — 48> +4¢*

o0
D B J" =
n=0

which represents a generating function of the product of
Pell numbers and Jacobsthal numbers [17].
Case 2. Replacing a, by (—a,) and b, by (=b,) in (4)
yields

0

> S, (al +[—a2])Sn (bl +[—b2])t"

=0 ©)

1—a1a2b1b2t2
(1=aybyt)(1+ aybyt ) (1+ aybyt ) (1- aybyt)

The substitution of

in (9), we deduce the following theorem.

Theorem 6. For neN the new generating function
of the produce of k-Fibonacci numbers and k-Jacobsthal
numbers is given by

S B it = 1-2¢ (10)
o S (R R Y ) | aliy) s T
Corollary 3. In the special case k =1 identity (10) gives

1-2¢2
1——-72 26 v ar*

o0
> FJ,t" =
n=0

which represents a generating function of the product of
Fibonacci numbers and Jacobsthal numbers [17].

Case 3: Remplacing a; by [2a;] , a, by [-2a,] and b,
by [~b,] in (3) yields
2 Su (201 +[2ay]) S, (0 +[=by ] )"

=0 (11)
Sl (2611 +[—2a2])t+ 4a1a2S1 (bl + [—bz])tz

(1=2a;bt) (1+ 2aybt ) (1+ 2a;b5t ) (1-2a,b5t )

This case consists of three related parts.

b=y =k
Firstly, the substitutions of < bbby, =1 in (11), we
4a1a2 =-1

deduce the following theorem.
Theorem 7. [2] We have a generating function of
the product of k-Fibonacci numbers and Chebychev
polynomial of the second kind

Z Fk,nUn (Cl] —Clz)tn

n=0
B 2(ay —ay )t —kt* (12)
-2k (0 —ay ) - (e —ay k2 -2 |
+2k (o —az)t3 +rt
b—-b,=2
Secondly, the substitution of { bby, =k in (11), we
4ayay = -1

deduce the following theorem.

Theorem 8. Forn e N, the new generating function of the
product of k-Pell numbers and Chebychev polynomial of
the second kind is given by

Z Pk,nUn (al _aZ)tn
n=0
2(&1 —az)t—th

1-4(ay —ay )t - (4k (a) —ay )’ —2k—4)% |
+4k(a1 —az)t3 +k2t4

(13)

o if £ =1 in the relationship (13) we get [2]

o0
Z PnUn (al —az)l"
n=0

_ Z(al—az)t—2t2

[1-4(511 —ay)t—(4(a —ay )’ —6)t2].

+4(ay —ay) e +1*

which represents a generating function of the product of
Pell numbers and Chebychev polynomial of the second kind.

b—by =k
Finally, the substitution of  bby, =2 in(11) gives
401(12 =-1
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o0

2 Su (20 +[-2a5]) S,y (b +[ 02 ])e"

n=0
_ 2(al—az)t—kt2
1-2k(a) —ay )t —8(ay —ay > k2 —4)2 |

+4k (ay —ay )£ + 4t

We deduce the following theorem.
Theorem 9. We obtain a new generating function of the
product of k-Jacobsthal numbers and Chebychev polynomial
of the second kind as

Z Jk,nUl’l (al —a )tn

n=0

B 2(ay —ay )t —kt* (14)
{1—21{(0;1 —ay)t-(8(ay —ay ) — K —4)11

+4k (ay — ay )t3 +4r*

Corollary 4. If k =1 in the relationship (14) we get

anUn (al —az)ln
n=0
_ 2(al—a2)t—t2

- [1—2(&1 —az)t—(8(a1 —a2)2 —5)t2:l

+4(a —ay )t3 +4rt

which represents a new generating function of the product
of Jacobsthal numbers and Chebychev polynomial of the
second kind.

Case 4. Replacing by by (=by) and ay by (—ay) in (3)
and (5) yields

io 5, (ay +[2])Sy1 (b1 + [0 )"

(a1 =ay)t+ayay (b —by) P’ .
(l—alblt)(l + azblt)(1+alb2t)(1 —azbzt)

(15)

0

2 St (@ +[=a2]) Sy (B +[-02])"
n=0 (16)
t—a1a2b1b2t3

(1 - alblt)(l + azblt)(l + albzt)(l - (lzbzt) ’

This case consists of three related parts.
Firstly, the substitution of

a—a :kand bl_bZ =k
aay =1 b1b2 =1

In (15) and (16), we obtain

> S (@ +[-ap]) S,y (B +[-B2])¢"
n=0 , (17)
B kt —kt

1—k2t—(2k2 +2)t2 e

S 8,1 (a1 +[-a>]) Sy (B [ ])"

n=0
(18)
-1

l—kzt—(2k2 +2)t2 e

Multiplying the equation (17) by 2 and added to (18) by
-1, we obtain

(19)

> . (2k 1)1+ 2kt* +1°
sz,nLkvnt - 2 2 2 23, .4°
= 1—k t—(2k +2)t e

which represents a new generating function of the product
of k-Fibonacci numbers and k-Lucas numbers.
e For k=1 in (19) we obtain
t+202+1 t

o0
b 1—t—42 = +¢%  1-3t+42

which represents a generating function of even indices of
Fibonacci numbers [17].
Secondly, the substitution of

{al—@ :2and{b1—b2 =2

alaz = k b]bz = k
in (15) and (16), we get
> Su(ar +[~az]) Sy (B +[-02])"
i ) (20)
_ 2t + 2kt
1—4t—(2k2 +8k)t2 41283 w1
2 Suct (@ +[=a2]) Sy (By +[-02])1"
"0 (21)

~ -k
1—4t—(2k2 +8k)t2 423 kA

Multiplying the equation (20) by 2 and added to (21) by
-2, we have

o0

z Pk,an,ntn
n=0
(22)
2 + 4kt + 2k%8

1—4t—(2k2 +8k)t2 —41283 1A

which represents a new generating function of the product
of k-Pell numbers and &-Pell-Lucas numbers.
Corollary 5. If k =1 in the relationship (22) we get

2 2 +417 +28
2 Pt = 2 3.4
= 146102 — 46 +1
o
1-6t+12

which represents a generating function of even indice of
Pell numbers [17].
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Thirdly, the substitution of

{al—a2=k {bl—bzzk
and
a1a2 =2 ble =2
in (15) and (16), we get
2 Su (@ +[=az]) St (b +[b2 )"
n=0
) (23)
_ kt + 2kt
l—kzt—(4k2 +8)t2 — 4128 1604
2 Suct (@ +[~ax])Spoy (B +[-02])"
n=0
(24)

t—48
1—k2t—(4k2 +8)t2 — 4128 41664

Multiplying the equation (23) by 2 added to (24) by (-1),
we obtain

o0

Z Jk,njk,ntn
n=0
(25)
(2k —1)2+4kt* + 41

1—k2t—(4k2 +8)t2 — 4128 41604

which represents a new generating function of the
product of k-Jacobsthal numbers and k-Jacobsthal-Lucas
numbers.

Corollary 6. If k =1 in the relationship (25) we have

0
Z Jzntn =
n=0

which represents a generating function of even indices for
Jacobsthal numbers [17]

+41% + 40 ot
1—t—1262 48 +16:*  1-5¢+ 44>
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