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1. Introduction

The famous result of P. Turan [2], established in 1950,
is the following inequality:

Vn e N\{0}, Vx e[-1,1],
A (x):= B () = By (x)Byy (%) 2 0,

1 < .
where P, (x)=—>_ (Y (x=1)"F(x+1)¥, is the Legendre
2” k:O

polynomial of degree n. . This inequality has found
much attention and several authors have deduced
analogous results for other classical polynomials and
special functions. For details we refer the interested
reader to [1,3-17] and their references. There are many
applications of these results, for example in numerical
integration, information theory, economic theory and
biophysics (see [18]).

Legendre polynomials belong to the class of Jacobi
polynomials, which are studied in detail in [19,20,21]. For
a>-1,>-1,neN\{0} and x e[-L1] let

2
AP ()= (R ()] = RSP @RGP (),
where
RP) (x) =

Ta+l) &, Ta+frntk+)(x-1)
F(a+ﬂ+n+l)z(k) T(a+k+1) 2 )7
k=0

is the normalized Jacobi polynomial of degree n such that
R*Py=1.
G. Gasper has proved in [1] the following inequality:

VneN\{0}, Vxe[-L1],

_ 2
MED ()2 L=y (R ()
2(n+a+)(n+p)
with equality only for x = %1.
This shows that for all neN\{0}, we have

Vxe[-1,1], A%A) (x)> 0 ifand only if -1<a<f.
In the present paper our aim is to establish some
inequalities of Turan type for Jacobi-Dunkl polynomials

%P defined on [—%,%} by

v P (0) = R (cos(26))

(@.p)
1 Jm sin(20) R LA (cos(20)),
A +1)

Im|=1

if meZ\{0}, and y{*P)(0) =1, with

&P = 2sgn(m)f|m|(m|+a+ B +1).

We recall in the second section, some basic properties
of Jacobi and Jacobi-Dunkl polynomials. We also present
several explicit forms of these polynomials. Finally,
we establish, in the last section, some inequalities of
Turén type involving Ry ‘%) Jy(@F) and |y (@F) |
(Theorems 3.4, 3.7, 3.9). More precisely,

voe [_%ﬂ V@) F R (1010011 9))

p-a

>
(Im|+a+D(|m|+p)

sin0)* | w,,(0) %,

with equality only for 0 € {—%,0,%} .
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Then, we deduce that
T —_—
e [—5,5} WO F R (1 (OW0.1(8)) 20

ifand only if -l<a < f.

In the sequel, we take  >—1, f > —1 and we denote by
p=a+pF+1. We drop the exponents («, ) when there
is no confusion.

2. Preliminaries

In this section we recall some properties for Jacobi and
Jacobi-Dunkl polynomials useful to get inequalities of
Turan type which occur in the study of certain entire
functions. These inequalities give an idea about the size of
the gap, estimates and monotonicity properties of some
special functions.

2.1. Properties of Jacobi Polynomials

We consider the Jacobi polynomial ¢, defined on

7
0,—| b
[ 2} Y
0, (0) = ¢>,(1“"8)(¢9) = R,(la"g) (cos(20)),neN, O [0,%}

where R}Ea’ﬂ ) is the normalized Jacobi polynomial such
that R\ (1) =1. According t19,22], the ¢, ’s satisty
the following relations:

VneN, ¢,(0)=1. (1)

IFNa+DI(f+n+1) )

T n
vneN, g, (3)—(—1) C(B+DM(a+n+1)

T
g Pn (2 - 9)
VneN,VOe [o,—}, pPD o) =—= 2 (3)
2 Ed
o ( 2)
For all ne N, the Jacobi polynomial ¢, is a solution
on }O,%{ of the following differential equation:
Ly =—-4n(n+ p)y , where

Ly:=L, gy:=y"+[(2a +1)cot— (24 +1) tan]y’,

(b}

In hypergeometric form, we have

VneN, VHG‘:O,%[,

0,(0) =2 F (—=n,n + p;a +1;(sin 6)?),

where , F{(a,b;c;z) is the gaussian hypergeometric function
given by

v (@, (D) n
zFl(a,b,c,z)—’E)—n!(C)n z

>

a,b,c,zeC;ceZ_,|z|<],
with

if n=0,
if n>1.

1
(a), ={
a(a+1)(a+2)..(a+n-1)

The derivative of ¢, is given by

VneN\{0}, Ve [oﬂ

d , n(n + p) . LA+1
d—efﬂ;ga P 6)= —Wsm(w)wfﬂ 7 ).

In particular, Vn € N, %q)ﬂ (0) =0. In the Gegenbauer

case (f=a),wehave VneN,VOc [O,%}

1
o) )
¢7§Z’a) (5) =®n 2 @),

(4)
) ono )
o) (5]=cosecon 2 o).
Explicit formulas of ¢, are given, for all neN and

T
de|0,—|,b
e[ 2} Y

n

0, (0) =Y. (-DFa(k,n,a, B)(sin0)*

) k=0 (5)
=" b(k,n,a, B)(cos(20))",
k=0
where
D@+ DI(p+n+k)
atkona. B =G T Do ) ©)
if n>1,0<k<n,and a(0,0,a,8)=1, and
b(k,n,a, ) = Mkaﬂ)
2 (7

1
X (k—n,n+k+p;a+k+l;5), 0<k<n.
The orthogonality property is given by

_15

n mn >’

T
Vm,n e N,jOE 0, (0)p, (0)A(0)d6 = k

where

ko= p@h) QCn+p)(a+n+DI(p+n) @
o 222 N +1)2 0B +n+1)

if n e N\{0}, and
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[(p+])

ko = k(ga’ﬁ ) = )
22PN (@ + DB +1)

We also have, for all ne N\{0} and (96|:0,%:|, the

following recurrence formula:

DPn+1 (‘9) =
Qn+p)[(2n+p+1)(2n+ p—1)cos(20) +a’ — f*]
2n+a+D(n+p)2n+p-1)

3 n(n+ B)2n+p+1) 0,1(0).
(n+a+)(n+p)2n+p-1)

©,(0)

Examples 2.1 Forall neN and 0 € [0,%} , we have

D 2@ =190 =1-L L sino),
a+1
(p+2(p+3)

0= a2

(sin0)* =222 (Ging)? +1.
a+l1

11

2) <ﬂ£ > 2)<6>=cos(2ne),

1 1
(0,[12’ ZJ(H) _ sin((2n+1)0) 0

- ,0#0.
(2n+1)siné

( : 1]

T cos((2n+1@ V4

3) gy 22/(0)= « )),Hi ,
cos @ 2

11
¢£2’2j ©) = sin(2(n+1)0) 020, V3

(n+1)sin(260)’ 2"

2.1. Properties of Jacobi-Dunkl Polynomials
9,0)=9,(-0) for all
0e {—%,0{, A(0)=0 , and A(0):=A(-0) for all

Be}—z,O[.
2

For all

We take

neN and

meZ , the Jacobi-Dunkl

polynomial

=y @P) is definedon | -2, Z | by voe|-Z. 2
Vi =V is defined on > y € S5 |

A sin(20) ﬂ(aﬂ,ﬂﬂ) ©), 9

Wi (0)= Dml @) +i 4a+1) ml-1

if meZ\{0}, and y{*P(0) =1,

with 4, = A\%P) = 2sgn(m)[m|(m|+p) (see [22]).
Remarks 2.2

1) VmeZ\{0}, VO e {—f,f},
272

id

W (0)= Pm| 0)- 2, %(ﬂm\ (0).

2) In [22], the author has studied the harmonic analysis
associated with these polynomials.

Proposition 2.3 For all meZ and He[—%,%}, we

have
Dy, 0)=1 v_,(=0)=vy,(),
‘//m(e):l//—m (Q)ZV/m (-0).
0 -0
2 Ry, ()= 2O _ o).
3)
0) -y, (-0
Swm(9)=w’"( ) 2!//m( )
A (a+1,B+1)
= e D sm(ZH)gz)‘m‘_1 @),m=0
4)
1
o @wgn ’ 2J<e>. (10)
5)
(5] 3)
m| A~ |~ Fm| "5 |~ ¥m| 5
2 2 2 (11)
— " I'(a+DI(B+|m|+]1)
L(B+D(a+|m|+1)
6)
em(0-3)
w B0 () = 2) 0<o<”,
WE)
2 (12)

T
iz (9 5 j .
vl (0) = ————S5 2 <

Proof: We use (1), (9), (4), (2) and (3) to get the above
formulas.

For all meZ, y,, is the unique C” solution on

}—%,%[ of the differential-difference equation

Au®) = iAu(®),
w0 = 1

where A=A, z is the Jacobi-Dunkl operator defined on

Au(8) =u'(6)+[(2a +1)cot 6 — (28 +1) tan 0]

, 1) —u(-0) wec! }_g 1[
2 ’ 2721 )

In the following proposition we give explicit forms of y,,,.
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Proposition 2.4 For all m e Z\{0} and 0 € {—%,%} , We

have
1)

|

V(@ =Y (D alk,|m |, )

k=0
(|m|=k)|m]|+k+p)
A (k+a+1)

| 14 n(29)}(sin 0)*F
2)

T(a+DC(p+2|m))
2+ | m | +DT(p+ | m )

-1

+ 3 [pkmla.p
k=0
i 2k +1)b(k+1,|m|,a, B)
A
where a(k,n,a, ) and b(k,n,a,f),neN,0<k <n, are
respectively given by (6) and (7).
Proof: We obtain the above formulas from (9) and (5).
The orthogonality property is given in [22] by
A
VYm,neZ .[2 Vo (9)(//n (0)A(0)dO = h_lé'mn , with
2

(cos(20))™

Y (0)=

sin(260)](cos(20))",

-1

]

J 2 O F 40)d6 | = o,
2

hy, = h,(na’ﬁ) =
meZ\{0} and hy = h(()a’ﬂ) == where k,,neN, is
given by (8).
Examples 2.5 Forall meZ and 6 € [—% %} we have

D wo(0)=1,

1//1(0)—1—p+1(51n0) IR LALIRNVS
2 +1)

2)

vy (0) = LEDPE) (G gy _2(p_++12)(sm 0)? +1
a

(@+)(a+2)
2(p+2
+1 %sm@&)[a +2— (p + 3)(511’1 0)2 ]
3) l//r(nz 75) (0) eZth
)

1 1)
[5’_5 _sin((2|m|+D)
o O = ysing

1
+
22 [m]+Dy|m|(|m|+1)
(2| m|+1+(cot§)?)sin(2mB) — 2m cot O cos(2mb) |,
m#0,0+0

5)
{_i’l] cos((2|m|+1)6) i
22 Q) =
V=) cos @ 3 |m|(m|+1)

[ (2| m|+1+ (tan 6)*)sin(2m0) + 2m tan 6 cos(2mb) .,
m=0,0+# J_rz.
2

6)

(.

Ym

sin(2(| m | +1)0)
(|m|+1)sm(2¢9) (|m|+1)1/m|(|m|+2

x[(\ m|+1+ (cot(2¢9)) )sin(2m@) — mcot(20) cos(2m49)],

m¢0,6'¢0,i§.

3. Turan Type Inequalities

3.1. General Case

G. Gasper has proved in [1] the following proposition:
Proposition 3.1 For all n € N\ {0}, we have

1))
Ve [0,%} (@4 (0)? =21 (0)9,11(0)

B-a ) 2
2—(n+a+l)(n+,3) (sin@)" (¢, (0))",

with equality only for 8 € {0,%} .

2) Voe [og} (@4 (0) =0, 10,11 (6) > 0 if and

onlyif —-l<a<p.
In the sequel if this subsection, let m be an integer not
belonging to {-1,0,1}.

Lemma 3.2
!
D) Vpe {11, 2P <0,
Ap
2) 0<% 1.
2

m

Proof: Note that 4| A | = %m\fl%m\ﬂ >0 and

A2 A2,
Zm ZImAZmil —om? 1 2p m | +p% 1.
16
2 2 2
If 2—p° <0, then 2m” +2p|m|+p~ —1>0.

If2—p2:O,then —§<l<|m| and
2m* +2p|m|+p> -1>0.

If 2— p% >0, then
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—p=N2-p _—p+y2-p’
2 2

<l<m)|

and 2m2+2p|m\+p2—1>0.
Lemma 3.3

Vne N0}, VO e {—f 1},
272

ﬁ_

—PT%  (sing)?<l.
(n+a+)(n+p)

Proof: Let ne N\ {0} and He{—% ﬂ

(n+a+1)(n+ f)—(B—-a)sinb)?

— B)(sin0)* +(a +1)B.

— B)sin0)? +(a+1)B1<0 ,
— B)sin0)* +(a+1)B>0.

If A=0, then —§<1<n and

=n’+ pn+(a
If A= ,02 -4 (x then

n2+pn+(a

~ B)(sin8)* +(a+1)4 > 0.

—p—x/X<—p+x/X
2 2

n2+pn+(a

and

If A>0, then

(p+2)* A
4

= (a+1)(sin0)% +(B+1)(cos ) +(a+1)(B+1) > 0.

Hence #< 1<n and

n2+pn+(a

- B)sind)* +(a+1)B > 0.

The following theorem gives a Turdn type inequality
for 3y, .

Theorem 3.4
T T o~ ~ <
Voe [“El SYn () = 3Y 1 (O)3Y,1(0)
ﬂ’m—lﬂmﬂ ’B o (sin 9)2
A2 (mlta+D)(m|+p) 2
11— m—1""m+1
12

with equality only for 0 {—%,0,%} .

Proof: Let O e [_f,f} .

272
(SYm(0) =39,y 1 (OFY,,1(0)
(sin20) [ Amto V@)
| 4a+1)

1,541 1L+
|- 1%m|+1(ﬂ\m\ P )(49)(0|5,‘j+ 7D (6)

. 2
(A, sin(20) A1t | (el B) o2
_(—4(%1) j H 2 J%_l ©)

(a+1,5+1)
ATMI 1ﬂ1m|+1 (ﬂrz 1 (9))
Y
A (ﬂ(njig ,B+1) (Q)Q(aﬂ ﬁ+1)(9)

Proposition 3.1 and Lemma 3.2 give the above

inequality.
Corollary 3.5
voe|-Z.2|,
272

A
‘S‘//m 1(0)‘5 Y+l (0) < m izmﬂ ( m(‘g))
‘m
ifandonly if -1<a < f.
Remark 3.6
voe [_z 1}
2727
Sln(2¢9) LA+ LA+

SIY 1O 11(0)

(A SINQRO) Y A1 A (a1, f1) g (], B
_( 4o +1) J 2y 2 O " (0)

2
4, sin(26) @) o (@l
S( Ha+1) J max (g 5"V @l (0),05.

We establish now the following Turan type inequality
for the Jacobi-Dunkl polynomials ,,,.

Theorem 3.7

vee[—ﬁ z}
22

WO F R (11 (O1(6))
p—«

. 2 2
- (|m|+a+1)(|m|+/3)(sm9) W@,

with equality only for 6 € {—%,0,%} .
Proof: Let € [—% %} .
WO F R (1,1 (O9.1(6))
= (@) (0)) + (3, (9 = Py (O)P11/(0)
2
sin(20) | (a+LA+1) , o\ (a+LB+1)

~An-1Am1 (4(0[ ; 1)J mel\—l (9)(/7|m+1|,1 9
_ B-a

(|m|+a+1)(|m|+p)
P (0)) = D1 (O) P41/ (6)

(sin0)* v, (0)
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_ f-a
(Im|+a+1)(|m|+p)

(20)
i [ ) H)]

L gla 7 o)

(sin 0)* (9, (0))

(ﬁ(rzrrzl ,B+1) (g)ﬂ(rsiﬂ,ﬂﬂ)(a)

B (B+D)—(ax+1)
(m[-D+(@+D)+D)((m[-D+(B+1)
x(sin &) (¢)|(0’Jrl ﬁﬂ)(@))z]

[ Al 14m+1J
A

x(l— B-a
(Im|+a+1)(|m|+p)

From Proposition 3.1 it is obvious that
i) = A1 (O (6)

B p-a 2 2
(il vas(m+p) SO @O =0,

(sin «9)2J<S W (0))°.

and

(a+1,5+1) (9))

(ﬂm\—l (a+1 S+1) (e)ﬂ(aﬂ ,B+1D) )

e
B (B+1)—(a+1)

(m|=-D+(@+D+D)((|m|-D+(B+]1))
x(sin 0)2 ((p‘(“”’ﬁ“)(e))2 > 0.

m|-1

Note that 4,,_4,41 = Ap—14p+1 >0 and, by Lemma

32, 0< ] AmAmet

2
i
To finish the proof we use Lemma 3.3.
Corollary 3.8
T
Ve [— } V(O F =R (¥t (OW 11 (6)) 2 0

ifand only if -l<a < f.
Another inequality of Turdn type is given in the
following theorem:

Theorem 3.9
vee[—f,q,
2°2
Aoy 1l o
Ry, (0)) +%(~s W (0))*

p-«a

> (sin0)?
(Im[+a+1)(|m[+p)

x{(m Vi (0)) +%(s V()

m

with equality only for 0 {—%, 0,%} .

Proof: Let Hel:—z f}
2°2

A 1A
Ry, (0)? +%(S W (0))’

m

R (V1 (OW 11 (0))

p—-«a

= (sin 0)?
(Im[+a+1)(|m|+p)

A1 1 e
{(% Vn(0) +%(J W

m

(9»2}

(P (0))” = A1) (O) 141 (0)
P2 (0 (g, (0))°

S (Im|+a+1)(m

|+/5)

(20)
+ A1 A4 (Zl(r; N 1)J

(a+1,5+1) (9)) Q(OTJrzl ,p+1) (H)Q(aﬂ ,p+1) (9)
m

3 (B+)—(a+])
((m[=D+(a@+D+D((m[-D)+(F+1)
x(sin0) (gl 17D )7 ].

m|—-1

x[(%

Then we complete the proof as in that of Theorem 3.7.
Corollary 3.10

oo 53)
RVt (O 1 0) :

<Ry, (0))° %(o W (0))7,

m
ifandonly if —-l<a < f.

Bu using (3) and (2), Proposition 3.1 may be rewritten
in the following form:
Proposition 3.11 For all n € N\ {0}, we have

) Voe [—f 5},
272

(n+a)(n+ p+1)

(n+a+)(n+p)
a-p

C(n+a+)(n+p)

(@0(0)* = 0,_1(0)9,,.1(0)

(cos0)*(¢,(0))%,

with equality only for 0 {0,%} .

2) vee[o,f},
2

0,1(0)p,,,(0) < IHEDOTBED

(n+a+)(n+p)
ifandonly if -1< <.

From (12) and (11), we deduce the following proposition
which gives again Turan type inequalities for Iy, .

(0, (9)
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Proposition 3.12
1) Ve {—1 1}
2°2

(Im|+a)(m|+p+])
(m [ +asD)(m|+ ﬁ)( Y (0)) =39, 1(O)3Y,1(0)
Am1Am 1 a-p
2 (mlra)(m+f+D)
ﬂ'm—lﬂ“mﬂ
12
mlra)(m|+5+1)
(|m|+0!+1)(|m|+,3)

(cos 9)2

+1-

Syn ),

with equality only for 6 {—%,O,%} .
2) vee{—f 1}
22

SY - 1(9)5Wm+1(9)
< Amatmy (ml+e)(m|+f+1)
2% (ml+a+)(m|+p)

(S, (0)°

ifandonly if —-1< <.

It is obvious that Theorem 3.7 and Corollary 3.8 may be
rewritten in the following proposition:
Proposition 3.13

1 vee[—f 5},
272

(ml+a)(m|+B+1)

(m|+a+D(|m|+p)
a-p

~(ml+a+1)(m|+p)

WO F R (11 (O.1(6))

(cos8)* |y, (D) %,

with equality only for 0 {—%, O,%} .
2) vee{—f,f}
22

(Im|+e)(m|+f+1)
(Im[+a+D(|m|+p)

RVt (OW 11 (0)) < Wm(O)F .

ifand only if —-1< f<ax .
Also, Theorem 3.9 and Corollary 3.10 may be rewritten

in the following form:
Proposition 3.14

) voe [_1 z}
22

Ry, (0))>
(m|+ay(m|+p+n| YO

(s m [ +f)| +222522L 5y, 0)°

m

RVt (OW11(0))

a-p

> (cos 9)2
(Im[+a+1)(|m|+p)

A
{(m V() +%(S Vi (0))?

m

with equality only for 8 {—%,0,%} .
2) VO e [—5,5},
2°2

RV 1 OW11(0))

Ry, (0))
_(mlraxm|+p+p| O
(m|+a+1)(|m|+pB)| + L (S

Vi (0))
ifandonly if -1< <.

3.2. Special Cases

From (4), Proposition 3.1, and Proposition 3.11, it is

clear that the Gegenbauer polynomials ¢(** neN ,

satisfy the following inequalities:
Proposition 3.15 For all n € N\ {0}, we have

1) vee[o,f},
4

(22 @) o) @185 0)

(2« +1)(sin(29)) ( (a, a)(é?))
Cn-D(n+a+l)

with equality only for 8 {0,%} .

2) vee[o,f},
4

(62 @)) - ) @i ©)2 0

ifand only if —-1<« S—%.

3) vee[o,f},
4

_Qntbnta) ( (aa
(2n- 1)(n+a+1)( (0))
200 +1
S u-Dm+a+l)

~Ph O)s1 (0)
2
(cos20))? (¢ @)

with equality only for 6 e {0,%} .

4) vee{o,f}
4

A O 0 < L) (e )

Qn—Dn+a+H\ 2

if and only if o > —%.
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i ( s )
5) VOe {0%} ‘V’é?ma)l) (O)3 V’z?mojrl)(e)
(a,a) 4(a,a)
ﬂ?(m DR (m+1) ( (a a)(e))z
(e @) -ole? @te2 @ (e )
m
_(Qa- 1)(sin(26))* ( (a, a)(e))
Prn+1 . . 1
2n+D(n+a+1) if and only if —1<a£—5.
with equality only for 6 € {O,E} . 3) Vol e { z f} ,
4 474
T
6) VBE[O,Z} Q|m|+D)(|m|+a) ( (a “)(9))
@CIm|-D(Im|+a+1)
(@) i @l @20 RN ONITRNG)
. . 1 (a,@) 4(a,a)
ifandonly if —1<a < E . S ﬂz(m 1)12(,,;_1) 20 -1 (COS(ZH))z
p ( (a,a)) Q2[m[+D)(m|+ea)
7) VO e {O,ﬂ, m
@n+3)n+a) B 3o | @Iml+(m|+)
_enti)nra) (0505)9 (@.0) (9 (@) (g 4] 2m m+l) |
Qn+)(n+a+ 1)( 20 ( )) "0t (9243 (0) ( (@.a) )2 Qm|=D(m|+a+1)
20 — ( (a,@) )2 "
>———————(cos(20))" (3,1 (D)) 2
Qn+)(n+a+1) n x(Swé‘j‘n’“)(H))

T
ith lity only for 8 € {0,—¢ . .
Wit equatily oy fot 7€ { 4} with equality only for 0 € {—%,0,%} .

T
8) VOe|0,— |,
) 6[ 4} 4) vee[—f,q,
474
2

(a,@) 0 (a,@) 0 (2n+3)(n+a) (0“1) 2] ~ (a,2)

Ponl1 (0)p3,13(0) < (2n+1)(n+a+l)( 2n )) ;,,,é‘("m"‘)l)(e)\s Wz?mojd)(e)
;t(aa) ﬂ(

a)
< 2(m-1) 2(m+1) QIm|+1)(|m|+a) ( (0! a) (0))

if and only if 0521.
2 ( (a,a)) @[m[=1)(|m]|+e+1)

m

From (10), Theorem 3.4, Corollary 3.5, and Proposition
3.12, we deduce the following inequalities related to

Jyle®. if and only if aZ—%.

Proposition 3.16 For all m € Z\{-1,0,1}, we have By using (10), Theorem 3.7, Corollary 3.8, and
Dvgel 77 Proposition 3.13, we can show that the Gegenbauer-Dunkl
) 474 polynomials l//éi’a) satisfy the following inequalities:

Proposition 3.17 For all m € Z\{-1,0,1}, we have

(\Sl/lza a)(Q)) - “/’g(xrh(i)l)(e)swé?rﬁ)l)(g) 1) Ve [ z ﬂ}
el -1,
474

ﬂé?ma)l)ﬂz(((xnﬁ)l) 20 +1 (sin(20))° o e —
) ( @ @ImI=Dim v i@ O - (wz?m“1)<0)wzf‘,;ﬁ])(e>j
m
20 +1 . 2
> (sin(26))? | %
(a,2) 4(a,a) _ 2m
/Iz(m DA2(m+1) ( (a “)(,9)) Q|m|-D(m|+a+])
2
( ((rzn a)) with equality only for 8 € {—%,0,%} .
T T
with equality only for € € {—%,O,%} . 2) VOe [—Z Z} ,

T T
2) Vo< [_Z Z} lyieD @) P - (wé?m“h(H)l/é‘é‘nﬁ)n(@)]ZO
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ifand only if -1< < —%.

3) vee[—ﬁ 1}
474

C[m[+1)(|m]|+a)
Q| m|-D(m|+a+1)

(a,a) (a,a)
R (‘/’ Z?ma 1@y 2?m05r1) (9))

‘ (a, a)(‘g) |2

S 201
Q2 m|=D(|m|+a+1)

(cos20))* | w32 () P,
with equality only for 6 e {—%,O,%} .
4) vee{—f,f}
474
R w4 w0

Q2lm|+1)(|m|+a) | (aa)()|2
C@Im|-D(m|+a+1)

if and only if « > —%.

Also, (10), Theorem 3.9, Corollary 3.10, and
Proposition 3.14 give the following proposition:
Proposition 3.18 For all m € Z\{-1,0,1}, we have

1) voe [_1 z},
4’4

a,a) ﬂéa ,a)

( (aa)(e))z ”"E(m 1)"2(m-+1) ( (aa)(‘g))

(a,)
()
(a,a) (a,@)
R (‘/’ Z?ma 1) (Q)V/Z?moj—l) (9))

2 +1

_ 1 2
Q=D m [ ra e SO

a,a) ﬂéa Q)

><( (0106)(9))2 /12((’” D (m+1)( (aa)(g)) ,

()
m
with equality only for 8 {—%, O,%} .
2) vee[—f,f}
4’4

m(wéﬁfi’»(@)w&?&ﬁh(@))

(a,x) (a )

viof ST el

if and only if 1< a < —%.

3) VO {—f 1}
474

@l m[+D)(m]|+a)
@[m|-1)(|m|+a+1)

(a,a) 4(a,a)

iz(m 1 2(m+1)( (a a)(e))
2
()
m
(v owio)

20 -1 2
2 R lm D m [ raeD) G

(@) )
| (Ruls o) +

(a,a) 4(a.a)
ﬂZ(m 1)2'2(m+1) ( (a a) (9))

x ( (a a) (9))2
()

with equality only for 0 {—%,0,%} .

@[m]|+1)(|m]|+a)
@m|-1)(|m|+a+1)

(a,2) (a,)
m('/’z((xmal)(e)'/’z?nﬁl)(e))

(a,a) ﬂz(a )

X( (aa)(a))z A(m-1) (m+1)( (aa)(e))

( (a, a))
m
. . 1
if and only if & > 5
Examples 3.19
DIf we take o =g :% in Proposition 3.1, one can

show that
vneN, V0 e|[0,r],|sin(nd)|< nsinb.

2) If we take a:—% and ﬂ:% in Proposition 3.1,
one can show that

VneN,Vée [o,ﬂ, | cos((2n +1)8) |< (2 +1)cos 6.

The study of the first terms of the Jacobi-Dunkl
polynomials gives the following inequalities:

Proposition 3.20

Vm e {-1,0,1}, V0 e [ 51}
272

(SYn(0) =391 (O)F Y1 (0) 2 0,

with equality only for 0 € {—%,0,%} .

Proof:
Vm e {~1,0,1, vee[—f 5}
22
(SYn(0) =3Pt (O)F,,11(0) = (3, (0))°

- L12(sin(26))2 > 0.
4(a+1)
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Remark 3.21 The members of the inequality, given in
Corollary 3.5, take the value zero when me {-1,1},

a>-1and f>-1.
Proposition 3.22
DHIf -1< <, then

Vo e [—%ﬂ 10O F —R(v_1(0)1(6))20,

with equality only for 8 =0 or(H:i% and f=a).
DIf -l<a< f,let

-

6y = arctan( 2a+3 J, (13)

then
a) veo E] - 90’90[\{0} s

R(y_1(Ow1(0)) <lwo ().

T T
b) VOe|-—,-6y| v |6y,— |,
) e[ 2 0[ }" 2}

Vo) <R(v_1 (O (0)).
c) VO e{-6,,0,6},
R(v_1Ow1(0)) =l wo (@) [P=1.

Proof: V0 e —E,Z R
2°2

Wo(0)F ~R(v_1(01(0))

_ le(sm(ze))2 +1—- (¢ (0))
4o +1)

_lpth 1)2 (sin0)[ (2 +3)(cos 6)* + (a — B)(sin 0) ].
(a+1)

The derivative of the function

f:0 Qa+3)cosh)” +(a - B)(sin )
is 10 —(p+2)sin(26). Then VO e }0,%{, f'(6)<o.

Moreover, f(0)=2a+3>0 and f(%]za—ﬁ<0

when —1<a < . Thus we get the sign of f(6) which

finishes the proof.
Corollary 3.23
DIf -1< f<a,then

Z p+1 . 2 2
Vﬁe[o,z}, |¢1(9)|S[—4(a+1)2 (sin(26)) +1J ,

with equality only for =0 or(@:% and f=a).
2)If -1<a < f,then

a) V0 €l0,6,[,

1

|2 (0) < (le(sinQH))z + 1}2 .
4(a+1)

b) vae}ao,ﬂ,
1

{le(sin(ZQ))z ; 1}2 40 0)].
Ko +1)

¢) VOe{0,6,},

1

91O = (%(ﬁn(sz + 1]2 =1,
4(a+1)

where 6, is given by (13).
Proposition 3.24 Let m € {-1,1} .
DIf -1<a <, then

Vo e [—%ﬂ RY (0 =R (W1 (O 11(0)) 2 0,

with equality only for 8 =0 or(ﬁzig and f=a).
DIf -1<f<a,let

6, = arctan( MJ, (14)
\ (@-pB)B+1)
then

a) VO €]-6,6[\{0;,

R(Win1 OWr1(0)) < Ry, (0))°

T T
b) VOe|-——,-6,| v |6,—]|,
) e[ 2 { }12}

RY (0 <RVt (OW 11 (0)).
c) VOe{-6,,0,6},

RVt OW 1 1(0) = Ry, (0))°.
Proof: V0 e {—%,%},

R(V o1 OV 11 (0)) - (R, ()
=0, (0)— (¢ (0))°
_ (sing)®
(@+1)*(a+2)
[ 2(a +1)(a +2)(cos ) +(B+1)(B—a)(sinB)? ].

The derivative of the function

2:0 - 2(a+1)(a+2)(cos0) +(B+1)(B—a)sin ).
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is g0 [(B+1)(B-a)-2a+1)a+2)]sin20). If

-1<f<a, then VOe }0,%[, g'(0)<0. . Moreover,

2(0)=2(a+1)(@+2)>0 and g(%)z(ﬁ+l)(ﬂ—a)<0.

Thus we get the sign of g(6) which finishes the proof.
Remark 3.25

YmeZ,
RVt O 1 (0)) = Ry, (0))
4y O P=1.
Corollary 3.26
DIf -1<a < g, then

Ve [O,%}, 2, (0) < (9 (0))%,

with equality only for =0 or (0= % and f=a).
2)If -1< f<a,then
a) VO €0.6[. () < (¢ (0))* .
b) vee}el,ﬂ, @(0)% <05(0) .
0) VO {0.6},0:(0) = (1(0))°,
where 6, is given by (14).

Proposition 3.27 Let m e {-1,1} .
DIf -1<a <, then

Vo e {—%ﬂ W (O F =R (¥t (OW11(0)) 2 0,

with equality only for 6 =0 or(HZi% and f=a).
DIf -l<f<a,let

6, =arctan{\/(a+2)(3a+ﬂ+4)} (15)
(a=p)p+1)

then
a) VO e]-6,,0,[\{0},

R (V-1 OV 11(0)) <1 v, (0)
b) VHE[—%,—GQ[U}HQ,%} :

WO P < R(Wt (OW 1111 (0)).
C) VOe {—92,0,92} N
R (Vi1 OV 1(0)) =y (O)

Proof:

Ve [‘%ﬂ VO F =R (1 OW110)

=1 (0)F ~p2(6)
~ (@0 +—L(sin(26)) 26
Ao +1)
_ (sing)?
(@+1)*(a+2)
o (@ +2)Ba+ B +4)(cos0) +(B+1)(B—a)sinb) ].
The derivative of the function
h:0 (a+2)Ga+ f+4)(cosO) +(B+1)(B - a)sinb).
is h': 0 [(B+1(B—-a)—(a+2)3a+f+4)]sin(20). If

-l<fB<a , then VHe}O,%[,h’(9)<O . Moreover,

h(0) = (a +2)(3ar+ B+4)> 0 and h(%):(ﬂ+l)(ﬂ—a)<0.

Thus we get the sign of 4(6) which finishes the proof.

Corollary 3.28
DHIf -1<a < f,then

vOe [oﬂ 220 < (91 (0) +—1_(sin20))2,
4a+1)

with equality only for =0 or (8 :% and f=a).

2)If -1< f<a,then
a) VO €)0,6,[,

020 < (91 (0) +—_(sin(20))2.
4(a+1)
b) VO e }92,%} ,

(@) +—L1(5in(20))” < 2 0).
A +1)
c) VO e{0,0,},
020 = (1 (0) +—_(sin20)),
4a+1)

where 6, is given by (15).
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