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1. Introduction

The generalized (Hurwitz’s) zeta function is defined by
[1.2]

a) = i (@a+n) " (a#0,-1,-2,..;R(s) > 1), (1.1)

n=0

so that when @ =1, we have

0

S(sl) =2m =<(s),

n=0

(1.2)

where ¢ (s) is the Riemann zeta function. The function

q)(x ,8 ,a) extends (1.1) further, and this generalized
Hurwitz-Lerch zeta function [[1], p. 316], is defined by

o0 xn
(I)(x,s,a)zZ—Y,f (1.3)
n=0 (a + n)A
(a#0,-1,-2,...[x| < ,R(s) > 1), when|x| =1)2
A generalization of (1.3) is the Zeta function CI); which

is defined by [[3], p.100, (1.5)]:

oo
)CSCl z

oy a+n) n!

(1.4)

ueC; aeC\ZO,Pr|<1 where (u), = (r,u(+)n)’ for

n=0,1,2,..., denotes the Pochhammer’s symbol and I"
denotes the Gamma function. Evidently, we have

®,(x,5,a)=D(x,5,a), (1.5)

D(1,5,1) = £(s), (1.6)

O(1,s,a)={(s,a).

The zeta functions in (1.3) and (1.4) have since been
extended and generalized by a number of workers
(see e.g. [3-14]. The present sequel to these earlier papers
is motivated largely by the aforementioned works
of Matsumoto and Kamano [15,16] in which the

zeta function & (s,a) in (1.1) was generalized to the

(1.7

following multiple Hurwitz zeta function

- 1

G, (81e0008,50) = ,(1.8)
my,...,m, =0 (a+m]) (a+m )
(a > 0;(m1,...,m”) €Z",0<m <...<m;(s,,...,5,) € (C").

In the present paper we introduce a new class of zeta
functions )"~ (xy,...,x,;ay,...,a, ) which is defined
by
Cf’[l’SIW"Sn (xla .y naala aan)

_ & (’u)m1+...+mn xlml xnm” (1.9)

= ,
gy =0 (a1 +my )V (@, +m, )" mlo my,!
({s1,-.-»8 ,(i=l,2,...,n);

ueC\Zy;0<m <...<my).

Clearly, we have the following relationship
C{’S (x;a)=0(x,s,a),
and {["* (x;a) = (I); (x,5,a).

In the case when s=1,(Vi=12,...,
simply

n), we have
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oLyl .
¢ (XpseeesXpsay,..ay)

_ & (’u)m1+...+mn xlml xnmn
ml,__.,m,,:o(al+m1)"'(an+mn) my ! m,!
which implies the next result.
Corollary 1.1. Let|x;| +...+|x,| < L,Re(a;) > 0,
(Vi=12,...,n). Then
Cﬂl (xla XAy 5an)
u,ay,....a, (1.10)

a+1,...,a, +1;

Xseees Xy

where Fj") is the Lauricella function of n variables
defined by the series (see e.g. [17] and [18]),

F"a,b,,....b,;

n?’

(a)m]-%—“.-ﬁ—m" (bl )ml "'(bﬂ )mn xlml xnm” (111)

o0
- Z (¢ )ml (e, )m1 m!  m,

CloeeesCiXpsens X, |

By using the Hankel's contour integral for Gamma
function ( for details see e.g. [[19], Section 12.12])

1 T(a)
(a), 2z

jt‘”""e"dt, (1.12)

we can derive the following interesting formula.
Corollary 1.2. Let 5, =..=s, =1, |xj| <1,(j=1,2,.n).
Then

T _ _ _
M'[ett “ C",f’l""’l(xlt L ooxt l;al,...,a )dt
2ir

n a;
=(a1_1...a;1)H 1F / Xj |t
Jj=1 aj+1; :

Proof. The result follow directly from definition (1.9) and
the integral representation (1.11).

(1.19)

2.Integral Representations

First, by using Eulerian integral formula of the second
kind (see e.g. [2]):

-s _ 1 T s—1 _—(a+n)t
=——o7|¢ dt,
(o™ =g e 2.1
(min{Re(s),Re(a + n)} > 0),
and the formula(see, e.g., [[20], p.67, Eq (22)]) :
(),
(l—X) —’;7}? s (22)

we should proof the following result.
Theorem 2.1. Let Re(x ) > 0,Re(q, ) >0 and either

|xi|<l,Re(s,.)>00rxi:1,
Re(s,)>1(Vi=12,...,n,neZ").
Then
1 1

B8 (e X Ay ) = —— s ———

Cn (1 n>4“1 n) F(Sl) F(Sn)

oo oo

X_[ J‘tl 1” sn—l a1t1+ +antn) (2.3)
0

0
_ ¢+ \H
x(l—xle - —xe t”) d ...dt,.

Proof. Denote, for convenience, the right-hand side of
equation (2.3) by I Then in view of (2.2), it is easily seen
that

Xl .Xn 1 1
I =
ml,_énzo(ﬂ)’”ﬁ“'*”’n m!  m,! F(sl) F(sn)

Ve ) gy gy

J‘ J‘tsl -1 a1 +m1
Upon usmg (2.1) and in view of the definition (1.9), we

led finally to the left-hand side of the formula (2.3). Next,

by using the contour integral formula [[2], p.14 (4)]:
(0+)

2i sin(zs )['(s ) =— J (- )He”dt, |arg(—

2]

<z, (24)

one can derive the following contour integral representation.
Theorem 2.2. Let Re(x)>0,Re(q;)>0 and

Jarg (~4,)| < 7.(i = 1.2,....n).
Then
C/yf,Slr..,sn (xI, XA, ,an)
_T(-s) -T(d-s,)
C 2m T 2mi
(0+) (0+) 1 1 2.5)
X J j (—tl)sl_ ...(—tn)s’r e—(a1t1+...+a”tn)
@ 22}

Proof. Denote, for convenience, the right-hand side of
equation (2.5) by I Then in view of (2.2), it is easily seen
that

o0 xlm]
= X (,u)m] oy, m_l'
m

my .. .My =
x,”m —T'(1-s1) —F(l—sn)
“m,! 2mi T 2mi
R s1=1 —(ay+mp )y
X J. .[ (—tl) e
0 o0

BE P O P



86 Turkish Journal of Analysis and Number Theory

Upon using (2.4) and in view of the definition (1.9)
with the reflection formula

T(1-5)T(s) = —

sin(7s)

for Gamma function, we led finally to the left-hand side of
the formula (2.5).
Further, we evaluate some definite integrals involving

the function " (x,,...
the Eulerian integral formula of first kind (cf. e.g [12]):

,xn;al,...,a”). First, we recall

_lel At _F(x)r(y)
B(x,y)—.([t (1-1) dt_—l"(x+y)’

Re(x)>0,Re(y)>0.

2.6)

From the term-by-term integration, we can derive the
following formula.

Theorem 2.3. LetRe(y —u ) > 0andRe(x ) > 0.Then

F()/) ! 7—u-1
=— " (1 —y
I(y- #)T(ﬂ)I =

Proof. Denote for convenience the left-hand side of
equation (2.7) by 1.
Then in view of definition (1.9), it is easily seen that

_ i (e om, x" X"
m,

mm=o(a, +m)" .. (a, +m,)" oy R

2.7

F(y) +my+...4m, 1 y—pu-1
X———— | T (] dt.
F(V—ﬂ)r(ﬂ)l (=)

Upon using (2.6) and the relation
F(,u+ml+..+mn)=(,u) F(,u),

we are finally led to the right-hand of the relation (2.7).
Finally, we prove the following result.

Theorem 2.4, Let Re(y) > Re(u) > 0. Then

my+...+m,

c/j,sl,..‘,sn (xl’ 5 Xysay,.. ’al’l)
o -1
) F(y I W (2.8)
0 W
w

i nw X,
Cy ! (_7“'5

(dy,...a, |dw.
+w 1w "j

Proof. Setting a = p+m +...+m, and

b=y+m +...+m;nel"

in the Eulerian Beta function formula (see, e.g., [[20], p.8,
Eq. (45)]):

I(a)l(b-a)
r(2)

>0),

B(a,b—a)=

I 1+t

(Re( >Re

we find that
(#)m1+,,,+mn _ F(y) J, Wﬂ+m1+...+mn—1 "
(y)m1+...+mn T(y=u)T(n) o (14 w)/ T+

(Re(y)> Re(u)> 0;m; € N, (i =1,2,...,m)),

which, by appealing to the definition (1.9), immediately
yields the assertion (2.8).

3. Operational Relations

The multiple Zeta function {)*I"***" satisfies some
operational relations. Fortunately these properties of

¢l be developed directly from the definition (1.9).
First, by recalling the familiar derivative formula from
calculus in terms of the gamma function [8]
DMy = ['(n+1) 1
IF(n—m+1)

" n-m>0,D, =i, (3.1)
dx

where m € N, we aim now to derive the following

differential relations for {f*1"~*n

Theorem 3.1. Let k; € N,(i =12,.. .,n). Then

n
kj .

H{Dx;}gl’iﬂ’ (X X3, ay )
= (3.2)
_ kg g 5] sy | Y200 X

(ﬂ)k1+"'+k” o (al +ki,...,a, +k,
Proof. By starting from the left-hand side of (3.2) and in
view of (1.9) and by using the relation (3.1), we get:

NCIE

(XpseenX,5a,5..0a,)

(8 o, 5.9
: i (a,+m)"..(a,+m,)" '
- o, =0| x™ ki xnmu*km
(m =k )V (m, =k, )

Now, letting m; > m; +k;,(i=12,...,

the formula (1), = (), (i +K),
definition (1.9), we get the right-hand side of formula
(3.2).

Theorem 3.2. Let

k,eN,s, #0,-1,-2,...... ,(i =1,2,....,n).
Then

n) in (3.3) using

and considering the

aa

ak
H s (xl,...,xn;al,...,an)

(3.4)

et o,

Xc/rf,sl +k1 oStk (

xl’ LX) n:alr 7an)'
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Proof. By starting from the left-hand side of (3.4) and in
view of (1.9) and by using the relation
k

O amy =1 (s) (a+m)
a

we get:

n

kj -
H{Dall }(:’:j’sl’ Sn

i=1

1[0 0

CTRN OB

< (’u)ml +..my, xlml x,

n
m1,...,mn:0(al +my )Sl+k] ...(an +m, )S”+k’l m !

m,!

Now, considering the definition (1.9), we get the
right-hand side of formula (3.4).

Closely associated with the derivative of the gamma
function is the digamma function defined by [[21], p.74(2.51)]:

w(x) =%lnf(x) = 11:((;)), (x)#0,-1,-2,.... (3.5)

Now, we wish to establish the derivative of the function

i with respect to the parameters s

Theorem 3.3. Let Re(u) € C\Z. Then

0
aéﬁ’sl"”’s’“ (X0 Xy apseesay)

& ('u)m+ +m xM x.n
- vt A 5™ (g g

ml>'“>mn:0(al"'ml)s1 ...(an+mn)sn my ! m,!
<[ (et my 4t my )=y ()]

Proof. By starting from the left-hand side of formula (3.6) and
by using the relation (3.5), then according to the result by using:

L, =i{—r(“ £
du du| T(u)
we obtain the right-hand side of formula (3.6).

Next, let us recall the definition of the Weyl fractional
derivative of exponential function e
in the form (see [[22], p.248(7.4)] ):

Dle ™ =a"e™, (3.8)

} =, [w(u+n)—ww], B.7)
,a>0 of order v

(v not restricted to be positive integer ).

We now proceed to find the fractional derivative of the
function {f*1"~*" with respect to s.
Theorem 3.4. Let v; >0,(i =1,2,...,n). Then

n

H{Dgll }cg,sl,...,sn

i=1

(xlv 5 Xpsaps-- ’an)

o (u),, m my
_ 1+...+my X1 Xp
=y o (3.9)

myeomy=0 (@ +my )s1 (a, +m, )S” myl o my !

xﬁ {[log(a,- +m; )]Ui }

Proof. Since (a+m) ™) = e(75008(@m) e have

oo

’an): z

my,...,my=0

Cﬁ,sl,...,sn (Xl’ X0y, (/u)m1+...+mn

m My
U X T slog(ag+my)

m!  m,!

- ox(ay )

The desired result now follows by applying the formula
(3.8) to the above identity.

4. Series Expansions

First we derive the following basic sums of series
Theorem 4.1. Let 5; #0,1,2,...... ,(Vi=1,2,...,n) . Then

k
i C#,srkl,...,sn—kn [xl’ ” nv} Bg| In"
n
_ ap,...,dy, kl' k}’l’
k1. 5k =0 (41)

n
- HoS] o8 8% V.
—exp[ZaiyiJCn L= (xle L.Lx,e ",al,...,an).

i=1
Proof. If in formula (1.9), we replace s; by s; —k;,

k
yl yn "
k! k!

(i= ..,n), multiply throughout by and

then sums up, we get (4.1).
Further, from definition (1.9) we easily have the
following interesting series relation.

Theorem 4.2. Let |xi|<1,{|yi|<|ai|}, s;#0,—1,-2,..
(Vi=12,...,n). Then

*

£ n k:
JRRY NIEY X ’.“,x ;a ,.“’a s, y_‘
kl,,Z,k;:UCW ( 1 n> % n )];[{( :)A», k‘ !} (42)

= (o (xl,...,xn,a1 = Vireenrd, —yn),

:exp( Zyl j@fj" (X X,3ae0a,). (4.3)
Proof. Since

(a+m=y)™ =(a+m)™ [1_a+ymj_s

RO

- P (a +m)s+k I

B

it is easily seen that :

C::’SI“ (xl’ yl’ ° n_yn)

s
2 (o, X

m m,

x M

s, +k,

o (a, +m, )S'%' (a,+m,)"
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The desired result (4.2) now follows by using definition
(1.9). Also, by right-hand formula (4.3) and using (3.4) we
get to left-hand side of formula (4.3).

Theorem 4.3. Let s; #0,-1,-2,

Then

(Vi=12,....n).

m
2 (@) G (¥ e, )
. 0

i (4.4)
0 0
=FNa, BB 1S s =Y —— ey —
A{ﬁl BuiSiss, ylaal ynaa}
XChSet (x,,...,xn;a,,...,an),
0
where |-y —{+...+|-y, —| <L
Oay a,
2 1

814k .08, i
QﬂSl P n(xl’ Xy Ay an)

e ;! (4.5)
0 0
:F(n) O yenes Oy STaenrS s V=V ——serey =V, ——
B 1 ns>°1 nsVs~N 6(11 Yn 6an
ch’[hslwwsn (-x17 Xy dy,.. :an)7
0 0
where max |-y —|+ —Vp— <5
Oy a,
z k,+ Ak, kl+...+k”
Lk, =0
n yk,
xGeathesthe (x X sa,. . a, -
(s 1 )H{kﬂ} (4.6)
0 0
=F N 0, Bis)ysS =Y ey =y ——
C |: ﬁ 1 n yl aal yn aa":|
XCUT (XX, ,), D
where [|-y,—+...+, |-V, <1; and
oa, ;
©  (a
Z ( )k1+,,,+k C;l S +Ky e, K, (xl’ x,a,, ,d,,)
kyseo sk, =0 (y)k,+...+k
n k}
X 2L
i1 {kl. !} 4.7)
0 0
= FUN 0,8, S i) =y ——
D |: 1 wo VsV 24, Y oa,
XL (xl, ..,xn;a,,...,an).
where Fj"),Fé ), )andF are the Lauricella's

hypergeometric functlons of n-variables (see [[18], p.60,

Eq (1), (2), (3), (DD.
Proof. We refer to the proof of Theorem 4.2.

Theorem 4.4. Let |yl~| <1,(i=1,2,...,n). Then

0

v Z (/'l)k|+,,,+kn

ky .ok, =0

gttt (x L x s a, ks a, +k,x)H{ } (4.8)

~ g a,)?

Proof. By starting from the right-hand side of (4.8) and in
view of (1.9) and by using the relation

(X, + Voo X, + V5.,

- e I V)

Wa_ (0" 35 LA

meo (a+m)*  m! j—om=o0(a+m+k)* m! k!

we get the left-hand side of formula (4.8).
Theorem 4.5. Let |x,~| <1, |yl~| < |a,~| and |tl-| < |al~|;
(i=12,...,n). Then

0

1Sy k.8, +k, . _ _
E ¢ (xl,...,xn,a, t,...,a, tn)
kl

ek, =0
n ylk, 0
H{( DAt = X

n =0

: % vt
JH——F|s5.,b,5s,1;
s, 2 P27 H s
(g, +m)" m,! a, +m, a +m,

where F, is the Appell's function of two variables
defined by the series [18]

F, [a,b,b';c,c';x,y} = i

m,n=0

(4.9)

my+..4m,

(a)m+n(b) (b) X"y
(e), (<),

Proof. By starting from the right-hand side of (4.9) and in
view of (1.9), we get

m' n!’

Since
Y k
pCH Laem-ry )
0 k o ‘ —(s+k)
=3 (0) sy 1o

r!
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Hence, the right-hand side of formula (4.9) follows.
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