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1. Introduction

The following definitions for various convex functions
are well known in the literature.

Definition 1.1 A function f:l c R— R is said to be
convex if

F(AX+A-D)Y) < AT(X)+1-2)T(y)

holds for all x,y el and A €[0,1].
Definition 1.2 ([1,2,3]) A function f:1 c R — R s said
to be quasi-convex if

f(Ax+@-2)y) <max{f(x), f(y)}
holds forall x,y el and 1 <[0,1].

Definition 1.3 ([4]) For f:[0,b] > R with b>0 and
m e (0,1], if

f(AX+mAL-A)y) <AT(X)+m@-2)f(y)
is valid for all x,y e[0,b] and 1 €[0,1], then we say that

f(x) isan m-convex function on [0,b].
Definition 1.4 ([5]) Let f:[0,b]—> R with b>0 and

(a,m) e (0,1%. If

f(Ax+m@—-2)y) < A% f(x)+m@-A1%) f(y)
is valid for all x,y e[0,b] and 1 €[0,1], then we say that

f(x) isan (a,m)-convex function on [0,b].
Definition 1.5 ([9]) A function f:l c R, =(0,0) —»>R
is said to be a harmonically quasi-convex functionon 1 if

1
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1
Js max{f (x), f (y)}

holds for all x,ye |l and t<[0,1].

In [7,8], the following inequalities of Hermite-
Hadamard type were established.
Theorem 1.1 ([7],

f :1° 2 R— R be a differentiable mapping and a,be I°

with a<b. Then

Theorems 2.2 and 2.3]). Let

@) if | f'| is convex on [a,b], then

|f(a)+f(b)_ 1

| 2 b-a

jf()d

_ (b-a)(f'@)+|f (b)I)
8

(i) if |f’|p/(p_1) is convex on [a,b] for p >1, then

| f(a)+ f (b)

1

| 2 b-a

X

f (x)dx

S 2(p+D)VP

_ _p \(P-D/p
b—a [|f’(a)|p/(p 1)+|f'(b)|p/(p 1)}
> .

Theorem 1.2 ([8], Theorem 2.3]) Let f:l cR— R be

1° and a,bel with a<b. If |/ is
s-convex on [a,b] for p>1, then

differentiable on

‘f(a+b
2

Sb—a

4

[_

Fesl

4
p+1

1

f (x)dx

p
] (F@)|+| o).
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In this paper, we will create some integral inequalities

| f(a)+ f (H(6,a,b))
of Hermite-Hadamard type for harmonically quasi-convex

. 2

functions.

unctions __aH(0,a,b) IH(H,avb) LG
H(0,a,b)-a’a x?

2. A Lemma

[H(6.a,b)-a]’
For creating some integral inequalities of Hermite-

1
Hadamard type for harmonically quasi-convex functions, +2aH (6,a,b) 2InH (i'a' H(0.a, b))
we need the following lemma. —In[aH (a,b)]
Lemma 2.1 Let f :1 < R, — R be differentiable on I, =

2[H(6,a,b)—a]

a,bel with a<b,and 8e(0,1]. If f'e Ly([a,b]), then xmax{|f’(a)| |f’(H(¢9 a b))|}.

-2
1- 2t)[£ + 1-t j Proof Using Lemma 2.1 and the harmonic quasi-convexity
H(Hab)—ajl a H(d.ab) ’ of ||, we have
L 1 t
-1
2aH (0,a,b) 70 o, 1t | f(a)+ f(H(0,a,b))
a H(d,ab) 2
aH(0,a,b) (H(8ab) f(x)
f(a)+ f(H(®.ab e —d
- g( - H@ab-ak 2
_ e
L e 10, e
8, X <H(9,a,b)—aj-1 a H(bab) "
where H(6,a,b) = 5. ~ 2aH(4,a,b) 0 (e, et 1
r _+—
Proof Integrating by part and changing variables (a H(9,a, b)j
-1 L _
x=(tat+@1-t)[H (8 ab)] ] for te[0,1] yield H(0,ab)-a , ,
( ) £¥max{|f @L|f'(H(®.a.b))}
, ) 2aH (6,a,b)
1 t -t ) t -t ) -2
feaf bt ff[[_+_j ] L i
0 1-2t| —+——| dt
a H(@.ab) a H(0.ab) S22 oD
aH(6,a,b) 2
=—— 7 (f f(H(9,ab H(0,a,b)-a
H(e,a,b)—a( (a)+ f (H(6.ab))) [H( )—a]
., 2InH(%,a,H(0,a,b))
2aH@,a,b)? .|(t  1-t +2aH (6,a,b)
—m f g"'m dt _ —ln[aH (a,b)]
[H(©.a Y 2[H(6,a,b)-a]
aH (4,a,b) , '
:W(f(a)Jrf(H(e,a,b))) xmax{| f'(a)],|t'(H (6,a,b))]}.
2[aH (6,a b)]z H©@.ab) f(x) The proof of Theorem 3.1 is complete.
—mfa X—de- Theorem3.2 Let f .1 < R, — R be adifferentiable function,
o a,bel with a<b, 6e(0,1], and | f'|le Ly((0,b]) . If
Lemma 2.1 is thus proved. q: ] .
|f'| is harmonically quasi-convex on [a,b] and g > 1, then
3. Some New Integral Inequalities of [f@+f(H(0ab)
Hermite-Hadamard Type 2
__aH(8,a,b) J-H(H,a,b) f(x) dx
Now we set off to create some integral inequalities of H(0,a,b)-a-a X2
Hermite-Hadamard type for harmonically quasi-convex 1-1/q
functions. ((@-D[H(#,a,b)-a])

Theorem 3.1 Let f :1 < R, — R beadifferentiable function,
abel with a<b, 0¢(01], and | f'le Ly([a,b]) . If < =

— -1/q
|f'| is harmonically quasi-convex on [a,b], then 2[(q-DaH(0,a,b)]

max {| f'(a)[,|f'(H (6,a,b))]}.

x([H (6,8, b)) a2 )Vq
<
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Proof Since |f'|? is harmonically quasi-convex on [a,b],
by Lemma 2.1 and Hdélder's inequality, we have

| f(a)+ f(H(0,a,b))

| 2

aH(4,a,b) IH((%a,b) f(x)
—=dx
H(6,a,b)—a-a X2

1/q
t 1-t

2
(o
_H@,ab)-a| o\ H@0)

= 2aH(8,a,b) | 0 -1\
f’{(hl;tj ] dt
a H(b,ab)

~1/q

1
X(j;|l_2t|q/(q_l)dt)
-2q 1/q
gw[ﬁ(hij dt}
2aH (Q,a,b) 0l a H(@,a,b)
-y
x(j1|1—2t|q/(Q—1)dtj a
0
xmax | f'(a)],| f'(H(6.a,b))|}
((@-D[H(0,a,b)-a]) ¥

A(H@.a. by —a2t 1)

2[(2q-1)aH (9,a,b)- ¥
xmax {| f/(a)],| f'(H (0,a,b))|}.

Theorem 3.2 is thus proved.
Theorem 3.3. Let f : 1 < R, — R beadifferentiable function,

abel with a<b, 0<(0,1], and | f'le Ly((O,b]) . If

|£/]% is harmonically quasi-convex on [a,b] for q>1,
then

[f(a)+f(H(0.ab))

2
__aH(0,a,b) IH(e,a,b)de
H(0,a,b)-a’a X2
[H(6,a,b)-a]

(aZQ/(q—l) +[H (0,4, b)]ZQ/(q—l) )1—1/q

269D/43H (9,a,b)
max {| f'(a)],|f'(H (6,a,b))]}.

Proof From the GA-inequality, we have
t, 1t /(e
a H(d,a,b)
<ta29/(a-D) o 1-t)[H (8, a, b)]ZQ/(q—l)
for all te[0,1] . By Lemma 2.1 and the harmonic

quasi-convexity of |f'|q and Hélder's inequality, we have

| f(a)+f(H(0,a,b))

2
__aH(,a,b) J-H(H,a,b) f(x) dx
H(evavb)_a a X2
< H(0,a,b)—a
~ 2aH(0,a,b)

1/q

1|9
j|1 21| f [( 1;] ] dt
a H(d,a,b)

ZANCEEL
[j - 2|( Lot ] dt]
a H(d,a,b)

Yq

f'(a)t,
|f'(a)| "

[f'(H@.a,b))

20/(a-D) \Y
[j - 2|( Lt J dt]
a H(d,a,b)

[H(0,a,b)—a]
% (aZQ/(q—l) +[H (8, a,b)]29/ (@D )1—]/q

264D/93H (6, a,b)
max{| f'()],| f'(H(6,a,b))]}.

< H(0,a,b)—a ﬁl_Zt
2aH (6,a,b)

The proof of Theorem 3.3 is complete.
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