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1. Introduction

We consider the Oppenheim's problem: What are the
best possible constants /j,/,,7,7, € R such that

Lcosx+1, <Mr < K COSX+7y
x
hold for all x € [z, 7]\ {0}?

In 1958, a partial solution is given in [1,2]: If
1 T T
a E}O,E:l and xe[—i,i} then

(a+1)sinx T sinx
<x<

2 1+acosx

1+acosx

Next, L. Zhu solved completely this problem for
trigonometric functions, see [3]. Since the cosine and sine
functions are particular cases of Bessel functions, then it is
natural to generalize some formulas and inequalities
involving these elementary functions to Bessel functions.
The extension of the Oppenheim's problem to Bessel
and modified Bessel functions was first considered by
A. Baricz in [4]. Recently, we established in [5] some
inequalities related to this type of problem for Dunkl

kernels % by answering to the following question: What are,

1 .
for a > > the best possible constants /,l,5,7, € R

such that

a+l

hy G (0)+hL <y ST () <y () +n

hold forall xel; I=R, [a,b], a,beR;
a<b, [a,+0[,aeR,]-x,b], beR.?

Some new inequalities involving modified Bessel
functions have also been improved.

Our aim is to solve the analogues of the Oppenheim's
problem for the real and imaginary parts of Dunkl kernels

a 1 .
¥ ,aZ—E. In the beginning, we present some new

inequalities related to this problem for trigonometric
functions. These inequalities and Sonine integral formula
for Bessel functions allow us to get a new version

of the solution of this type of problem for Bessel functions
Tgr02 —%. Next, by using again Sonine integral

formula for Bessel functions, we solve the Oppenheim's

problem for the imaginary parts of Dunkl kernels
1 . .
v, aZ—E. At the end of this paper, we give

refinements of inequalities for Bessel functions
NN - —%. More precisely, in view of the inequalities
given by A. Baricz in [4,6], we prove that if

1 1
az2——,a € |0, and ap =a;+1€ 1,i , then for all

2 2 2
x €[-n,7]\{0}, we have

(a+1)TJ,(x)+1 < 2a+D)ay T, (x)+1
a+2 Qa+)a +ay

and
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(@ +DTo O +1 _ Aa+Da T, 0)+1 _,
a+2 T Qa+la+ay,

If « 2—%, a e]O,+oo[\{7zT_2}, then for all
xel[-x, 7] \{—E,O,E}, we have
22

2(a+D)ay T, (x)+1 < (a+)(7r-2)T,(x)+1
QLa+1)ay +aj; (a+D)7r—-QRa+1)

where a;,a, and aj are as in Theorem 1.1 of [6].

2. Dunkl Kernels

In this section, we take o > —1.
Definition 2.1. Let A€ C. We call Dunkl kernel the

function y§ defined by

« A
v (2) = Ty (22) +2(;—j1)7a+1 (A2), z€C,

where J, is the normalized Bessel function of index a
given by

400
Ta(2)= 3 (-D'e, (@)™,
n=0
with for all » e N, we have
INa+1)

nC(a+n+1)

)

c,(a)= S

For more details of these functions, we can see [7-17].
The following results of this section are proved in [5].
Proposition 2.2. For all ,zeC, xeR and neN, we

have
Dyi@=viA)=vi1.
)y (2)=vi(-2), v&(-2)=yi(2),

vi(2)=y5(-2).

3) i 0)=1.
4)

400 (_Dn (ﬂz)2n

,Z;‘)zz"n!r(mnu)
+00 n 2n+l1

I S O

22" (@ +n+2)

v (2)=T(a+1)

n=0

5)
a,_ Tla+])
l//i(Z)_\/;r(a-}—l)

2

1 1
| 1 1
X" "2 2 gy,

6) [w§ (z)|< 5.

7) A" yisa ().

d" o a
L)

In particular, if 2 € R then |y (x)[<1.
8) limy . w7 (x)=0, x#0.

Proposition 2.3. The Dunkl kernel w§, AeC, is the
unique entire solution on R of the following equation:

Aju = ilu,
u(0) = 1,
where A, is the Dunkl operator on R of index (a+%)

associated to the reflections group Z, and given by

2a+1[f(X)—f(—X)j
by 2 ’

Ap /() :=%f(X)+

feC\(R), a> —%.
Remarks 24.If feC ! (R), then we have
) A f(0)=2a+Df(O)
X
D) (Aafde =Ag(fy) =5 f, +Ca+ D2,
X
3 Moy = Afe) = 1.
X
4)
d 1\el d
Aaf(x) :d_yf(X)+((Z +Ejj_ld—yf(xt)dt,x eR

where f, (resp. f,) is the even (resp. odd) part of f.
In particular, for all z e C, we have

y1 (2)= ja(z)+im~7a+l(z),

where J, is the normalized Bessel function of index « .
Proposition 2.5. For all zeC, xeR and neN, we

have
Dy (0)=1.
+00
2) i (2)= Y b(a)z*, with forall k € N, we have
k=0
by(@) = (De(a),
by(a) = (L@ @
2k T 2(k+a+l)
where ¢; (o) is given by (1).
3)
T 1 1 a+l a—l
wi(z)= m—+)lx I_l(l —1) 2(1+1) 2¢“d4r.
x/;F(a + 2)

4) |y (z) 1< ¥,
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5)

k
by (a)x

Z(n+k)

1

1
Ta+1) j ity (=1 2(1+0) 2e7 g

_\/_l"(aJr )

<l1.

d}’l
6)
dx"
7) The function w{* is the unique entire solution on R
of the following equation:

Agu = iu,
u(0) 1.
Examples 2.6. For all x e R\ {0}, we have

D) J 1 (x)=cosx,
2
Z | (x)=coshx,
2
1

v E(x)zeix, xeR.

sin x
) I 0)=—m0
5 X
7, (%) = s1nhx’
5 X
1 . .( . )
5,y _ Xsinx+i(sinx—xcosx
Vi (x)= 5 .
x
sinx — xcos x
3) Ty (x) =318
2 x
xcosh x —sinh x
T3 (1) =3 —,
2 x
PG )~ l3xcos v+ (o ~3)sina]
5,y X(sinx—xcosx)—i[3xcosx+(x” —3)sinx
wi(x)= A
where 7, is the normalized modified Bessel function of

index a given by

+00
T,(2)= ) ¢, (a)z*",
n=0
with ¢, (a) is given by (1) .
Remarks 2.7.
1) The function J,
of the following equation:

is the unique entire solution on R

Lou = -u,

u(O) = 1,
—u 0 = 0.
40

2) The function Z,, is the unique entire solution on R

of the following equation:

Lyu = u,

u© = 1,

d

—u(0) = 0,

p 0)

where L, is the Bessel operator on R given by
2a0+1 d
Lo f(%) =—f( )+ —f(x)

1
feC’R), a> -
Proposition 2.8.Forall >0 and xe R, we have

) \7 ( )_ a+1( )
2
da(a+1)
Zoyi(x).

X
2a+1)

2) Tq1(X) =T 5 (x) = T o1(X) -

d X
3 g Te= Aa+1)

S

4a(a+1)

Proposition 2.9. For all k,ne N and xR, we have
2k

1) —r i)l >

d2k+1
v >

4 L, (x)=Z,(x)+ Loy (x).

2) If x>-1, then

n

Ly -i0> 0

dx

3)If x> -1, then

3. Inequalities Related to Oppenheim's
Problem

3.1. Main Results

We begin to find the
li,l,1,7» € R such that

best possible constants

hWT 1 (D) +h T ()SRT | ()+n (3)
2 2 2

hold forall xel;, I=[-x,x],[-b,b],
O0<b<rz,[-m,—alUla,z],0<a<7.

The solution of this problem can be stated in the
following theorem:
Theorem 3.1

1) Forall b €]0,#[ and x €[-7x, 7], we have

sup{J 1(x),0}£%[j 1 (x)+1

2 2

Sinf{%[j 1(0)+2
2

<J1(x)
2

(BT 1 () +ug (b)}

2
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T

2)Forall be }0, 2} and x €[-b,b], we have

¢ —U4(b))j_1(x) +tuy(b) < jl(x)

2 2
<inf {l[
3

3) Forall be }%n[ and x e [~b,b], we have

(BT (%) +ug (B) .
2

J 1(x)+2
2

1
1—w1(b)[‘7—;(x)_wl(b) < J%(x)
< inf{%[j 10+2 L ®)T (x)+u4(b)}.
2 2

<J1 (%)
2

J 1 (x)+1

4)Forall ae [0,%[ and x €[-7,—a]U[a, 7], we have

U (a)[ }
2

<y (a)j,l (x)+uy(a).
2

<Jp(x)
2

J 1 (x)+1

5)Forall a e [%,7{ and x €[-7,—a]Vla, 7], we have

Uy (a){ J
2

<u(@)J 1 (x)+uyla),
2

where u;,u, and w; are respectively given by (4), (5) and (6).
With the aid of Sonine integral formula for Bessel

functions we get the following theorem:

Theorem 3.2 Let o > —%.

1) Forall b €]0,z[ and x €[-7, 7], we have

% STgn(¥) =
inf{(a—"_l)ja(x)"rl 2(a+1)u1(b)ja(x)+u4(b)
a+2 (2a +Duy(b)+1 '

2)Forall be }o,ﬂ and x € [~h,b], we have
2+ 1)~ ug ()T g (x) + 14 (B) _

2(a +1) = (2a +uy (b) a
< inf{(a +D) T, (x)+1 2(a+Duy(b) T, (x) +uy (D)

Qa+Duy(b)+1
3)Forall be il%,ﬂ'[ and x €[-b,b], we have

T a1 (x)

|

a+?2

2a+ DT (1) - m () _
2(a+1)—w (b) B

T a+1(%)
. inf{(a+l)ja(x)+l
a+?2
2(a + Dy (b)T o (x) +uy (b)
(2o + Dy (b) +1 ’

where u,u, and w; are respectively given by (4), (5) and

(©).

Thus, by choosing « =% in Theorem 3.2, we obtain

b

the following interesting result.

Corollary 3.3
1) Forall b €]0,7z[ and x €[-x, 7], we have

{IS(Sinx—xcosx)
SUpy—————~——
3sinx+2x
3(2uy (b) +1)(sin x — x cos x)
3uy(b)sinx +uy (b)x
2< 12(sin x — x cos x) .
3sinx+x

<
2) For all x €[-x, 7], we have

sup {

12(sin x — xcos x
< 32 < 1sinx=xcosx)
3sinx+x

15(sin x — x cos x) 3'(7r2 + 8)(sin x — x cos x)
2(6sinx + 7x)

|

3sinx+2x

3)Forall be }O,%} and x €[-b,b], we have

Sup{ 3sinx+2x
2< 3(3—2u4(b))(sin x — x cos x)
T 3(1-uy(b))sinx +uy(b)x

15(sinx —xcosx) 3(2u; (b)+1)(sin x — x cos x)
3uy(b)sinx +uy (b)x

!

A\

E

4) For all xe{ ﬂ},wehave

sup {

2< 337 —4)(sinx — xcos x)
T 3(z-2)sinx+2x

15(sin x — xcosx) 3(z> +8)(sin x — x cos x)
2(6sinx + 7x)

|

3sinx+2x

<

S)Forall b e :|%,7Z'|: and x €[-b,b], we have

o]
i

3(2uy (b) +1)(sin x — x cos x)
3uy(b)sinx +uy (b)x
2 33 —w(b))(sinx —xcosx)
3sinx—w(b)x

15(sin x — x cos x)
3sinx+2x

>

<x
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where u;,u, and w; are respectively given by (4), (5) and
(6).
1 .
Now, for az—z , we are going to find the best

possible constants /;,/;,7,7 € R such that
h3pf () +h < Sy (1) <ASyf () +n

hold for all xe [,

O<b<m.
The solution of this problem can be stated in the
following theorem:

]=[057[]a [_7[:0]7 [O’b]v [—b,O],

Theorem 3.4 Let « > —%.
1) For all b €]0,z[ and x €[0,7], we have
6(a +D)I i (x)+x
3Qa+5)

~,,
<inf 3a+D3Iy (x)+x
3(a+3)

a+l

<3y (%)

B

6(a + Dy (D) i (x) +uy (b)x
3[(2a +3)uy (b) +1] '

2) For all b €]0,z[ and x €[-7,0], we have

B

inf{3(& +D)Iyp (x)+x
Xa+3)

6(a+ iy (B)Iyf* (x) + 114 (b)x
3[(2a +3)uy (b) +1]

< 6(a+1)Iyp (x)+x

<3y 32a+5)

3) Forall b e }o,ﬂ and x €[0,b], we have

6(cx + D)1 —ug (D) I 1" (x) +uy (b)x
3[2(a +2)— (2a +3)uy (b)]

(a+ DIy (x)+x
3(ax+3)

<Jyftlx< inf{

6(a + Dy (B)Iyri” (x) +uy (b)x
3[(2a +3)uy (b) +1] ’

4)Forall be }o,ﬂ and x e [-h,0], we have

inf{3(a+l)3 W& (x)+x
3(ax+3)

6(cx + Dy (D)I " (x) +uy (b)x
3[(2a +3)uy (b) +1]

<3yt )

< S(@+ DA —uy ONIyi (x) +uy (b)x
T 2@ +2)-QRa+3uy(b)]

S)Forall b e :|%,7Z'|: and x €[0,b], we have

6(a + DIy (x) - wy(b)x
3[2(c+2)— w (B)]

1 ~.
<Sy )< inf{s(a il 3)(‘5 %3)@ L
o+

6(a +Duy (B)Iyi” (x) +uy (b)x
3[Qa +3)uy (b)+1] '

6) Forall b e :|%,7Z'|: and x €[-b,0], we have

>

inf{3(a+1)3l//1a(x)+x
3a+3)

6(a+ Duy (D)Ipf (x) + 4 (b)x
3[(2a +3)uy (b) +1]

6@+ DI yf’ (x) - wi (b)x
32 +2) - w (B)]

<TIy{t(n <

>

where u,u, and w; are respectively given by (4), (5) and

(©).

3.2. Preliminary Results

In order to solve Problem (3), we present the following
propositions:
Proposition 3.5

1) For all b €]0,z[ and x €[-7, 7], we have

(BT | (0)+inf{l = (), (B)}
2
<T1 (DT | () +uyb).
2 2

2) For all b €]0,7] and x €[-b,b], we have
w (B)T | (x)+1-1(b)
2

<T1 () < (B)T 1 (%) +uy(D).
2 2

3) Forall ae[0,7] and x €[-7,—a]U[a, 7], we have

2 2 2

" (a){J L)+ IJ <TI0 (@) | (0)+uy(a),
2

where for x €]— 7, 7[\{0},

‘73 (x) )
2 _sinx—xcosx ()
) 371 (x) Xsinx
2
2x —sin(2x)

(5)

uy(x):=Jq (x)—cosxuy(x) = o
> 2x° sinx
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Proposition 3.6
1)Forall be }0,%} and x €[-b,b], we have

(=g (BNT 1 () +14(5)
2
< jl (x) <y (b)J_l (x)+uy(b).
2 2

2) For all ae O,£ and x e —E,—a U a,Z , We
2 2 2

have

T @) <u(@F | () +y(a).
2 2

3) For all be}z,ﬂ[ and xe[—b,—z}u{z,b}, we
2 2 2

have

T1 () Su(B)T 4 () +u4(b).
2 2

4) For all ae[%,ﬁ[ and x e[-m,—alVla, 7], we

have

“4(0)[ 1 (X)+1J< J1 ()
2

2
<u (a)J_l (x) +uy(a),
2
where u; and u, are respectively given by (4) and (5).

Proposition 3.7
1) For all x €[-x, 7], we have

Sup{j 1 (x),0 } {j 1(x)+1J
2 2

Sjl(x)ﬁé j_l(x)+2]£1.
2 2

I\)I'—‘

2)Forall b €]0,#[ and x €[-7, 7], we have
T1 () Su(b)T 1 (x) +uy (D).
2 2
3)Forall a€]0,7] and x €[-7,—a]U[a, 7], we have
T (x) <y (a)j_l (x) +uy(a).
2 2
4) For all b €]0,7[ and x €[-b,b], we have

1
m[ 1 () =m (b)J

<J1 (0 < (b)Jfl (x)+u3 (b,
2 2

where u;,u, and w; are respectively given by (4), (5) and
for x e[-7, 7]\ {0},

1-J,(2x)
C7LC) |
wy(x): () 2 T3 (x) ©
2
2x —sin(2x)

2(sin x —xcosx)

The study of the Bessel function 75 gives the following

2
proposition:
Proposition 3.8 The function 75 is even on R, strictly
2
increasing on [—,0], strictly decreasing on [0,7], and
satisfies
24 3
1) J50)=1, 75 [i%):—3, T3 (1) ==
2 2 4 2 4
2
2) VxeR, ..73(x) T (x)- j1(x)
2 2 2
2
3) Vxel-n,7], T (x) T (x)+?..
2 2

In view of [18] we deduce the following Sonine integral
formulas:
Proposition 3.9 For all > f>-1 and xeR, we

have

1)

:; 2ﬂ+1 l a— ﬂ ld

Ty (%) B 7. ﬂ+1)~f T p ety (1-1 2y ;
:mJZ jﬂ(xsm &)(sin g)zﬂﬂ(cos 9)2(a P10

2)

1

v =

wr ()= B(a-p,B8+1)

x ﬁly/{‘ (xt) | £ PP (01 =2 P gy
) ]
- Bla—B.p+1)

T

x j 2 yf (xsin 0)(1 +sin O)(sin(| € )7 (cos 0)“ P do

B 2
 B(a-pB,B+1)

1 2 + a—
xjo{jﬁ(xt)ﬂz(ﬂ 1)Jﬂ+1(xt)} 2P -2y P g

B 2
~ Bla—B.p+1)
z . _x(sin9)? .
x[ 2 {jﬁ (xsin @)+ z%jﬁﬂ (xsin e)}

x(sin 0)*P* (cos 9)X P gg.
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3.3. Concluding Remarks
1) Let b €]0, 7] . We have

3sin(2b) + 4b° sinb — 6b 3
2[3bcosb +sinb(b? —3)]

coshb < — 1.

a) If | x|< xg , then

%{j_l(x)-i- 2} < Ml (b)j_l(x)+u4(b)
2 2

b) If xy <| x|< 7, then

J (x)+2}.
2

()T () +ua() <
2

c) If | x|=xp , then

1

J 1(x)+ 2} =1 (BT | (X)+us(b),
2 2

where 0 < x5 <b and

3sin(2b) + 4b° sinb— 6b
2[3bcosh +sinb(b> —3)]

cos(xg) =—

2)Forall b €]0,7[ and x €[-7, 7], we have

U (b)jil(x) +1nf{1 - (b),ul (b)} < %[Jl(x)+lJ
2 2

3)Forall b €]0,z] and x € R, we have

T 1 )-w (b)}

1
ul(b)jil(x)+l—u1(b) Sm[ 72

2

4)Forall be }0,%} and x e R, we have

Ly 1 () =w (B) |<(-ug(D)T 1 (x) +uy(b).
1w (D) > 5

S5)Forall be }0,%} and x €[-7, 7], we have

T @ IJ <(-ug BT () +uy (B)

2 2

6) For all x e R, we have

l{y 1<x)+1]si[(7r—zm 1<x)+2]
2| — T -

2 2

{ulg) sl

2

67

7) Forall be :|%,7Z'|: and x €[-7,7], we have

— J_l(x>—wl<b>].
2

8) For all ae[%,;{ and x € R, we have

uy(a)

2

2

J l(x)+1}Su4(a)[J 1(x)+1].

In view of the inequalities for Bessel functions given by
A. Baricz in [4,6], we can show the refinements of these

inequalities as follows.

9)Let q; € }O,%{, ay=a;+1e }1,%[ and

x €[-n,7]\{0}.

We have

a) 0<ﬂ<l.
(12 3
b) z<i<1.
3 Clz

J 1(x)+z]<ﬂj 1(x)+i.
a a

1
C —_—
)3

a 1
=17 1(0)+—=1.
a *5 a

d) %[j1(0)+2
2

10) Let a € 0,l , a3 =2 and xe -2 . We
2 2 2°2

have
a) 0<ﬂ<l.

613 T

by =2,
613 T

c)

a7, (x)+i<l[(;z—2)j X (x)+2]
a3 —5 a3 T —E

[ron(g)) yeoen(3)
d)
a7, (ifj+i=l[(n—2m 1 (J_rf}z}i.
a —\ 2) a3 & —\ 2 V4

2

1
11) Let a € —,”— , a3 =2 and xe —z,z,
27 2 2 22

We have
a) igﬂ<ﬂ-__2
T a3 T
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bl 2.
as T

oAy 1(x)+i<l[(7r—2)j 1(x)+2].
az — T —

a
3 ) 3

2
d)
ﬂj ][i£j+i
as *E 2 as
L Y l(i£j+2:l=£
V4 —\ 2 Vs
2
12) Let o e}”_z,z[, az ::a1+le}£,ﬂ+2[ and
2 2
x €[-z,7]\{0}. We have
a) ﬂ_2<ﬂ<—2
V4 a3 7w+2
b) i <i<3
T+ a 7
a 1 1
) —J 1 ()+—<—|(7-2)T 1(x)+2].
as —5 as Vs -

L 2

d) S 1(0)+i=% (7-2J 1 (0)+2|=1

a3 —5 Cl3 i 5 |
2 T+2
13) Let ) 2 —, a3 ==q; +12 and x e[-z, 7]\ {0}.
T T
We have
a)a—lz 2 >ﬁ_2.
a; 7w+2 T
by < T 2
a 7w+2 o«
4] 1 1
) —J 1 ()+—<—|(7-2)T 1(x)+2].
as - as T -
2 L 2 i
d)

Y7 0= z-27 ,0+2]=1.
as —5 as T —5

14) Let o > —%. A. Baricz has proved in [4,6] that for

all xe —E,z , we have
22

2Aa+Day T, (x) +1
(2a+1)a; +a < Jan ()

L 2@+ D@ T, (0 +1

B (20! + l)al + a2

where a;,a, and ay are as in Theorem 1.1 of [6].

1 3
a)If g e |0,—,a) =a;+1e |I,=,
) If o } 2[ 2= }2{

then 0< <X 201 1 and for all xe[7.7]\ {0},
ay 33 a
we have
(@+ DTy () +1 _2a+DaT, (x)+]
a+2 Qa+Da; +a,
and

(a+1)J,0)+1 2(a+D)aJ,0)+1
a+2 B B

1.
(2(Z + 1)a1 +ay

b) If @ €]0,+o0[\ {HTZ} , then for all

X E[—ﬂ',ﬂ']\{—z’o’z},
22

we have

Aa+DaTy()+1 _(@+1)(7=2)Tg () +]
Qa+1)a +ay (a+D7r—-Qa+1)

3.4. Proofs

Proof of Proposition 3.5: Let x €]0,7z[,c € R and

sin x —cxcos x

u(x) = Jl(X)—Cjil(x) =

2 2

XCOS X+ (cx2 —1)sinx

We have u'(x) =

2
X
u'(x) =0 if and only if
J 3 (x) )
2 sinx— xcos x
c=u(x):= =
371 (%) x? sinx
2
uj(x) = % , where
X (sin x)

Uy (x) = x2 = 2(sin x)° +§sin(2x),

u5 (x) = 2x+ xcos(2x) —%sin(2x),

u5 (x) = 4sin xuz (x),
3
X, .
uz(x) = ?]3 (x) =sinx—xcosx,
2
uz(x) =xsinx.
u, is strictly increasing on [0, 7],

2
il 1 8<u2(7r)=7r2.

uy(0)=0<u, (%j =
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uy is strictly increasing on [0, 7],

lim a4 (x) = +oo.
X7

1 V4 4
u0)==<uy| = |=—,
10)=3 1(2j 2

If ¢ < % , then u is strictly decreasing on [0, 7],
2 1
u(Q)=l-c2—>—2u(n)=c.

0) 373 (7)

1 .
If c>§ , then there exists x; €]0,7[ such that

uy(x))=c. u is strictly increasing on [0,x;] and strictly

decreasing on [x;,7],
1
u(0)=1-c<u(x)=uy(xy), u(r)y=c> g’

where

2x—sin(2x)
g (x) = 22—.(), ug (x) =
x”sinx

oS x5 (xX)

<3 (sin x)2

uy 1s strictly decreasing on [O,E} and strictly increasing

V1
on|—,z| ,
[2 {

2 2
uy(0) = 3’ Uy (%) =—, lim uy(x)=+o.
XD

Proof of Proposition 3.6: Let x €]0, 7]\ {%} , ceR and

Ji(x)-c
V(x) = B :sinx—cx'
J 1 (%) Xcosx
2

2x —sin(2x) — 2¢x? sinx

2x? (cos x)2 .
v'(x)=0 if and only if ¢ =u4(x), where uy is given by
(5).

2 L . .
If ¢ <—, then v is strictly increasing on [0,%{ [0,7]
T

and jlz,ﬂ':|, 72
2 T
lim v(x)=+00, lim v(x)=—oco.
+

T

2 . . . .
If ¢ =—, then v is strictly increasing on [0, 7],
T

We have V'(x) =

<v(0)=1-c, v(7r)=c<£,
V4

v(0) = ”;2 <v(§j=ﬁiz<v(n) =%.

2 .
If c2 3 then there exist ag,x; € R such that

2
%<ao <x <7, uy(ag) :=§, ug(x)=c.

v is strictly decreasing on [O,%[ and }%,xl}, and
strictly increasing on [x}, 7],

w(0)=1-c,

i2<u1(a0) <v(x) =u () <v(7)=c,
T

lim v(x)=-o, lim v(x)=+ow,
5 5
x| — x> —
2 2
where u; is given by (4).

B

22 .
If ce}— E{ , then there exist x,,x;3 € R such that
7
0< Xy <%< X3 <4ag , u4(x2) = u4(x3) =c. Vv is Strictly

increasing on [0,x,] and [x3,7], and strictly decreasing

on [x ﬁ[ and }zx}
272 293’

%<v(0)=l—C<V(x2)=”1(x2)»

i2< v(x3) =uy(x3) <v(7) =c,
V4

lim v(x)=-00, lim v(x)=+o0.

) )

Proof of Proposition 3.7: Let x €]0,7[, ce R and

J 1(x)-c
W) = ) _ x(cqs x—c) .
J1 (%) sin x
2
We have

_ 2x—sin(2x) + 2¢(sin x — xcos x)
2(sin x)? '

wi(x) =

wv(x):Oifandonlyifczwl(x)::_m'
2(sin x — xCOS X)

sin xu, (x)

w(x) = , where u, is given by (7). w

(sinx — xcos x)
is strictly increasing on [0, 7],

Vid T
w0)==22<w|—=|=——=<w(r)=-1.
1(0) 1(2] > 1(7)
If ¢ <-2,then w is strictly increasing on [0, z[,
3<w0)=1-c<w z :—z,
2 2

lim w(x) = +oo.
X7
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If ¢> -1, then w is strictly increasing on [0, 7,

2>w(0):1—c>w(£j=—ﬁ,
2)" 2

lim w(x) =—co.
X7

If ¢=-1, then w is strictly increasing on [0, 7],

w(0) =2 > w(%j =%> w(rr) = 0.

If ce€]-2,-1[, then there exists x; €]0,7[ such that
wi(x)=c.
w is strictly decreasing on [0,x] and strictly

increasing on [x, 7],

1
up(xp)

3>w0)=1-c>w(x)= >0,

lim w(x) =+o0,
X
where u is given by (4).
Proof of Proposition 3.8: Let x e R\ {0} and

Sin x — xCcos x

x3

d(x) = jg(x) =3
2

3d, (x)

5
x4

We have d'(x) =

di(x):=3xcosx+ (x2 —3)sinx,
d{(x) =—xd,(x), d5(x) =sinx—xcosx,
dy(x) = xsinx.

d; is strictly decreasing on [-7, 7],

di(-7)=37>d|(0)=0>d(7)=-37x.
d is even on R and strictly increasing on [-7,0] and
strictly decreasing on [0, 7],

24

d(0)=1 di§j=— d(r) = —-.
0) >[2 > dm =

Proof of Theorem 3.1: We get the result from Propositions
3.5,3.6,3.7 and Remarks 1, ...,, 8.

Proof of Theorem 3.2: Let o > —%,

1
L, e |- , 40|, b, eR
200 +1

and xe I =[-b,b],0<b< 1.

LT ((0)+L <T (x)<rT | (x)+r, then by using
2 2 2
Proposition 3.9 and

B(a+1,1] B(a+3,1j
B( 1 3)_ 272 272

Aatl) | 2a+l

we deduce

2+ DL T, (x)+1,
Qash+l Jarn ()

< 20a+D)nT,(x)+n

T Qa+bhp+l

Theorem 3.1 finishes the proof.

Proof of Theorem 3.4: Let « > —% 5

3
L,ne |-———,+x, L,,nelR
B } 2a+1 [ 272

and xe7=[0,b],0<b<x.

If [T+ <T3(x)<nJ, (x)+r,, then by using
2 2 2
Proposition 3.9 and

B oﬁ-l,1 B 01+§,l
( 1 3j 2’2 2’2
Bla+ = = R

272 2Aa +1) 2a+1

272

we deduce

2a+Dh Syt (x) +hx < Fpe!

Qa+ Dl +3 )

< 2a+DA3 wi (x)+rx
a Qa+1)n+3

Theorem 3.2 with « :% finishes the proof.
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