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1. Introduction

The subsequent inequality is known as Ostrowski
inequality which gives an upper bound for the

biaj:f(t)dt by

approximation of the integral average
the value f'(x) at point x €[a,b].

Theorem 1.1. Let f:1 — R be a mapping differentiable
on I° and let a,be I’ with a <b. If|f'(x)|SM for all

xe[a,b], then

O RA07

a+b 2
< 1 (x_ j (1.1)
_M(b—a) Z‘f’W ,‘v’xe[a,b].

Ostrowski inequality is playing a very important role in
all the fields of mathematics, especially in the theory of
approximations. Thus such inequalities were studied
extensively by many researches and numerous generalizations,
extensions and variants of them for various kind of
functions like bounded variation, synchronous, Lipschitzian,
monotonic, absolutely, continuous and n-times differentiable
mappings etc. appeared in a number of papers
[1-3,5-10,12,13,15-24,26,29,30,31,36,37,38,40,43,45]. In
numerical analysis many quadrature rules have been

established to approximate the definite integrals
[14,25,27,28,32,35,39,41]. Ostrowski inequality provides
the bounds for many numerical quadrature rules.

Let us recall some special functions and evoke some
basic definitions as follows.
Definition 1.2. The incomplete beta function is defined
for a,b>0 as

B(xsab)=[ 1 (1=0) ", 0<x<1.

Definition 1.3. [44] A set M, cR" is said to be a

relative convex (¢ -convex) set, if and only if, there exists
a function ¢:R" — R” such that,
tp(x)+(1-1)p(y) e M,
Vx,y eR" 19(x),p(y) e M,,1 €[0,1].

Definition 1.4. [44] A function f is said to be a relative
convex ( @ -convex) function on a relative convex

(1.2

(@ -convex) set M, if and only if, there exists a function

¢ :R" 5 R" such that,
f(to(x)+(1=1)p(»))
<tf (p(x)+(1-1) 1 (2(»)).
vx,y e R" :q)(x),go(y)eMw,te[O,l].

Definition 1.5. [4] A set K = R" is said to be invex with

(1.3

respect to the mapping 77: K xK — R", if x+m(y,x)e K
for every x,y € K and ¢ €[0,1].
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Notice that every convex set is invex with respect
to the mapping 77( y,x): y—ux, but the converse is not

necessarily true [4,42].
Definition 1.6. [34] The function f defined on the invex

set K cR" is said to be preinvex with respect 7, if for

every x,y € K and ¢ €[0,1], we have that

f(x+t77(y,x))S(l—t)f(x)—i—tf(y).

The concept of preinvexity is more general than
convexity since every convex function is preinvex with

respect to the mapping 7(y,x)=y—x, but the converse

is not true.
Definition 1.7. [25] Let 4:[0,1]—> R be a non-negative

function and 4 # 0. The function f on the invex set K is
said to be A-preinvex with respect to 7, if

f(x+t77(y,x))Sh(l—t)f(x)+h(t)f(y)

for each x,y € K and ¢ €[0,1] where f(.)>0.

Definition 1.8. [41] Let h:J cR—>R be a positive
function, ##£0. We say that f:J c R —> R is & -convex,

(1.4)

if f is non-negative and for all x,y €/ and te(O,l),

one has
fox+(=2)y)<h(t) f(x)+h(1-1) f(»).
Definition 1.9. [39] Let f: K < R — R be a non-negative

function, we say that f: K — R is a fgs-convex function

(1.5

on K, if the inequality
S((=t)x+rp)<e(1=0)[f (x)+ /()]
holds for all x,y €K and t€(0,1). We say that f is

(1.6)

tgs-concave if (— /') is tgs-convex.

Definition 1.10. [28] A function: f:/ c R — R is said
to be m-MT-convex, if f is positive and for Vx,yel,
and te (0,1), with m e [0,1], satisfies the following

inequality

Jt m1-t

f(tx+'71(1—f)y)ﬁzﬂf(x)+ i 7(»)-a.m

Definition 1.11. [33] Let X < R be an open m-invex set with
respect to 77: K x K x(0,1] > R and #,h, :[0,1] - [0,+)
are continuous functions. A function f:K — R is said to

be generalized (m, hy,hy ) -preinvex with respect to 7, if

f(mx+t77(y,x,m)) <mhy (t) f(x)+h () f(») (1.8)

is valid for all x,y €K and ¢€[0,1], with some fixed
me (0,1]. If the inequality (1.8) reverses, then f is said to
be generalized (m, hy,h, ) -preincave on K.

Definition 1.12. [11] A set K < R” is named as m-invex

with respect to the mapping 7: K xK — R" for some

fixed me(0,1], if mx+m(y,mx)eK holds for each
x,y €K andany 1 €[0,1].

Remark 1.13. In Definition 1.12, under certain conditions,
the mapping 7(y,mx) could reduce to 7(y,x). For

example when m =1, then the m-invex set degenerates an
invex seton K.

We are in position to introduce the notion of generalized
relative semi-(r; m, p, q, hy, h,)-preinvex mappings.
Definition 1.14. Let K < R be an open m-invex set with

respect to the mapping 7:K xK x(O,l]—)R. Suppose
I,y :[0,1] > [0,4+0) and @:1 — K are continuous. A
mapping f:K —(0,4+0) is said to be generalized
relative semi-(7; m, p, q, hy, hy)-preinvex, if

S (mo(x))+1((). 0 (x).m)

<M, (b (1), (e)mf (%), £ (¥) -4)

holds for all x,yel and t€[0,1], for any fixed

(1.9)

p,q >—1 and some fixed m e (0,1], where

M, (hy (£)shy (2):mf (x). £ (¥). P24)

hf (0)17 (1) + B () £ () | i 7205
[ (01 OLr )2,

is the weighted power mean of order r for positive
numbers f'(x) and f ().

Remark 1.15.
r=p=qg=1 and ¢(x)=x,
Definition 1.11. If we choose r=p=¢g=1, ¢(x)=x,

N1t 3 (l)— m\/;
NN
MT,, -preinvex function [15,17].

Remark 1.16. For r =p =g =1, let us discuss some special
cases in Definition 1.14 as follows.

(I) If taking Ay (t)=(1-t)", hy(¢)=¢" for s (0,1],
then we get generalized relative semi-(m, s)-Breckner-
preinvex mappings.

(II) If taking Ay (¢)=h, (¢)=1, then we get generalized
relative semi-(m, P)-preinvex mappings.

() If taking hy(¢)=(1-¢)",

if =0,

if we choose

then we get

In Definition 1.14,

Vxel,

Vxel and hy(t)= then we get

hy ()=t for
s €(0,1], then we get generalized relative semi-(m, s)-
Godunova-Levin-Dragomir-preinvex mappings.

(IV) If taking 7y (t) = h(l—t), hy (t) = h(t), then we
get generalized relative semi-(m, h)-preinvex mappings.

(V) If taking h(t)=hy(t)=1(1-¢t), then we get
generalized relative semi-(m, #gs)-preinvex mappings.
N
BV (t)= Nk

get generalized relative semi-m-MT-preinvex mappings.

then we

(VI) If taking Ay (1) =
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It is worth to mention here that to the best of our
knowledge all the special cases discussed above are new
in the literature.

Let see the following example of a generalized relative
semi-(r; m, p, q, hi, hy)-preinvex mappings which is not
convex.

Example 1.17. Let taking m = r = l, by (t)= Z, hy (t) =,
2

for all /,s[0,1], for any fixed p,¢>1 and ¢(x)=x.
Consider the mapping /" :[0,+%0) —[0,+x) as follows

f(x):{x’ 0<x<1;

I, x>1.

Define a bifunction 7 :[0,+00)x[0,+00)x {%} — R by

-y, 0<y<]
n(y,x,m): x+y, y>L

. . . (11
Then f is generalized relative semi- [E;E, p,q,tl ,tsj—

preinvex mapping for any fixed p,g>1 and for all

l,s€[0,1]. But f is not preinvex with respect to 7 and

also it is not convex (consider x=0, y=2 and ¢€(0,1]).

Motivated by the above literatures, the main objective
of this article is to establish some new estimates on
generalizations of Ostrowski type inequalities associated
with differentiable generalized relative semi-(v; m, p, q, hy, o)
-preinvex mappings on m-invex sets. It is pointed out that
some new special cases will be deduced from main results
of the article.

2. Main Results

In this section, in order to prove our main
results regarding some generalizations of Ostrowski
type inequalities for differentiable generalized relative
semi-(r; m, p, q, hy, hy)-preinvex mappings, we need the
following new integral identity.

Lemma 2.1. Let ¢:1 > K be a continuous function.

Suppose K < R be an open m-invex subset with respect
to n:KxKx(O,l]—)R for some fixed me(O,l] and

U((o(b),(p(a),m) > 0. Assume that
f:K= [m(p(a),mgo(a)+77((p(b),(p(a),m)] >R

be a differentiable mapping on K° and f' €L, (K) Then
for any two complex numbers 4 (x),ZQ (x) and «,
k >0, the following integral identity holds:

S PR
n(p(b).p(a),m)

Jiofotmois

+(mp(a))(x=mp(a))]

. @,

+5(x) [kfaj Xkﬂ_(fj((:zb),go(a),m)]k

~(mp(a)+n(o(b).0(a),m))
x(x=(mp(a)+n((b),0(a),m)))]

-1 (no(e)| mole) (ol |

+/ (mg(a)+n(p(b).p(a).m))

x (mq’(a)+77(§0(b),(/7(a),m))%
~(mp(a)+n(p(b).0(a),m))

_a pmplayn(p(B)p(a)m) 1
k Ymo(a) tk f(t)dt

= —1 * l% —mp\a f,(t) t
. ﬂ((o(b),w(a),m){j’”"’(“){ ! )}|:_/11 (X)}d

+ me(a)+n(g(b).p(a).m) %_ mp(a) J
jx (t {+77((D(b),(0(a),m) (2.1

x[f'(t)—AQ (x)]dt}.

Proof. Integrating by parts and changing the variable of
definite integrals yield

Proof. Integrating by parts and changing the variable of
definite integrals yield

1

n(0(5).0(a).m)
{L:(p(a)[tk - W(“)J[f’(t) —Jy (x)]at

. I:w(a)+ﬂ(¢(b),w(a),m)[lz ~(mp(a)+ n(¢(b),¢(a),m))J
<[ (1) = ()]t}
<7 (=24 ()0
-2 ;w(a)til [£(0)= (x)t]de
_[,Z —(mw(a)+77(¢(b)a<ﬂ(a)am))}
(1) 2y (o) AP Aot

_%Kn Aeyenleehelelm) 3™ [ £ ()= (x)t]df}
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), (x){(k f a){xk” —(mgp(a)+q(w(b),go(a),m))j“]

~a prgla)er(p(b)ola)m) T
k J‘mga(a) ek f(t)dt}

This completes the proof of our lemma.
Remark 2.2. In Lemma 2.1, if we choose o =k=m =1,

n((o(y),(u(x),m) = (p(y)fm(u(x) and (/)(x) =x, Vxel,
we get ([7], Lemma 8).
Throughout this paper we denote

[flJ]s(D,ﬂl(x),ﬂz(X) (x; a, k, m,a, b)

mp(a)en(p(b)p(a)m)| -1 (me(a) ]
+.[m(p(a) [t [+7]((p(b),¢)(a),m)

<[ f'(t)= Ao (x)]dt}.

Corollary 2.3. With the assumption in Lemma 2.1, we
have for any A (x)=2,(x)=A(x)eR that

Lrn.p.a(x) (x;0,k,m,a,b)

1
= ) (@) m)

N——

e
k+a +1(0(b),0(a),m)
~(mo(a)+n(p(b).0(a),m))
x(x—(m(ﬂ(a)+ (b),(o(a),M)))J
( ))[ o(a —(’"40(“)):}
(a)+n( (a),m))
x| (mep(a)+n(

+f(m(p a)llm
n ®
,qo(a),m))?

(2.2)
+f(m(p a

n(e
(@)

o(b),
o(b)
~(mp(a)+n(o(b).0(a),m))]

o pro(a)n(p(b)g(a)m) T
k -[mgo(a) tk f(t)dt}

Remark 2.4. If we take A(x)= f"(x) in (2.2), then we get

]f,ﬂ#’,f'(x) (x’ a, k’ m, asb)

~(mp(a)+n((b).0(a).m))
«(x=(mp(a)+n(0(b).p(a).m)))|

~(mp(a)+n(o(b).0(a)m))] (2.3)
~a prgla)en(p(b)ola)m) T
kjmw(a) tk f(t)dt}.
Remark 2.5. If we take 11( ):f(x)— (a) ond
X—a
/12()6)_ f(b)_f( ) in (2.1), then we get
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[w

_a pmola)n(p(b)o(a)m) S
k jm(ﬂ(a) t f(t)dt}

(2.4)

Remark 2.6. If we take A(x)=0 in (2.2), then we get

generalized Montgomery's identity, i.e.

Lino (x;a,k,m,a,b)

zf(x)+

_(mg;(a)+n((p(b),fﬂ(a)’m)ﬂ

o (2.5)
_a pmp(a)ty(p(b).g(a).m) 1
kjmw(a) ek f(e)de .

Using relation (2.1), the following results can be
obtained for the corresponding version for power of the
first derivative.

Theorem 2.7. Let a,k>0, 0<r<1 and p;,p, >-1.

Let K R be an open m-invex subset with respect to
n: KxKx(O,l] —> R for some fixed m e (0,1]. Suppose
.,y :[0,1] >
functions and 2y(x),2,(x) are two complex numbers.
Assume that K — (O, +oo) be a differentiable function
where n(go(b),go(a),m)>0. If f'(x) s

generalized relative semi-(r; m, p1, p), h, hy)-preinvex

[0,+00) and @:1— K are continuous

on K°,

mappings, q > 1, p_1+q_1=1, then the following
inequality holds:

gq-1

2 d
If,ﬂ,(p’/ll(x),lz(x)(x;a,k,m,a,b)z ( ( ) ( ) )

X{B(f,’ (x;a,k,M,p,a)[ﬂ(éo(b)’q’(a)’m)

X[mf'(a)”q ]7;#, (hl (t);x, r,m,a,b, Pl)
1
+/'(b) " 1}, , (y (¢);x,7,m,a,b, py )]r

'Q\'—‘

|ﬂl x mo(a }
1
+CF (

x a,k,m,p,a, b [77 (p
(hl t sxaramsaab9p])
1

|,
LY T (b (05 r.masb s |

+|ﬂfz(x)|q(m¢(a)+n(¢(b),¢(a)»’11)x)}’}’ (2.6)

where
p
dt,

a

B, (x;a,k,m, p,a) = _[x tk —me(a)

mp(a)

Cp o (x:a.k,m, p,a,b)
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Ly o (B (¢);x,r,m,a,b, p;)
x— m@( ) i
- j” h’ (t)dt, vi=1,2,

and

[779(0 (hl (t)"x’ r’miaab;pi)
Pi
B (t)de, Vi=1,2.

1
’ I x—mp(a)
n(p(b).p(a).m)

Proof. Suppose that ¢ >1 and 0<r<1. From Lemma
2.1, generalized relative semi-(r; m, py, pa, 11, hy)-preinvexity

of f'(x)?,

properties of the modulus and using the elementary
inequality (c+d)’ <277 (7 +d”) where 01, ¢,d >0,

we have

‘Ifﬂxﬂvﬁ(x),ﬂz(x) (x;a,k,m, a,b)‘
1

IA

i
+1(p(b),p(a),m)

X

+[ J‘w(a)m(w(b),q)(a),m)

Holder inequality, Minkowski inequality,

1
+CP (x;a,k,m,p,a,b)

.9
5 jmw( )*U((/’(b) ¢(a) m)zq—l {f/(t)q ]dt ;
; +a ()
q-1
“n(e(b).0(a).m)
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| 1 Pl
X I w-mp(a) ™ (a)" i7" (¢)dt
n(¢(b).g(a).m)
1
1 22 i
[ c-mp(a) £(B) by (t)t
n(¢(b).g(a).m)

x[mf'(a)rq I,;#, (h1 (t);x,r,m,a,b,pl)

1

SO g (057t pa)
Ao (x-mo(a)) o

1
+C£¢, (x;a,k,m,p,a,b)[n((p(b),;o(a),m)

x[mf’(a)rp Ly (hl (t);x,r,m,a,b, py

N = ~—

T+ f(b)? an,(o (hz (1);x,r,m,a,b, p )]

+|/12 (x)|q (mq)(a) +77((p(b),(o(a),m)_x):|q _

So, the proof of this theorem is complete.
We point out some special cases of Theorem 2.7.

Corollary 2.8. In Theorem 2.7 for 4 (x) =4, (x)=0, we

have the following inequality for generalized relative

semi-(r; m, p1, p2, h1, hy)-preinvex mappings:

|If,77,¢ (x§aak,m,a,b)|

[ @ B Oismati)
e

+/' (b 1}, , (I (t);x,r,m,a,b,pz)F

1
P
+Chp

(@) Ty (m (0):x.rma.b )

x;a,k,m,p,a,b
( p.a,b)

1
+f’(b)rp ]_,7”(?(h2(t);x,r,m,a,b,pz)}rq )

Corollary 2.9. In Theorem 2.7 for h(t)=h(1-t) and
hy (t):h(t), we have the following inequality for

generalized relative semi-(r;m.,p\,py,h)-preinvex mappings:

If,ﬂ,cﬂ,ﬂl(x),/lz(x) (x§0!,k,m,a,b)‘

q-1
q

< 2
“n(e(b).0(a),m)

X{B({,’ (x;a,k,m,p,a)[ﬂ((/’(b)#’(a)’m)

[ (@) 15 (h(1=0)ixrmabopy

S | — ~—

# 10 Iy (h(1) 7 moa b, )|

i (] (x-mo(a) |
+C,% (x;a,k,m, p,a, b)[ ( ,m)
[mf’(a)rqfnr#,(h(l 1) xrmabpl)

+f’(b)rq 7,;:(0 (h(t);x,r,m,a,b,pz)}r 08
2.8

#ia (3) ((me(@) +n((5).p(a).m)) -x) |7 .

Corollary 2.10. In Theorem 2.7 for h(t)=(1-t)",

hy(t)=t*, we have the following inequality for
generalized relative semi-(r;m,py,p,,S)-Breckner-preinvex
mappings:
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‘I,fﬂa%il(x)JQ(x) (x;a’k’m’a’b)‘ x[ﬁ((o(b),¢(a)’m)[mf'(a)rq ( il J
-1 r—sp
21 a0
< 1 sP1
n(p(b).¢(a),m) | [mq)(a)w((v(b) p(a)m)-x) r
1 1T n(e(b),p(a),m
X{B(Z (x ak,m p,a)[n(go(b) go(a) m) ( ( ) ( ) ) ]
1
o) e (O
wod r+spy r=5py 77((0([7):(?(“)3’")
S’JH ’ q l
| _[(mo(@)+n(o(®).p(a)m)) | (+) (x—mw(a))}'
7(0(b)-0(a).m) '
| +Cl, (xakmpab) o(b).9(a), )
r x—mo(a) r+spy |
"(b rq r B X f ( j
+/'(b) [r-i-szJ [ry((p(b),(p(a),m)] ] " r—sp;
1 mo(a)+n (p b),(p(a),m)—x e
+|zl<x>|q<x—m¢<a>>}q ( 2(0(6).0(a).m)
1 r
+Ch (s k,m, pa b) o(b),0(a),m) + (b — ]
r—Sspp
1
r+s, x| 1— x_mw(a) ’
[ p(a)+1(p(b).0(a).m)-x ] ! 1((b),0(a).m)
n(e(b).p(a),m)
1
+f'(b)r”(r+sp2j i (3] (m¢(a)+,7(¢(b),q,(a),m)x)}q}.
1
P2, an Corollary 2.12. In Theorem 2.7 for h (t)=h, (t)=t(1-t),
|1 x—mq)(a r we have the following inequality for generalized relative
n (¢(b)a (p(a) , m) semi-(rym,p1,pa,tgs)-preinvex mappings:
‘[f',ﬂ,¢,/11( g x) (22 Kom.a.b)
— 1
+|ﬂz(X)|q(mw(a)w(f/)(b)xﬂ(a)am)X)H- CONS 2o
n(e(b).0(a).m)
Corollary 2.11. In Theorem 2.7 for hy(t)=(1-1)", 1
hy(t)=t", we have the following inequality for X{B(f (x;a0.ksm, p a)[?]((p(b) ¢(a),m)
generalized relative semi-(r;m,p1,p,,-s)-Godunova-Levin-
D . . nos: _
ragomir-preinvex mappings x[mf’(a)rq ﬁr{ X mgo(a) +1’p1 1}
‘If 77(0/11( )/12( )(x;a,k,m,a,b)‘ n(go(b),ga(a),m) r r
1

L L (bYY B" P2 P2+ g
: 2,(P(a),m){35(X;“’k’m’l?’a) ey A (’7(50(b)’€0(a),m)’ r L r IJ]
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|y (3 (x=mp(@) |7

+Cfy (x;a,k,m,p,a,b)[?](g)(b),(o(a),m)

x[mf'(a)ﬂl 77;’¢(t(1—t);x,r,m,a,b,p1) (2.11)

1

+f'(b) Ly g (¢ (1=1)s,7,m,0,b, p )}”

+|ﬂQ (x)|q (m¢(a)+ n(qo(b),go(a),m)_x)}q }

x—m(ﬁ(“) P +1, P +1| is incomplete
n(p(b).p(a),m) r

beta function and

mp(a)<x< mgo(a)+77((o(b),go(a),m).

where ,B{

Corollary 2.13. In Theorem 2.7 for h(t)= 1=t

N
h (t)= Jt we have the following inequality
RN

for generalized relative semi-(r;m,py,p;)-MT-preinvex
mappings:

‘Ifﬂ(ﬂfll(x)ﬂ ( )(x;a,k,m,a,b)‘

q-1 1
)4
a ,m){Bw

(x;0,k,m, p,a)

+|/11 (x)|q (x —m(p(a))P

1

p(p x;a,k,m, p,a, b)[ ( (b),w(a),m)

rq r
I ;x,r,m,a,b, p
{ N IJ

[\f
NN

1
.
;x,r,m,a,b, py

+f'(b)" 1,,” 0

+f'(b)" 7,;,(/, (h2 (t);x,a,k,r,m,a,b,pz)

q
+Corp
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1

+|12(X)|q(mco(a)w(w(b),co(a),m)—x)P (2.12)

Theorem 2.14. Let o,k >0, 0<r<1 and p;,p, >-1.

Let K <R be an open m-invex subset with respect to
n:KxKx(O,l]—)R for some fixed me(O,l]. Suppose

hl,hz:[O,l]—>[O,+00) and @:1— K are continuous
Sunctions and 21 (x),A,(x) are two complex numbers.

Assume that K — (O, +OO) be a differentiable function
on K°, where n(go(b),go(a),m)>0. If f(x)!

generalized relative  semi-(r; m, py, p2, hi, hy)-preinvex
mappings, q =1, then the following
inequality holds:

Ify’]a(l’,/ll(x),/lz(x) (x; a, ky m,a, b)‘
q-1
24

(0(b).0(a).m)

<
n

X{B;q (x;a.k,m, p,a)[n(o(b).p(a),m)

x [mf’(a)rq I,;,(p (hl (t);x,a,k,r,m, a,b,pl)

1

+f'(b)rq [;,(p (hl ([);x,a,k,r,m,a,b,pz)}r

+|/11 (x)|q (Bw (X;O!,k,m,l,a)):l;

=

(x;a,k,m,l,a,b)[n(go(b),go(a),m)
x[mf'(a)rq 7,;,(/, (hl (t);x,a,k,r,m,a,b,pl)

1
P

1 (2.13)
| ()" Gy (s kum. L, b)] }
where
177,¢’(hi(t);xaa,k;r,m,a,b,pl.)
o) (p(a) | o
= jo’l(w(b) p(a), [4_177((/)(17),(/)(61)’"1)] . (t)dt,
~mp(a)
Vi=1,2,
777#’ (hl (t);x,a,k,r,m’a’b’pi)
I et (mo(a)sin(o(6)o(ahmi (1),
Ho)o(a)m) |~ (m9 () +1((6).0(a),m)
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and B, (x;a,k,m,),a), C, ,(x;a,.k,m,1,a,b) are defined

7,0
as in Theorem 2.7.

Proof. Suppose that g >1 and 0 <r <1. From Lemma 2.1,
generalized relative semi-(r; m, p1, pa, h1, hp)-preinvexity
of f '(x)q, the well-known power mean inequality,
Minkowski inequality, properties of the modulus and

using the elementary inequality (c+d )0 <201 (09 +d? )

where 0 >1, ¢,d >0, we have

‘If,n,gp,ﬂ,l (x),A2(x) (x§ a,k,m,a, b)‘
a

tk -mo(a) dt

< 1 J‘x
n(e(b),p(a),m) | mo(a)

IR

tk —mp(a)

=L
q
dt}

|7/(6) =4 (x)* dt}q

tk -mo(a)

+[ Kw(a)w(co(b),q)(a),m)

) 1
t (w(w(b),w(a),m)}’J

ik ~(mp(a)+n(p(b).p(a).m))

X[I mp(a)+n(p(b).¢(a).m)

X

{7022 (0 d,)q}

q-1

2
n(p(b).0(a),m)

X{B;q<x;a,k,m,1,a>[n<¢<b>,¢<a>,m>

x—mp(a)

[Pt () 00 ). )
* —ng(O!)

x( £ (mo () +1(p(b). 0 (a),m)))" di

1

+ |/11 (x)|q B(l, (x;a,k,m,l,a)};

L

+C,7,(g (x;a,k,m,l,a,b)[n (go(b),(p(a),m)

1
XJ- x—mp(a)

n(e(b).p(a)m)

(mo(@)+ (0 (b).p(a).m))x
~(mp(a)+n((b).0(a).m))

1
XI x—mo(et)

n(p(b).p(a).m)

(mp(@)+ (9 (b).p(a).m))
)

~(me(a)+n(p(b).0(a),m)

X[mhfl (1) f"(a)? + 122 (1) £ (b }? di

1
+|AQ (x)|‘1 Cmf/’ (x;a,k,m,l,a,b)}q }
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2%_1 b x[mf’(a)rq 77;,(0 (hl (t);x,a,k,r,m,a,b,pl )
< B, 1 (x;a,k,m,1,a) .
n(¢(b).o(a).m) YT (1) B
o (2 (t),x,a,k,r,m,a,b,pz)
x—mgp(a) ] .
n(e(b).pla)m) - ., —
x[n((p(b),(p(a),m) . (o(b).(a) m)mrf (a)! +|/?Q (x)|q Cpop (x;a,k,m,l,a,b)}q}.
) r So, the proof of this theorem is complete.
24 . .
= - We point out some special cases of Theorem 2.14.
_ t
% (mgo(a)-i—tn((p(b),(p(a),m))k mp(a) by (t)dtJ Corollary 2.15. In Theorem 2.14 for A (x)=7,(x)=0,
we have the following inequality for generalized relative
x-me(a) semi-(r; m, py, pa, hy, hy)-preinvex mappings:
+ n((p(b) (p(a),m) f'(b)q
0 |If,77,(0 (x;a,k,m,a,b)|

a 2] % < 2 7_ B;_‘li x,a,k,m,1,a
x|(mp () + (o (b).p(a).m))k —mo(a)|hy (t)dtﬂ [n(w(b)»co(a),m)J { ( )
x[mf’(a)rq I,;’(p (hl (t);x,a,k,r,m,a,b,pl)

+|ll (x)|q B, (x;a,k,m,l,a):|q 1
/(b)Y 1, (hy (1); ..k, rsma,b, ps )}rq (2.14)

L

1
+C q ;anka 719 ab b 9 9 1—
9 (x o )[U((D( ) go(a) m) +C,M? (x;a,k,m,l,a,b)
1 —
1 -, x[m "(aYUT" (W (t);x,0,k,r,m,a,b,
S| I B0 7
n(o(b)ola)m) i -
3 +/'(b) 1, , (I (t);x,a,k,r,m,aabapz)}rq ~
y (mgo(a)+t77(go(b),¢)(a),m));
—(m(/)(a)+77(¢)(b),¢)(a),m)) Corollary 2.16. In Theorem 2.14 for hy(t)=h(1—t) and
' hy (t)=h(l), we have the following inequality for
- Pl
» mhlpl (t)f'(a)rq +hépz (t)f'(b)rq ]; dtth (t)dtJ generalized relative semi-(r;, m, p;, p,, h)-preinvex mappings:

‘]f,ﬂ,(p,ﬁl(x),ﬂz(x) (X;a,k,m, a,b)‘
1

q-

+2 () Cp (X;a,k,m,l,a,b)}q} < o
“n(e(b).o(a),m)

-1
2 L
= q .
1(o(b).p(a).m) <18, 1 (xvakm.La)| n(p(b).g(a).m)
1
1— 7
X1 By 1 (vakom.La) 1(p(b).9(a)m) o mf (@) 1 (h(1=)sx. 0k rma b )
1
x[mf’(a)rq I,;#, (hl(t);x,a,k,r,m,a,b,pl) +f'(b)rq [fg,w (h(t);x,a,k,r,m,a,b,pz)}V
1
1 -
1 q .
+f'(b)rq Iy o (h2 (t);x,a,k,r,m,a,b,pz)}’ +|ﬂl(x)| B, (x,a,k,m,l,a)}q

1
- 1=
() By (sakomLa) | +Cy f (vakomLa.b)n(o(8).o(a).m)

. x[mf'(a)rq 7,;7(0(h(l—t);x,a,k,r,m,a,b,pl)
+Cy (x;oc,k,m,l,a,b)[n(go(b),go(a),m)
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1

+ /(b 1, , (h(t):x.a. k,r,m,a,b, p )}’
1 (2.15)
+|/12 |q (xakmlab)}q}.

Corollary 2.17. In Theorem 2.14 for h(t)=(1-t)",

hy(t)=

generalized relative semi-(r; m, p;, p,, s)-Breckner-preinvex
mappings:

we have the following inequality for

[fﬂ,(/’,/ﬁ(x),/lz(x) (x;a,k,m,a,b)‘

7 (x;a,k,m,1,a)

1

x[mf'(a)rq I,;’(p ((l—t)s ;x,a,k,r,m,a,b,pl)

+f'(b)rq [7;,(/7 ts;x,a,k,r,m,a,b,pz)]r
1

+|/11 (x)|q B, (x;a,k,m,l,a)};

1
1—
+Cpy (x;a,k,m,l,a,b)[n(q)(b),q)(a),m)
x[mf'(a)rq 7,;,(/, ((1—t)s ;x,a,k,r,m,a,b,pl)

1

+f'(b)rq 7,;#7 (ts;x,a,k,r,m,a,b,pz ):|r

e 1 (2.16)
+|ﬂQ | (x a,k,m,a, b)}

Corollary 2.18. In Theorem 2.14 for hy(t)=(1-1)",

hy(t)=

generalized relative semi-(r;, m, p;, ps, s)-Godunova-Levin-
Dragomir-preinvex mappings:

we have the following inequality for

‘Ifﬂ,(ﬂ,ﬂl(x),ﬂz(x) (x§a,k,M,a,b)‘

”((P(b),(p(a),m){Bw (x;a.k,m,1,a)
<[1(p(5).p(a).m)
X[Wtf'(a)rq 1,;,¢ ((l—t)*s ;x,a,k’r’m,a’b,pl)

1

+/'(b) 1, (fs;x,a,k,r,m,a,b, P2 ):|’
1

+|/11 (x)|q B, (x;a,k,m,l,a)]q

L

+Cy (v k,m,1a.b) (o

[mf( )rq]r ((1 t)sxakrmabpl)

1 rq rr —S. % <217)

+/'(b)" Iy (t ,x,a,k,r,m,a,b,pz)}
1

+|22 |q (xakmlab):'

Corollary 2.19. In Theorem 2.14  for
hy (t) =hy (t) = t(l —t), we have the following inequality
for generalized relative semi-(r; m, p;, p,, 1gs)-preinvex
mappings:

‘]f’fi,(ﬂ,il(x),/lz (x) (x; a,k,m, a,b)‘

24 -
B, 1 (x;a,k,m,1,a)

1

+ /() I o (t(1=1);x, 2.k, r,m, a,b, py )};
1
+|ﬂl (x)|q B, (x;a,k,m,l,a)}q
1

1—
+Cpy (x;0,k,m,1, a,b)[?] ((o(b),(p(a),m)

x[mf’(a)rq 7,;7(0 (t(l —t);x,a,k,r,m,a,b,pl)
1
+ /(b)Y Iy, (t(1-1);x, .k, rm,a.b, py )}’

1

~ (2.18)
+4 (x) €, (x:02.km, 1, b)}
Corollary 2.20. In Theorem 2.14 for hy(t)= V-1
ENE
h (t):i we have the following inequality for
RN

generalized relative semi-(r; m, py, p»)-MT-preinvex mappings:

[f,n,qo,/ll(x Ao (x) (X;O!,k,m,a,b)‘

q-1

- 1

2 B, 9 (x:akoma)
< xa, ,m,1l,a

(b)-o(a)m) |

(0).¢

).m)
><|:mf'( )rq[' [\/? x,a,k,r,m abpl]
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~

rq Ir \/;

+f'(b) o T\/Tt;x,oz,k,r,m,a,b,p2
+|/11 (x)|q B{p(x;a,k,m,l,a)};

b

+C,7,(/§1 (x;a,k,m,1,a,b)
x[n(p(b).0(a).m)

, — [N1-t
X mf (a)rq [,;#, 2—\/;

rq Tr \/;

—;x,(x,k,l’,m,a,b,pz

e N

;xaaaknramaaabapl

<

+f'(b)

1

+|ﬂQ (x)|q C?MIJ (x;a,k,m,l,a,b)}q
(2.19)

Remark 2.21. Using our Theorems 2.7 and 2.14 for
different values of o, k, m, p;, p,, for some suitable

continuous functions /), h,, ¢ and complex numbers

A4 (x),
type inequalities associated with generalized relative
semi-(r; m, p;, pa, by, hy)-preinvex mappings.

Remark 2.22. Applying our Theorems 2.7 and
2.14, we can deduce some new inequalities using
special means associated with generalized relative
semi-(r; m, p;, pa, by, hy) -preinvex mappings.

2y(x), we can get some new Ostrowski

3. Conclusions

In this article, we first presented a new integral
identity concerning differentiable mappings defined on
m-invex set. By using the notion of generalized relative
semi-(r; m, py, pa, h;, hy)-preinvexity and the obtained identity
as an auxiliary result, some new estimates with respect to
Ostrowski type inequalities are established. It is pointed
out that some new special cases are deduced from main
results of the article. Motivated by this new interesting
class of generalized relative semi-(r; m, py, pa, hy, hy)-preinvex
mappings we can indeed see to be vital for fellow
researchers and scientists working in the same domain.
We conclude that our methods considered here may
be a stimulant for further investigations concerning
Ostrowski, Hermite-Hadamard and Simpson type integral
inequalities for various kinds of preinvex functions
involving local fractional integrals, fractional integral
operators, Caputo k-fractional derivatives, g-calculus,
(, g¢)-calculus, time scale calculus and conformable
fractional integrals.
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