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1. Introduction

The main purposes of this paper are (i) to establish
weighted-semicircular  elements and corresponding
semicircular elements in a certain Banach *-probability
space induced by measurable functions over p-adic number
fields Qp, for primes p, (ii) to consider free-distributional

data of weighted-semicircular elements, and those of
operators generated by free, weighted-semicircular
elements under free product, and (iii) to investigate
how the free-distributional data of the operators generated
by weighted-semicircular elements are close to those
of operators generated by semicircular elements. In
particular, the main results of the topic (iii) illustrate
how the weights of our weighted-semicircular elements
distort (or affect) the semicircular law, and such
distortions are measured by so-called the weight-ratios of
weighted-semicircular elements.

1.1. Preview and Motivation

We have considered how primes act on operator
algebras. The relations between primes and operators
have been studied in various different approaches. For
instance, we studied how primes act on certain von
Neumann algebras generated by p-adic, and Adelic
measure spaces (e.g., [6]). Meanwhile, in [5], primes are
regarded as linear functionals acting on arithmetic
functions. In such a case, one can understand arithmetic
functions as Krein-space operators (for fixed primes),
under Krein-space representations (e.g., [8]). Also, in [1],

[3]1, [4] and [7], we considered free-probabilistic structures
on a Hecke algebra H(GLZ (Qp)) for a fixed prime p.

In [2], we considered certain free random variables in a
*-algebra .47, consisting of all measurable functions

over Q, for primes p, and its Hilbert-space representation.

Under representation, corresponding C*-algebras My of
M, are constructed, and free probability on M is
studied there. In particular, for all jeZ, we define
C*-probability spaces (M p,gojp), where (pjp are kind of

sectionized linear functional implying the number-theoretic
free-distributional data on .47, in terms of the usual

p-adic integration on Q. Moreover, from the system
{(Mp,gajp): pe”,ij eZ},

of C*-probability spaces, we constructed, and studied free
probability on the free product c” -probability space,

(Mr(2).0)= _x (Mpof)

peP,jel
called the Adelic C” -probability space.
Motivated by the main results of [2], in the paper [4],
by using the free-probabilistic information from a single

o -probability  space (Mp,gojp), we established

weighted-semicircular elements in a free product Banach
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* -probability space generated by M, and realized that
these operators generate semicircular elements.

1.2. Overview

In Sections 2, we briefly introduce backgrounds and a
motivation of our proceeding works.
Our free-probabilistic models on 47, is established

and considered in Sections 3. And then, in Section 4, we
construct suitable Hilbert-space representations of the
free-probabilistic models of Section 3, preserving the free-
distributional data implying number-theoretic information.

Under representation, corresponding C*—algebras M, are
constructed from A7,

In Section 5, we consider C” -subalgebraic structures
G, in M, generated by mutually-orthogonal |Z|-many
projections, sectionizing or filterizing M ,, and study free

probability on them, for primes p.
In Sections 6, we construct certain Banach *-probability
spaces £&,, by defining so-called the radial operators

Ip on & And we realize that the generating operators
of £&, are weighted-semicircular under suitable

linear functionals on £&, for every prime p. These

weighted-semicircular
elements in £5,.

elements generate semicircular

In Section 7, we enlarge our weighted-semicircularity
and semicircularity under free product Banach

*-probability space £& of £5,,'s. And, free distributions

of operators generated by free weighted-semicircular
family, and those of operators generated by free
semicircular family are computed, in Sections 8, 9 and 10.

In Section 11, the close-ness (or difference) between
free distributions of self-adjoint operators generated by
semicircular elements, and those of operators generated by
our weighted-semicircular elements is considered by
defining so-called the weight-ratios. Such weight-ratios
measure how our weighted-semicircularity is close to
semicircularity.

2. Preliminaries

In this section, we briefly mention about backgrounds
of our proceeding works.

2.1. Free Probability

Readers can check fundamental analytic-and-combinatorial
free probability from [12] and [13] (and the cited
papers therein). Free probability is understood as the
non-commutative operator-algebraic version of classical
probability theory (covering commutative cases). The
classical independence is replaced by the freeness, by
replacing measures to linear functionals. It has various
applications not only in pure mathematics (e.g., [11]), but

also in related scientific topics (for example, see [3,4,6,8]).

In particular, we will use combinatorial approach of
Speicher (e.g., [12]).

Especially, in the text, without introducing detailed
definitions and combinatorial backgrounds, free moments
and free cumulants of operators will be computed. Also,

we use free product of C*-probability spaces in the sense
of [12] and [13], without detailed introduction. However,
rough introduction would be given whenever they are
needed in text.

2.2. Calculus on Q,

For more about p-adic, or Adelic analysis, see [13]. Let
Qp be the p-adic number fields for pe 7, equipped

with the non-Archimedean p-norms |'|p (on Q), where

2 is the set of all primes in the natural numbers (or the
positive integers) N. This Banach space Q is also

understood as a measure space
Qp :(Qp’G(Qp)lﬂp)l
equipped with the left-and-right additive invariant Haar

measure u, onthe o -algebra o-(Qp). Recall also that,

Qp is a well-defined ring algebraically. If xe Q, then

x= > ¥p" with x, €{0,1,..., p-1}
n=—N

forsome N eN, i.e.,

AL e

k=—N

If N>0, and hence, if x=) x,p" in Qp, then x is
n=0
said to be a p-adic integer of Q. The subset Z, of

Qp. consisting of all p-adic integers, is called the unit
disk of Q. Indeed, every p-adic integer x satisfies

|x|IO <l ie,
Zy :{XG(@p :|x|p Sl}.

Remark that Hp (Z D ) =1, and all Hp -measurable
subsets Y e a((@p) are either finite-or-infinite unions, or
finite intersections of the subsets formed by

y+2Zy, fory,z €Qp.

As a topological space, the p-adic number field Q,

contains its basis elements
U, = pX
k=PZpy forallkeZ, (2.2.1)

satisfying the basis property,



167 Turkish Journal of Analysis and Number Theory

Qp: UUk,

keZ
and the chain property,

wcUpcUclUpg=Z,cU_jcU,c..,

and the measure-theoretic data,

Hp (Uk):ik:,up(X+Uk),forall keZ,
p

for all XEQP.

By understanding Q, as a measure space, one can
establish a *-algebra .47, over C as a *-algebra
consisting of all 1, -measurable functions f,

= %

sea(Qp)

tsls with ts eC,

where the sum X means a finite sum, and yg are the
usual characteristic functions of S. Of course, the adjoint

" of f is defined to be

7= > tgxsin My,
sea(Qp)

where Z mean the conjugates of z, forall zeC.
On A, one can naturally define a linear functional

Pp>

q)p(f):j@p fdu, forall f e A1, (2.2.2)

and hence, the pair (,/f//p,gop) forms a well-determined

*-probability space.

Remark 2.1. Remark that our *-probabilistic structure is
a ‘“commutative” measure-theoretic structure which is
not under usual free-probability-theory point of view.
However, free probability theory naturally covers
measure theory on commutative algebras, and hence, we

use the terminology, “*-probability space,” under
enlarged sense in this text.
Define now subsets o, of Q by
Ok =U, \Uy,q, forall k e Z. (2.2.3)

We call such Hp -measurable subsets 0y, the k-th
boundaries of the basis elements U, of (2.2.1), which are
also p,-measurable subsets, for all k € Z. By the basis
property in (2.2.1), one obtains that

= U &, (2.2.4)
Qp keZ k

where LI means the disjoint union. Also, by measure-theoretic
data in (2.2.1), one has

1 1

Hp (O ) = #p (Ui )= #p (Vi) :?_W'

forall k e Z.

Now, let .17, be as above, and let f € M. Then, by
definition, f is expressed by

= %

seo(Qp)

ts}(s with tS € (C, (225)

where P means the finite sum, and yg are the usual

characteristic functions of S e U(Qp )

If f .47, isexpressed by (2.2.5), then the adjoint £
is determined to be

*

def

Y tsxs| = D

s<o(Qp) seo(Qp)

ts s,

where tg € C, having their conjugates g in C.
Let f e.47,. Then

¢p(f)=Iprdﬂp= > tsup(s) (2.2.6)

Sea((@p)
by (2.2.2).

Note that, by (2.2.4), if S e a((@p), then there exists a
subset Ag of Z, such that

As={jez:smaj¢@}. (2.2.7)

Thus, by (2.2.6) and (2.2.7), one obtains the following
proposition.
Proposition 2.1. (See [2]) Let Se o((@p), and let
Xs € M. Then there exist rj € R, such that

0<r; <linR, forall jeAg, (2.2.8)

and

1 1
)= Jo w0~ % o -l
JEAS

where Ag is in the sense of (2.2.7).

3. Free Probability on M,

Throughout this section, fix a prime pe 2, and let
Qp be the corresponding p-adic number field, and let

M, be the *-algebra consisting of all x, —measurable
functions on @p. In this section, let's establish a suitable
free-probabilistic model on the *-algebra .47,. Remark

again that free probability provides a universal tool to
study free distributions on “noncommutative” algebras,
and hence, it covers the cases where given algebras are

“commutative.” Even though .47, is a commutative

x -algebra, for our purposes, we understand our



Turkish Journal of Analysis and Number Theory 168

p-adic-analytic settings on .47, under free-probability

language and terminology (See Remark 2.1).
Let U, be the basis elements (2.2.1) of the topology for

Qp, ie.,

Uy = p*Z,, forallk € Z, (3.1)

with their boundaries
8k =Uk \Uk+1’ forall k € Z.

Define a linear functional ¢, : A7, — C by the p-adic
integration (2.2.2), i.e.,

gop(f):jQp fduy, forall f e A7, (3.2)

Then, by (3.2), one obtains that

1 1

ooy ) 1} L

since

Ay, ={keZ:k2j},and/\aj ={i},

with help of (2.2.7) and (2.2.8), for all j e Z.
Definition 3.1. The free probability space (/l/lp,(pp) is

called the p-adic free probability space, for p € 7, where
¢p is the linear functional (3.2) on A7,,.

Let Uy be in the sense of (3.1) in Q,, and
2uy € My, forall keZ. Then

ZUkllUkz :ZUklﬂUkz :;[Umax{kl,kz}’

by (2.2.3), where max{kj,k,} means the maximum in
{ke Kz}

Say ky <k, in Z. Then Uk1 QUk2 in Qp, by (2.2.3).
Therefore, Uy, Uy, =Uy, in Q. So, if k <k, in Z,
then

X W0y = A0 MUk, = 2y, 1N Ay

Thus, one can verify that

1
?p (Zukllukz )=W (3.3)

Inductive to (3.3), we obtain the following result.
Proposition 3.1. (See [2]) Let (jl,...,jN)eZN, for
N € Z. Then

(3.4)

and hence,

N 1
Pp [HZU“ J:m

Now, let o, be the k-th boundary Uy \U,; of Uy in
Qp, for all k € Z. Then, for k;,k, € Z, one obtains that

Xoyg Koy = XorgNory = ko oy - (3.5)

where § means the Kronecker delta, and hence,
Pp (Zakl l@kz ) = 5k1,k2 ?p (Zakl )

1 1
= %k kp [F_ pk1+1J'

So, we obtain the following computations.
Proposition 3.2. Let ( jy,..., jy ) ezZN, for N eN. Then

N
Elajl :5(1'1 _____ jn)Zoy N My, (3.6)

and hence,
N
1 1
. :5 . - — |
Pp [EM” } (Jp--JN)( pht p11+1]

where

N-1
g in) z[ 5i|,J|+1j5(iN,J'1)'

Proof. The proof of (3.6) is done by (3.5).
Thus, one can get that, forany S e a((@p),

¢’p(ls)=¢’p[ Z Zsmaj}

jeAs

where Ag is in the sense of (2.2.8)

= 2 %(lsnaj): 2 up(sNoj)

jeAs jehs
(3.7
_y r_[ 11 J
] |
jens Lpl piHt

where 0<r; <1 are in the sense of (2.2.8), for all j e Z.

Also, if S;,S, ea((@p), then

. Z lSZHGj
leAs,

Z Zslﬂ(?k
keAS1

ZS]_ZSZ =

>
(k,j)eASleSZ
=2

(k. j)eAs xAs,
= 2

jEAS:LvASz

(ZSlﬂak Zszﬂaj ) (3 9)

%,i(s1N52)n0
(51N noj:

where
AS]_'ASZ = AS]_ N A32 J
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because 6k ﬂaj = 5k'161
In (3.8), it is clear that, if As s, is empty, then

X8 Xsy = OMp = X the zero element of .17,
where @ is the empty set in o—(Qp).
Thus, one can get that there exist w; € R, such that

O<wj<Lforall jeAg s,, (3.9

W.{i_LJ
J pJ pj+l

by (3.8) and (2.2.10), for all S;,S, e a(@p).

By (3.9), we obtain the following general result under
induction.

Theorem 3.3. Let

where

Pp (131152): J_e/%s
1,52

S eo-(Qp), and let
s, e(/t//p,gop), or 1 =1,...,N. for N e N. Let

N

where Ag, are in the sense of (2.2.7), for 1=1,...,N.

Then there exist rj e R, such that
0<rj<linR, (3.10)

and

N ~ 11
ool [s = 2 0|51}
1=1 jeAs .. 5N p p

Proof. The proof of (3.10) is done by induction on (3.9).
See [2] for details.

4. Representations of (.17,,¢, )

Fix a prime pe 7. Let (Mp,gop) be the p-adic free

probability space. Now, we construct a representation of
M. By understanding Q, as a measure space,

construct the L2 -space,

def

Hp = (Qp o(Qp)oap)=17(Qp), @D

over C, consisting of all square-integrable ., -measurable

functions on Q,, Then this 12 -space is a well-defined

Hilbert space equipped with its inner product (,),,

def .
(1, f2), = j@p ffodup, forall fi, f, e Hy. (4.2)

Naturally, H is the ||, -norm completion in 17,
where
def

If]l, = (f.f),, forall f eH,, (4.2

where (), is the inner product (4.2) on H .

Definition 4.1. We call the Hilbert space H, of (4.1), the
p-adic Hilbert space.

By the very construction (4.1) of the p-adic
Hilbert space H, our *-algebra .47, acts on H,, via
an algebra-action P,

ap(f)(h): fh,forallhe H,, (4.3)

for all feMp. i.e., the morphism P of (4.3) is an
action of .47, acting on the Hilbert space H,. i.e., for

any f e, the image P (f) is a multiplication
operator on H, with its symbol f contained in the
operator algebra B(H p) of all (bounded linear) operators
on Hy.

Notation Denote aP(f) by «f, for all f e,

Also, for convenience, denote a}‘{’s simply by asp, or all

Se U(Qp). For instance,

P _ P  _ p( )
o, =a =a ,
Uk ~ "y AUy
and
[ p( )
Yo =%, —% )

for all k € Z, where U, are in the sense of (3.1), and ¢y
are the corresponding boundaries of Uy in Q, for all
k eZ.
It is not difficult to check that
ap g =apaf onHy forall fi, f, e A7,

and

P y _
(af ) _af* on Hp,for all f e/!//p.
Therefore, one obtains that:

Proposition 4.1. The pair (H p,ap) is a well-determined

Hilbert-space representation of .A7,.
Definition 4.2. The representation
(Hp,ap) is said to be the p-adic (Hilbert-space)

Hilbert-space

representation of 47,

Depending on the p-adic representation of .47, one

can construct the C*—algebra M in the operator algebra



Turkish Journal of Analysis and Number Theory 170

B(H p). Here, B(H p) is the operator algebra consisting

of all (bounded linear) operators on H, equipped with
the operator-norm,

[T]|=sup{[Thl, :h < Hp. I, =1},
forall T e B(H p), where |||, means the L*-norm (4.2)’
on Hy.
Definition 4.3. Let M, be the operator-norm closure of

M, in the operator algebra B(Hp), ie.,

def ————

Mp =« P (/‘/Ip)
<M

where X' mean the operator-norm closures of subsets
X of B(Hp). Then the C"-algebra M, is called the

~ClaP:fenr| inB(Hy), 4.9)

p-adic C" -algebra of (./i//p,(op).

5. Free Probability on M,

Throughout this section, let's fix a prime pe 2. Let

(/l//p,gop) be the corresponding p-adic free probability
space, and let (Hp,ap) be the p-adic representation of

M, inducing the corresponding p-adic C*-algebra Mp

of (4.4). In this section, we consider suitable
free-probabilistic models on M. In particular, we are

of linear functionals on

interested in a system {gojp}
jeZ

M. determined by the j-th boundaries {8j}jeZ of Qy.

Define a linear functional goJP ‘M, - C by a linear
morphism,

def
of (a) = <04£(Zaj ),;(aj>2,for alacM,, (5.1)

for all jZ, where (,), is the inner product (4.2) on the
p-adic Hilbert space H, of (4.1).
First, remark that, if ae M D then

a= %

ts;(s inM p
Seo(Qp)

where X is finite or infinite (limit of finite) sum(s), under
C*—topology of M.

Definition 5.1. Let jeZ, and let (pjp be the linear
functional (5.1) on the p-adic C*—algebra M. Then the
c” -probability space (Mp,(pjp) is said to be the j-th

(p-adic) C*-probability space.

So, one can get the system
{(Mp,gojp): i eZ}
of C*—probability spaces for a fixed C*—algebra M.
Now, fix jeZ, and take the corresponding j-th
C” -probability space (M p,(ojp). For Se U(Qp), and an

element ys € M, one has that

co,-p(zs):<a§’ (Zaj ),zaj >2 =<Zsﬂaj Ko, >2
=pranajZajdﬂp =IQsznajZajd#p (5.2)

1 1
=pr)(smajdﬂp = up(SNaj)=r5 [F_Fj

forsome 0<rg <lin R.

Proposition 5.1. Let Seo-((@p), and aspza;?s

€ (M p,gojp), for a fixed jeZ. Then there exists rg e R,
such that
0<rg <1linR, (5.3)

and

n 1 1
?; ((asf’) J: Iy (F_F] forall neN.

Proof. Remark that the element ag is a projection in

M 0 in the sense that:

So,
n
(ag) =af forallneN.

Thus, by (5.2), we obtain (5.3).

The above proposition characterizes the free distributions
of ag in the j-th o -probability space (Mp,(pjp), for
jeZ.

More precisely, we obtain the following theorem.
Theorem 5.2. Let S, eo(Qp), and aspl =aP (;{SI )

e(Mp,(pJ—p), for a fixed jez, for 1=1..N, for

N e N. Then there exists r(sl sn) € R, such that

(5.4)

and

forall neN.
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Proof. Let Sy,...,Sy be up-measurable subsets of Q,,
for N eN, and let

S :ﬁj]s, eo(Qp).

Then, one has that
N
asp = Haspl inM 0
1=1
satisfying

* 2
(asp) =ag =(a§) inM,.

Therefore, by (5.3), the formula (5.4) holds.
The above joint free-moment formula (5.4) characterizes
the free-distributions of finitely many projections

gy igy iN the j-th C” -probability space (M p,(ojp),

for jeZ.

As corollaries of (5.4), we obtain the following results.
Corollary 5.3. Let U, be in the sense of (3.1), and J,,

the k-th boundaries of Uy in Q, for all k e Z. Then

1 1

n ————if k<]
0 otherwise,

n 1 1
pl(.p) |5 |1 _
? (("‘ak) J—(SJ,k(pj pj+1}

forall neN, for k e Z.

(5.5)

and

6. Semigroup C -Subalgebras &, of A4,

Let M, be the p-adic o -algebra for pe 7, as in
Section 5. Take operators

—gP
Pp.j =g, €My, (6.1)

forall jeZ, for pe P.
As we have seen, these operators P, ; are projections

on the p-adic Hilbert space H in M, i.e.,

* _ o 2.
Po.i =Pp.j =Pp.j:
for all pe P,

these projections P, ; of (6.1).

j€Z. We now restrict our interests to

Definition 6.1. Fix pe 7. Let &, be the C*-subalgebra

Gy =C*({Pp’j}jezjz(C[{Pp’j}jez}of M, (6.2)

where P, ; are projections (6.1), for all jeZ. We
call this C* -subalgebra &, the p-adic boundary

(C*-)subalgebra of M.

We originally defined such p-adic boundary subalgebras
G, in[4].
Proposition 6.1. (See [4]) Let &, be the p-adic boundary
subalgebra (6.2) of the p-adic C*—algebra M. Then

*—iso *—iso
= @ (CPhy ) = C%%,
» = ©(CPy)

G (6.3)

in M.
By the structure theorem (6.3) of &, it acts like a
diagonal subalgebra inside M. Since p-adic boundary

subalgebras G, are c’ -subalgebras of M,, one can

naturally get the C*—probability spaces
(6p,¢>jp), forall pe Zand j e Z.
i.e., we have a family

{(Gp,¢f):pep,jez}, (6.4)

where the linear functional (pjp are restrict linear

functional gpjp‘(gp of (pjp on M,, for all je€Z, and
peP.

7. Weighted-Semicircularity

Let M, be the p-adic C*—algebra, and let &, be the
boundary subalgebra (8.2) of M, satisfying the structure
theorem (6.3):

*—is0

&5 =C'({Poi} ) = €

where P, ; are projections a(,fj of (6.1) on H, for all
jeZ.
Then we have

1 1
p _
(01 (Pp,k)_5j,k {F_ pj+1],VpeP,

and j,k e Z.

Now, let ¢ be the Euler totient function, which is an
arithmetic function

(7.0.1)

¢:N->C,
defined by

#(n) :|{k eN:k <n,gcd(nk) :1}|, (7.0.2)



Turkish Journal of Analysis and Number Theory 172

for all ne N, where |X| mean the cardinalities of sets X,

and gcd means the greatest common divisor.
It is well-known that

o 13

forall ne N, where g|n means “q divides n,” or “q is

a divisor of n.”
Thus, one has

¢(p)=p-1= p(l—%),forall pe”, (7.0.3)

by (7.0.2).
So, one can get that

ol (P -):i. L) P (1 1) 4P (704
el p] p p]+1 p pj+1
by (7.0.1) and (7.0.3), for Py ; €&, for all pe?,
jeZ.

Now, Define new linear functionals

p.
by linear morphisms satisfying that

Jjk

O
ff(Puk)=;q;5¢f(Pnj):'g%%' (7.0

forall pe 7, and j,k € Z, inducing new C*—probability
spaces

Gp(j)=(5p,rjp),for pe?, jeZ, (7.0.6)

asin (6.4), where ij are in the sense of (7.0.5).

Proposition 7.1, Let Gp(j):(ap,rjp) be a

C*-probability space (7.0.6), and let P, be generating
projections of &, for all j€Z. Then

O

J—k for all neN. (7.0.7)
j+1

p

Proof. The free-moment formula (7.0.7) is proven by

(7.0.5), because P, are projectionsin G .

7.1. Semicircular and Weighted-Semicircular
Elements

Let (A,(p) be an arbitrary topological *-probability

space (C*-probability space, or W*-probability space, or
Banach *-probability space, etc.) equipped with a
topological *-algebra A (C_-algebra, resp., W_-algebra,
resp., Banach *-algebra), and a bounded linear functional
@ on A

Definition 7.1. Let a be a self-adjoint operator in (A, ).
It is said to be even in (A, ¢), if all odd free moments of a
vanish, i.e.,

(p(aZ”‘l):o, forallneN. (7.1.1)

Let a be a “self-adjoint” operator of (A,¢) satisfying the
even-ness (7.1.1). Then it is said to be semicircular in

(A,gp), if
go(azn):cn, forallneN, (7.1.2)

where c,, are the n-th Catalan number,

_;L_(an: L (2n)!_ (2n)

“h+lln +1(n1y? ni(n+1)!

Cn

forall neN.
It is well-known that, if k, (...) is the free cumulant on
A in terms of ¢ (in the sense of [12]), then a self-adjoint

operator a is semicircular in (A, ¢), if and only if

lifn=2
kol a,a,....,a | = .
—— 0 otherwise,

n—times

(7.1.3)

for all neN (e.g., see [11,14], and cited papers therein).
The above characterization (7.1.3) is obtained by the
M@obius inversion of [12].

Thus, the semicircular operators a of (A,¢) can be

re-defined by the self-adjoint operators satisfying the
free-cumulant characterization (7.1.3).

Motivated by (7.1.3), one can define so-called the
weighted-semicircular elements.

Definition 7.2. Let ae(A,¢) be a self-adjoint operator.
It is said to be weighted-semicircular in (A ¢) with its

weight ty (in short, ty -semicircular), if there exists
tyg € C, such that

tO if n=2
kol a,a,...... ,al= )
—_— 0 otherwise,

n—times

(7.1.9)

for all ne N, where k, (...) is the free cumulant in terms
of ¢ inthe sense of [12].

By the definition (7.1.4), and by the Md&bius inversion,
we obtained the following free-moment characterization
of (7.1.4) in [4]: A self-adjoint operator a in a
*-probability space (A,(p) is to-semicircular, if and only if
() itisevenin (A, ¢), and (ii) there exists ty e C, such that

n
n\_ |técn if niseven
ola")= 2
0 if nisodd,

(7.1.5)
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for all ne N, where c,, mean the m-th Catalan numbers,
forall meN.

7.2. Tensor Product Banach *-Algebra £6,

Let 6p(k)=(6p,rkp) be a C” -probability space
(7.0.6), for pe P, k eZ. Throughout this section, we fix
k in Z, and the corresponding c’ -probability space
Sp(K)-

Define now a Banach-space operators (or bounded
linear transformations) c, and a, “acting on the

C"-algebra Gy, " by linear morphisms satisfying,
¢p(Pp.j)=Pp.jsz and ap (Pp,j)=Pp,jor (7:2.1)

on &, forall jeZ.

Definition 7.3. The Banach-space operators ¢, and a,
on &, in the sense of (7.2.1) are called the p-creation,
respectively, the p-annihilation on &,, for pe?.

Define a new Banach-space operator Ip by

I, =Cp+ap 0N &, (7.2.2)
We call it the p-radial operator on & .
Let Ip be the p-radial operator ¢, +a, of (7.2.2)

actingon G ,. Construct a Banach algebra £, by

£,=Cll,]inB(6,), (7.2.3)

where B(Gp) means the operator space consisting of all

bounded linear transformations on &, equipped with its

p 1
operator-norm ||, defined by

[Tl=suprdls, :x =& st i, =1].
where

"X"@‘p :SUP{"X(h)Hz theHpst, "h"2 :1}’

giving the C” -norm topology for G, (which is the
subspace topology of that for M ), where |||, means the

Hilbert-space L? -norm on the p-adic Hilbert space
Hyp =L2(Qp), forall pe 2.
On £, define the adjoint (*) by

o k © Tk
Dioklpefp D oslpely (724

where s, € C, with their conjugates §e<c. Itis indeed a
well-defined adjoint on £, (See [4]).

Then, equipped with the adjoint (7.2.4), this Banach
algebra £, of (7.2.3) forms a Banach *-algebra.

Definition 7.4. Let £, be a Banach *-algebra (7.2.3) in
B(6p) for pe 7 We call .£,, the p-radial (Banach-*-
algebraon & .

Let £, be the p-radial algebra on & ,. Construct now
the tensor product *-algebra £&, by

£6,=L£,®c 6, (7.2.5)

where ® means the tensor product of Banach *-algebras.

Take now a generating element IB QP for some

ij,
neNy, jeZ, where Pp,j are in the sense of (6.1) in

&,, and

pl
No =NU{0},

with axiomatization: Ig =1L.p, the identity operator of

£, on G, satisfying

p!
le, (Pp,j)=Pp,ji forall P, ; €&y,
forall jeZ.
Define now a bounded linear morphism
Ep: €6, -6,
by a linear transformation satisfying that:
. k+1
1
(")

Ep(I';®Ppyj)=WI'S(PM), (7.2.6)
+

for all X€Nov J€Zi \ypere E} is the minimal

integer greater than or equal to g for all k & No.
By the cyclicity of the tensor factor £, of £&5,, and

by the fact that: all generating elements {Pp‘j} of 5,

jeZ
are mutually orthogonal projections, the above morphism
Ep is well-defined as a linear transformation.

Now, consider how our p-radial operator Ip =Cp +ap
acts on G,. First observe that if c, and a, are the

p-creation, respectively, the p-annihilation on &, then

Cpap(Ppj)=Ppj=2pCp(Ppj) (72D

forall jeZ,peP.
Lemma 7.2. Let c,, a, be the p-creation, respectively,

the p-annihilation on &,. Then

Cpap =1, =ayCp, (7.2.8)
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where 16p is the identity operator on &,.

Proof. The formula (7.2.8) holds by (6.3) and (7.2.7).
Also, the formula (7.2.8) shows that the Banach-space
operators ¢, and a, are acting commutatively on &,,.

Therefore, one can obtain that
I"=(c, +a n_zn M ckank (7.2.9)
p_(P p)‘k:ok pp e

with identity:

forall ne N, where

n " forallneN keN
= | eN, k e Nj.
k)™ ki(n—k)! 0

By considering the formulas (7.2.8) and (7.2.9) together,
one obtains the following proposition.

Proposition 7.3. Let Ip € £, be the p-radial operator on
G- Then

If)m‘l does not contain 16p ~term, and (7.2.10)

2m
2 L
I5™ contains its ls, —term,( o j.lgp, (7.2.11)

forall meN.

Proof. The proofs of (7.2.10) and (7.2.11) are done by
straightforward computations under (7.2.8) and (7.2.9).
See [4] for more details.

7.3. Weighted-Semicircular Elements Qp; in
LG

Fix pe 7, and let £& be the tensor product Banach
*-algebra £, ®c &, in the sense of (7.2.5), and let
Ep: L6, > &) be the linear transformation of (7.2.6).
Throughout this section, fix an element

Qpj=lp®P,jeL&, forjez,  (7.3.1)

where Py ; are projections (6.1), generating &,.
Observe that

n._ n_n n. _yn )
Qi =(1,®Py ;) =I5 ®P); =18 ®P, ;, (7.3.2)

for all neN, for all jeZ. By (7.3.2), one can realize
that the operators Q, ; of (7.3.1) generate £&,, for all
jeZ.

Consider that, if Qp, j € £&, is in the sense of (7.3.1),
for jeZ, then

j+1 n+1

Ep(QB.i)=Ep(1} ®Pp,j)([nT'B(Pp,J)<7'3'3)
+

2

by (7.2.6) and (7.3.2), for all ne N.
Now, for any fixed jeZ, define a linear functional

0
Tp,j on £6, by

75 =10 oE,0n £6,, (7.3.4)

]

where 7P is in the sense of (7.0.5).

By the linearity of both 7P and E

r%j of (7.3.4) is a well-defined linear functional on

p, the morphism

£6p. So, the pair (£6p,r%j) forms a Banach *-

probability space in the sense of [12] and [14].
By (7.3.3) and (7.3.4), if Qp j is in the sense of (7.3.1),

then

forall neN.
Theorem 7.4. Let Qp'j =Ip ®Ppyj e(l}@'p,r%j), for a

2(j+1)

fixed jeZ. Then Qpj is p -semicircular in

(L‘Gp,rg’j ) More precisely, one obtains that
n
2(j+1) )5 e
c f niseven
o5i(Qp)=1" (¢ HREEEN (7.3.6)

0 if nisodd,

for all neN. Equivalently, if kr?'p'j(...) means a free

cumulant in terms of the linear functional rg'j of (9.3.5)
on £&, then

(pj+1)2 if n=2

0 otherwise,

KOPd Q. Qp.jiQpj |= (7.3.7)

n-times

forall neN.

Proof. The formula (7.3.6) is proven by the straightforward
computations from (7.3.5), with help of (7.2.10) and
(7.2.11). Also, the formula (7.4.7) is obtained by the
Mabius inversion of [12] from (7.3.6). See [4] for more
details.

8. Semicircularityon £&6

For all peP,jeZ, let £6p:£p®c6p, and

1811- be in the sense of (7.2.5), respectively, (7.3.4). Then,
one has the corresponding Banach *-probability spaces,

£6,(i)=(26p.7 ) (8.0.1)
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forall pe?,jeZ
Let Qpk = Ip ® Py be the generating elements (7.3.1)

of £6p(j), for pe P, keZ, where L’Gp(j) are in
the sense of (8.0.1). Then a generating element Q, j of

£6,(j) is p?*Y semicircular in £6, (), by (7.3.6)
and (7.3.7). i.e.,

204 if =

kr?’p’j(Qp,j’Qp,j"“’Qp,j):{p 2 (802

0 otherwise,

and
n
5.1(9h.1)= o (070 o
2
forall pe P, jeZ, forall neN, where
1 ifniseven
n :{o if n i odd,

forall neN.

8.1. Free Product *-Probability Spaces

Let (Ac.¢) be arbitrary topological *-probability
spaces (e.g., C -probability spaces, or W’-probability
spaces, or Banach *-probability spaces, etc.) consisting of
topological *-algebras A, (e.g., C"-algebras, or W-algebras,
or Banach *-algebras, etc.), and corresponding bounded
linear functional ¢, for k € A, where A is an arbitrary
countable (finite or infinite) index set.

The free product topological *-probability space
(Ap) of {(Ak,gq()}keA is a new topological *-probability
space, consisting of the free product topological *-algebra

A= x A
leA

generated by the noncommutative reduced words, called
N

free reduced words, in UA1 (under product topology),
I=1

having a new linear functional

Q= * @,
leA

where ¢ satisfies that: if a a;,..a is a free reduced
word in A, then

¢(ai1ai2 B ) =0y (ail )go,z (ai2 )...(p,n (ain )

forall (i,....i,) e A", forall ne N (e.g., see [11,12,14]).
We denote the above relations together by

(Ap) (Ak’¢’k):( * A * ‘ij-

= %
keA keA keA

The topological *-algebra A= x A, is understood as
keA

a Banach space,

par= ® [@ Af’} (8.1.1)
=L iy, )ealt(A”) k=1 K
with
0 = N p—
A, = A ©C forallk =1,...,n,
where

(il,...,in)en

alt(An) = (oo iy # i, iy i3 b,

ceny |n71 * |n

forall ne N, and where @ and ® are the direct product,

respectively, the tensor product of Banach spaces (e.g.,
see [12,14]).

In particular, if an element a e A is of the form of free
reduced word,

n
H ail in A,
1=1

with

(ipin) € alt(A"),

then one can understand a as an equivalent Banach-space
vector

n
|® a in the Banach space A of (8.1.1),
=1

n
contained in the minimal direct summand ® A{I’( (which
k=1

is a closed subspace) of Ain (8.1.1).
We denote this relation by
equi n no,
a=Q®a €® in A
S0 <2 A
Of course, the left-hand side a of (8.1.2) means the

(8.1.2)

n
operator in A, while, the right-hand side ® aj means the
1=1

n
Banach-space vector in the direct summand ® A1°k of the
k=1

Banach space A of (8.1.1). Note that, under same
n

argument, one may understand a as an operator ® a in
1=1

the *-subalgebra
n
®(C Aik of A,
k=1
where ® means the tensor product of topological *-algebras.

Notation 8.1. In the rest of this paper, we will call the

n

above *-subalgebra ®c A, of A, the minimal free
k=1

summand of A containing a given free reduced word

n
a=]]a.
=1
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Remark that, if a is a free reduced word in A, then

. Kk .
equi( n n equi n
a = | ®a | =®af = [[af (813
I=1 =1 'l g
in the minimal free summand of A containing a in the
sense of Notation 8.1, for all k e N. Remark also that
even though the above relation (8.1.3) holds inside the
minimal free summand, it does not hold fully in A, in
general (in particular, whenever k > 1).
Notation and Remark 8.1. (From below, NR 8.1) Let
n
a:HaiI be a free reduced word in A, as above. The

I=1
power a in (8.1.3) means the k-th power of a as an
element of the minimal free summand of A containing a.

. . . . k
To avoid the confusion, we will use the notation a( ),
as a construction of new free “non-reduced” word,

a¥) -a.a.a
—
k—times
in A
For example, let a=a; &,a; be a free reduced word
with

(in,ip.ip) € a|t(A3),
which is equivalent to
3
a, ®a, ®a In I(:DlAI c A

Then

equi 3 equi

ad = (ail®ai2 ®ai3) 333 a3

=aa a,
it i

in the minimal free summand of A containing a, but

©

a(a) = (ailaiz ail )

= &, &, 8 &, &, & & &, & (non-reduced word)

—a. a.a’a_ala. a
= ay iy & &, 3, 3y By (reduced word)
ie.,
(3) e . . 2 - 2 - .
' = ayaj,a; )& &,

is a free reduced word in A.

So, in the text below, if we use the term ak” for a
fixed free reduced word a, then it is in the sense of (8.1.3)
contained in the minimal free summand of A containing a;

meanwhile, if we use the term “ a(k), ” then it means a
free (non-reduced) word in A.

Note that a¥ = a(k), only if a is a free reduced word
a, with its length-1 in A, and hence, its minimal free

summand of A is identical to the free block A in A, for
all k e N.

Similar to a* and a(k), one can understand the

adjoints a and a(*) of a fixed free reduced word a in A
as follows;

Lequi n * n ,equin

a = | Qg | =Qq, = ||,

= ) = ! E '

in the minimal free summand of A containing a, but

. n *) *)
al") = (H g ] = (ailaiz . )
I=1

n
* * * * *
=& Qg Ay Ay = H CIE

in A.
The free product linear functional ¢ on A satisfies that,
whenever a is a reduced free word in A of (8.1.2), then

o(e)-o{ 1% |- T1{o <)

=1

(8.1.4)

in the minimal free summand of A containing a, by (8.1.3),
for all k e N. Sometimes, by abusing (8.1.3), one can /
may write

ol ol [ f1o(e)

forall k e N.
Note that, in general,

go(ak ) # (o(a(k)), fork e N.

However, the equality holds, if a is a free reduced word
with its length-1.
Now, let

b= Zrzlbil e(Ap).

We say that such an element b is a free sum in A, if all
summands by ,..., b - of b are contained in “mutually-distinct”
minimal free summands of A containing them as free
reduced words. Then, similar to the above terminology,

one can realize
equi n

b = ®b

e (8.1.5)

in the direct sum of the minimal free summands of A
containing bil, for all I =1,...,n (also, called the minimal

free summand of A containing the free sum b). So, it

satisfies
K equi n k n K
- - (8.1.6)
equi

= w(zrzlbill()zz'llw(bil'()'
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for all k eN. Here, each summand (p(bill‘) of (8.1.6)

satisfies (8.1.4).
Notation and Remark 8.2. (From below, NR 8.2) Similar
to NR 8.1, if b is a free sum in the sense of (8.1.5), then
one can consider
k)
(0 _(sn M2 b b

b\ = lelb,l = Z ) bIIl bII2 ...bIlk ,

i ]

—

where the summands of b(k
words in A.

For more about (free-probabilistic) free product algebras,
and corresponding free probability spaces, see [11,12,14]
and cited papers therein.

are free (non-reduced)

8.2. Free Product C -Probability Space
(£6,7)

In this section, we will use the same concepts and
notations introduced in Section 8.1.
By (8.0.1), we have the family

[2e,(i)=(26,.53):per icz|

of Banach *-probability spaces.
Thus, one can define the free product Banach
*-probability space,

denote def

_ 0\ _ 0
6 = (6.0 = pegjez(ﬂﬁp,rp,,),(&z.l)
as in Section 8.1.
Definition 8.1. The Banach *-probability space

£6:(£6,r0) of (8.2.1) is called the radial-Adelic

(Banach-*-) probability space. If we understand £& as a
Banach *-algebra, we call it the radial-Adelic (Banach *-)
algebra.

Let £6 be the radial-Adelic probability space (8.2.1).
Then, we obtain a subset

{Qp,i =1, ®Pp Eg@p(j)} e, jeZ

2(i+1) -semicircular elements

of £6&, consisting of p
Qp,j in the free blocks £&,(j) of £&. Remark here
that, by the choice of Q ; in the family, all Q, ; are
taken from the mutually-distinct free blocks £& ( j) of
L6. It means that all elements Qp ; are mutually-free

from each other in £65.

Recall that a subset S={a} _, of an arbitrary

teA
*-probability space (A ¢) is said to be a free family, if,
for all pairs (t,t,)e A? of “distinct” elements t, and t,
of A, the corresponding operators ay and a, are free in

(A @) (9., [12,14]).

Definition 8.2. Let S={a},_, be a free family in a
*-probability space (A,(o). This family S is said to be a

free semicircular family, if every element a of S is

semicircular, for all t e A. Similarly, the family S is called
a free weighted-semicircular family, if all elements a; of S

are weighted-semicircular, for all t € A.

So, by the very construction (8.2.1) of our radial-Adelic
probability space £&, we obtain the following fact.
Theorem 8.1. Let £& be the radial-Adelic probability
space (8.2.1). And let Q, ; be the generating operators

I, ®P, ; of £&.

(8.2.2) A family {Qp,j eL‘Gp(j)}jeZ is a weighted-

semicircular free family in £&, for a fixed p e 2.

(8.2.3) A family {Qp, jeL6,( j)} oo 18 @ weighted-

semicircular free family in £&, for a fixed j e Z.

(8.24) A family {Qp,jegsp(j)}pep o 1

weighted-semicircular free family in £6&.

Proof. First, let's take a family {Qp j e!}@p(j)}j - by
! €

fixing a prime p. Then one can understand this family is
taken from

denote

£6,(2) = * £6,(j)inL6,

jeZ
which forms a free block of £&, because

L6 = L£6,(2Z),
p:P p( )

by (8.2.1). Therefore, the subset
{QD,J' L6y (j)}jez
is a free family in £6,(Z) for the fixed prime p. So,

the family {Qp‘j } ez is also a free family in £6.

Now, assume we have a family {Qq'j € L6, (])}qep
in £6&, for a fixed integer j e Z. Then, this family is a
subset of

denote

£65(i) = * £6,(j)of £6,

pe”
because

L6 = x £6,(])),
J1EZ

by (8.2.1). Thus, the subset
{Qq.j €204 (i),

forms a free family in £S5 () for the fixed integer j.

Therefore, the family {Qq'j} is a free family in £6.

qe”
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Finally, consider the family {Qp i eﬂ(‘;p(j)}p "
’ el e

We re-write this fan I|y by
U :plj :
j Z{ }pep

Each family {Qp’j} is a free family in £65 ()

pe”
for each jeZ. Note that the family {L’@p(j)}jez

forms a free family, and hence, the sub-families

{Qp,j}pep is a free family in £&, too.
Therefore, the family

{vaj € £6p ( J)} pe?, jel

is a free family in £6.
Recall that all elements Q, ; are pz(“l) -semicircular
in £6,(j), for all pe” and jeZ, and hence, they

are weighted-semicircular in £&. Therefore, the statements
(8.2.2), (8.2.3) and (8.2.4) hold.

8.3. Semicircular Elements Induced by
{Qp’j}pep,jeZ

Let £6 =(£6G,7) be the radial Adelic probability
space (8.2.1). Define the elements ©, ; of £& by

def 1 .
Opj = g Qjforalpe? jez. (83.1)

Then, by the self-adjointness of Q, j, the operators
©,,j of (8.3.1) are self-adjoint in £65.

Also, one following free-cumulant
computation; if kr?() is the free cumulant on £6& with

obtains the

respect to the linear functional 7% on the radial-Adelic
algebra £6&, then

k,?((ap,j,...,@p,j)

=kr?*p'j{ _11
pl*

n
:{ﬁ} KR (Qp i Qp ),

by the bimodule-map property of free cumulant (e.g.,
[12]), for all neN, where k,?'p'j(...) are the free

cumulants on the free blocks £&,(j) of £6, in terms

1
pj+1

Qp.jreeo Qp,j] (8.3.2)

of the linear functional rg’j on L‘Gp, for all pe P,
jeZ.
By (8.3.2), we obtain the following result.

Theorem 8.2. Let ®pj:.LQ . be free random
) pJ+]_ p.J

variables (8.3.1) of the radial-Adelic probability space
£6=(£6,r0), for pe?,jeZ Then ©,; are
semicircular elements, and the families
0(p)={0p,; L6, (i): iz}, 555
©(j)={0pjcL6,(i):pe ), -
and

@:{@m e£6p(j):pep,jeZ}

form free semicircular families in £6&.
Proof. Consider that

n
1 .
kr?(®ij""’®pvj):£pj+lJ k4 (Qp, .- Qp )

by (8.3.2)

if n=2

2
(pjlﬂ] ka*)(Qp,-Qp,1)

n

1
pj+1

KOP.] (Qp’j,”_’Qp,j):O otherwise,

by the pz(j+1) -semicircularity of Qp j in £&

2
1 i11\2 .

j+1 —

(pj”j (p ) if n=2
0 otherwise,

3 1 ifn=2

|0 otherwise,
forall neN.

By the free-cumulant computation (8.3.4), the self-
adjoint operators ©, ; are semicircular in £&, by

(6.1.3), forall pe P, jeZ.
Thus, the families ®(p), ©(j) and © of (8.3.3) form

free families in £6 by (8.2.2), (8.2.3) and (8.2.4),
respectively, because all elements ©, ; are simply scalar

(8.3.4)

multiples of Q, ; contained in mutually-distinct free

blocks £6,(j) of £&, for all jez pe?.

Therefore, by (8.3.4), the families of (8.3.3) are free
semicircular families in £&.

9. Operators of £& Generated by ®

Let £6z(£6,ro) be the radial-Adelic probability

space in the sense of (8.2.1), and let
©=(0,;eL6,(i):pe? jez)

be the free semicircular family in (8.3.3), where
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£6p(1) (£6p,rp J) are the free blocks of £6&, for

all peP,jeZ.
N eN\{1}, and we consider certain free-distributional

Throughout  this  section,  fix

data of operators generated by the free semicircular family
®|

Mo JN”1
Ma H®p| ; 9.1

in 36:(136,10), for

Jio-o N €Z,and py,..., py € P,

and

nl,...,nN eN.

Theorem 9.1. Let M Jl"".‘.'g\"\jnl """ "N be an operator (9.1)

generated by the free semicircular family ® of (8.3.3) in
the radial-Adelic probability space £&. If either the

prime-sequence (pl,...,pN), or the integer-sequence

(J1,-- jn ) s an alternating sequence, then

N

0 Lo AN B

’ ((Mp]]-. vvvvv p’;l\l ) J_|1_‘][_a)kn|0knl, (92)
= 2

in the minimal free summand of £& containing

M ll 2 NN
- PN

Under the same hypothesis, if either py = p; in 2, or
jn # Jp in Z, then

in £&, forall k e N.

Proof. Let T=M ! IR :)’\"\I:nl """ "N be in the sense of (9.1)

in £6. Assume elther the prime-sequence (..., Py ).
or the integer-sequence (jl,...,jN) is an alternating

sequence. Then this operator T is a free reduced word in
L&, and hence,

k .
equi N equi N
L gon | —pem e
= PRI T e T TP

in the minimal free summand of £& containing T, by

(8.1.3), forall k e N.
Therefore, one has that

N
0(+k)_ kn|
¢ (T ) 1Tp| JI( n. JI) H‘%lcknw

in the free block, by the semicircularity of ®p| e

Now, let T be given as above in £&. Suppose either
(PrPn ) O (g i) is alternating in 72,
respectively, in Z, and assume further that

Py #= P in 2,or jy # j1inZ.
Then this operator T is not only a free reduced word in
LG, but also 7() are free reduced words in £6G,

satisfying
(k)

[H% HJ[H% i)

in £&, for all k e N. Therefore, we have

{1 020 ) ~Flom

forall k e N, by the semicircularity of ®PI e

Now, remark that

(*) N-1
_ NI
(H(am JI] _Il_g(apN—l,iN—l

in £6, by the self-adjointness of our semicircular

elements ®PIJI’ forall 1 =1,...,N. So,

_ (k)
k) (N
(T( )) :[Il_gcap’\lil—llyjN—lJ '

for all k e N, moreover, it forms a free reduced word in
L6, too, because either

(PN P2 PL) OF (oo 20 )
is alternating in 7, respectively, in Z. Also, since either

P # py IN2,0r j # jy INZ,

(K
the operators (T( ))( ) are free reduced words in £6&,

too, forall k e N.
And hence, similar to the above case

9 [(ﬂ*) )“’j (SO (2

forall k e N.
Therefore, the free-distributional data (9.3) holds.
The formulas (9.2) and (9.3) characterize the free

distributions of free reduced words MF% """ L’\"\l:nl""’n”,

where either p; = py in 2, or j # jy in Z
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Let (Ap) and (B,y) be arbitrary topological
*-probability spaces, and let ae(A,¢) and b be(B,y)

be “self-adjoint.” These operators a and b are said to be
identically free-distributed, if

go(a”):z//(b”),for allneN. (9.4)

Motivated by (9.4), one can obtain the following
universalized result.

Theorem 9.2. Let (A,@) be an arbitrary topological

*-probability space, and let E={s,}|N=1 be a free

semicircular family in A, for some N e N. Let
N n
M=]]s" withs,...sy €E,
I=1

where ny,...,ny €N, and s,...,sy are mutually distinct
in Z. Then

N
k
q)(M )=Ha7kn|ckn| : 9.5)
I=1 E3
N
in the minimal free summand ®¢ A of A containing M;
1=1

forall keN,
Also, if M is as above in (A, @), and if s; # sy in E,
then

k
N
¢(M(k)):Ha)knl [cknl J forallkeN. (9.6)
I=1 3

Proof. Since the family = is assumed to be a free
semicircular family, all elements sq,...,sy are not only

free from each other in (A, w), but also semicircular in

(A ). By the definitions of M, the operator M is a
free reduced word in A, satisfying the equivalences,

equi N n
M= ®s
1=1

in the minimal free summand of A containing M.
Therefore, by the identically-free-distributedness (9.4),
one can obtain the free-distributional data (9.5) in the
N
minimal free summand ®¢ A of A containing M, where
I=1
A are the *-subalgebras of A generated by s;, for all
1=1..,N.
Similar to (9.5), we obtain the free-distributional data

(9.6) by (9.3), because M &) form free reduced words in
(A @), forallk e N.

In the proof of (9.5) and (9.6), we use the identically
free-distributedness of the semicircular law.
Remark 9.1. Our main results (9.2) and (9.3) show that
the free distributions of operators (9.1) in £& generated
by our free semicircular family ® of (8.3.3) are determined

universally, up to the identically-free-distributedness of
semicircularity, by (9.5) and (9.6). It demonstrates that we
lost some interesting ““local” free-probabilistic information
came from our number-theoretic settings from p-adic, and
Adelic analysis. So, we escape from such a universalization
in Section 10 below.

10. Operators of £& Generated by ©

In this section, we use same concepts and notations
introduced in Notation 8.1, NR 8.1, and NR 8.2.

Throughout this section, we fix N e N\{1}, and let
PLie Py € P, aNd g, in €Z,
and
n,...,Ny €N
Let © be the weighted-semicircular free family (8.2.4)
of £65, i.e,

def

9 ={QjeL6y(i):icZper}, (10

consisting of pz(j+1) -semicircular elements
; 0
Qp.j=lp®Py; e£6p(j)=(£6p,rpyj),
which are free from each other in the radial-Adelic
probability space £& =(£6,r0), forall jeZ,peP.

Define operators Xg’i"‘:‘.’{)’\lij:nl"“’n“ of £6 by the

operators, induced by the free family © of (10,1), by

(10.2)

. . N
Mo IN LN Nk
Xp1 ----- PN _ngka'

in £65.

(10.2), generated by the free weighted-semicircular family
@ of (10.1), in the radial-Adelic probability space £6.

Assume that either the prime-sequence (py,..., Py ), Of
the integer-sequence (jy,... jy) is alternating in 7,

respectively, in Z. Then, in the minimal free summand of
L& containing it, we have

i k N ; kn
0 I IN ML DN - jr+\
‘ ((Xm ----- PN ) ]‘H“’km (pl )

forall k e N.

Proof. Let X&"‘:'_’{)’\;‘:”l """ "N be in the sense of (10.2) in

L6, and assume either

Ciny » (10.3)
2

(Proes PN )y OF (Jrees i)

is an alternating sequence in 2, respectively, in Z.



181 Turkish Journal of Analysis and Number Theory

Then this operator X is a free reduced word in £&. So,
it satisfies that

k
eqU| N k
k n _ n
X (®Qp| J|] _Sl(QPM'l)
N eqw N

kny
PI it HQm i’

in the minimal free summand of £& containing X, for
all k eN.
By the equivalence (10.4), one has that

() {HQE.“',.]”—] SRCAN

:Ilﬁwknl (p,(j'+1)) iy

2

(10.4)

for all k e N, by the pl( )-sem|C|rcuIar|ty of QIOI i

forall 1 =1,...,N.

Therefore, the free-moment formula (10.3) holds in the
minimal free summand of £6& containing X.

Remark that, by the equivalence (10.4), one can check
the self-adjointness of the operator Xéi """ Jp':l:nl """ "N in

the minimal free summand of £& containing it, i.e.,

N N * N
n _ n _ n|
(SlQm,h j a Sl(QPI,JI ) B SlQm,J'l '

by the self-adjointness of Q ' , for all 1 =1,...,N. This

self-adjointness guarantees that the free-moment formula

(10.3)  characterizes the free distribution  of
X&L‘?‘\lnln'\‘ in the minimal free summand of £&

containing it. (Remark that the above self-adjointness does
not hold in £&! It holds “in the minimal free summand.”)

Theorem 10.2. Let X& """ L’;‘\l:r’l""’n'\‘ be an operator

(10.2) in the radial-Adelic probability space £&. Assume
that either (py,..., py ), o (g, jn) is alternating in
P, respectively, in Z. If either

PN # P in2,0r jy # j InZ,

then we have

(10.5)

for all k e N.

£6, and suppose that either

(Py..... py ) is alternating in 72,
or

(Jgs-r jn ) is alternating in Z.

Then the operator X forms a free reduced word in
L£6. Also, suppose that either

PN # Pp,in 2, 0r jy # jpinZ.

Then the powers X(k) of X form free reduced words
“in £6&, 7 too, for all k e N. Thus, one can get that

70 (x(k)) _ 0 [xx.j_..xJ

k—times

A ) i)

_ prk (o )J (prk i (95 lk)J

N k
- T(F)’k:ik (Q;tyjk )} :(TO(X))k

k=1

(10.6)

for all k e N. So, the first equality of the formula (10.5)
holds by (10.6) Note that X is not self-adjoint in £65,
because

5 ()

Q" . Q"M ing6.

— 0™
Q P2.J2 <PL L

PNIN
Thus, similar to (10.6), one obtains that

0 ((x(*))(k)}(ro(x(*)))k =(z’0(X))k, (10.7)

forall k e N.

The formula (10.7) proves the second equality of (10.5).
Therefore, by (10.6) and (10.7), the free-distributional
data (10.5) holds.

The free-distributional data (10.5) not only gives
free-probabilistic information of the operators (10.2), but
also provides tools to compute the (joint) free distributions
of operators (10.2) in the radial-Adelic probability space
L£6.
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11. How Close Our Weighted-Semicircularity
Is to Semicircularity?
In Sections 9 and 10, we studied free-distributional data
of the free reduced words generated by our semicircular
elements, and those generated by our weighted-semicircular

elements. In particular, we considered such data both in
minimal free summands of the radial-Adelic probability

space £6=(£6,r0), and the Banach *-probability

space £6G, itself.
Let © and ® be subsets of £& defined by

92={Qpj£6,(i) (11.1)

jez,per’

and

1 .
®:{®p,j i Qp.j Eg@p(l)}

jeZ,peP

Then the family © of (11.1) is a free weighted-semicircular
family (by (8.2.4)), and the family ® of (11.1) is a free
semicircular family (by (8.3.3)) in £65.

Let W =(py,..., py ) be a finite sequence in 7. Then

the subset {W} of 2 induced by the sequence W is
defined to be

W}={p,... py}in 2.

For example, if W =(23237) in 75, then
W}={237} in 7.

Similarly, for a finite sequence J =(j,..., jy) in
Z, one can determine the corresponding subset
{3} ={ir,.... in} of Z, forall NeN.

Let 7=(ny,...,ny ) be afinite sequence in N, and let

{nh={m,ny}in N,

for N eN.
If we fix

W|=[J|=|7|=N, for some N e N,
and
W = (P PN )y I = (dgoes N )o7 = (Mg ),
where || means the size or the length of finite sequences,
then one can define the corresponding operators XVJV:”

and M7 of £6 by
J: N n J: N n
n o_ I
XgyT = I|_1|Qp|’jl,and My = ||—1|®p"j' (11.2)

in £6, generated by Q, respectively, by ® of (11.1).

The construction (11.2) shows that if N >1 in N, then
Xy and My are the operators in the sense of (10.2),
respectively (9.1). While, if N =1, then

Jn _ AN Jn _ N
Xw _Qm,n »and My _®|0|Yj| '
in the free block ﬂ@m(jl)cﬂb', which is the very

minimal free summand of £& containing them.

So, the operators formed by (11.2) are not only
the operators in Sections 9 and 10, but also our
weighted-semicircular, and semicircular elements in
Sections 7and 8 in £65.

Definition 11.1. Let X" and M7 be in the sense of
(11.2) in £6, for a fixed N eN. If X7 (or, M) is
a free reduced word in £&, or equivalently, if either W

or J is alternating, then the operator XVJV”7 (or, Md,:”) is

called a weighted-semicircular(resp., a semicircular)
reduced word of £& generated by © (resp., by ®)).

Moreover, if “N > 1," and if either py # p; in 2, or
jn # Jp In Z, then the corresponding weighted-semicircular

reduced word XV‘\],:” (resp., the corresponding semicircular

reduced word MVJV:”) is said to be a power-w(eighted)-

s(emicircular) reduced word (resp., a power-s(emicircular)
reduced word) of £& generated by @ (resp., by ®).

Remark that power-w-s reduced words and power-s
reduced words are defined only if the free reduced words
have their length N >1.

If XVJV:” is a power-w-s reduced word of £&, then

Jn s of
Xw satisfies

in £6, by (10.3) and (10.5), and if MVJ\,:’7 is a power-s
reduced word of £&, then (11.4)

() fimfs
0 {((W )<*)j(k)],

by (9.2) and (9.3), for all k e N.
Definition 11.2. Let X" and M, be a weighted-
semicircular reduced word (not necessarily power-w-s),

(11.4)



183 Turkish Journal of Analysis and Number Theory

and a semicircular reduced word (not necessarily power-s)
in £G, respectively. Define a sequence rJ 1[@:0] by

def ° (( il )(k)j Oo

IV\]/:U [Q . @] = —(k) ) (115)
0 [(W) j
k=1

with axiomatization:
9 =0inC.
0

We call this sequence rW”[Q ©] of (115),

weight-ratio of XVJV"7 and va,'” in £6.

Observe that, by the definition (11.5) (with
axiomatization: %:0), if X\,J\,:’7 and MVJ\,”7 are a power-w-s

reduced word, respectively, a power-s reduced word in
LG, then

k
1=1 5

2

K
N
=1 2 k=1

by (11.3) and (11.4)

0

k
1)
o [H pnl i1+1) Cn| ]

K
Dn [Hcm]
) k1

where
def |0 if dn e s.t.,, ny is odd
O =1 st (11.6)
1 if ny are even, v, e {n},
forall k e N, and then
k o0
1)
_ a)kﬂ(l—[pnl Jr+ ] ’
k=1
by (11.6), i.e.,
B N kn|(j|+1) ”
RNJ][Q:®] oy P , 1.7
I=1 k=1

where (@(,7 )Oo_ is in the sense of (11.6).

Proposition 11.1. Let rW’7[Q ©] be the weight-ratio
(11.5) of a power-w-s reduced word XW"7 and a power-s

reduced word va,:” in the sense of (11.2). Then

k o0
W’ [2:0]=| e, {H p J'”J , (118

k=1

where (ax,, ):;1 is in the sense of (11.6).

Proof. The proof of (11.8) is done by (11.7), under our

. o 0
axiomatization: 6:0.

Note that if XVJV:” is a weighted-semicircular reduced

word (which is not necessarily power-w-s), and if MVJV:’7 is

a semicircular reduced word (which is not necessarily
power-s) in £&, then the above relation (11.8) for

rJ 1[©:©] does not hold in general.
We will denote the k-th entry of the weight-ratio
rJ”[Q ©] of XVJV” and My, 71 py

rJ T[2:0],forallk e N. (11.9)

So, if X\,J\,:’7 and MVJ\,”7 are a power-w-s reduced word,
respectively, a power-s reduced word in £6&, then

k
k01 0]= [Hpm J|+1)J ,

=1

by (11.7) and (11.9), for all k e N.
By definition, the k-th entry (11.9) of the weight-ratio
rJ"[Q ©] shows how the k-th free moment of XJ 7

and that of MJ'" are different free-distributionally. In
other words, the sequence rW”[Q ©] indicates how the

free distribution of XW"7 and that of MVJ\,"7 can be
distinguished.

Suppose one takes 7 =(ny,...,Ny ) be a finite sequence
of “even” numbers, i.e., n € 2N, forall 1 =1,...N. In such
a case, one may / can say the N-tuple 5 is even, for
convenience.

If XVJ\,:’7 is a power-w-s reduced word, and hence,
MVJV:’7 is a power-s reduced word in £65, and if 7 is

even, then

k o0
w[0:0]= []‘[ o ”*1J . (11.10)
k=1
by (11.8), since
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ay, =1 forallk e N.

Corollary 11.2. Let XVJV:” and MVJ\,”7 be a power-w-s
reduced word, respectively, a power-s reduced word in
£6, and let r\,\J,:’7 [©:©] be the weight-ratio of XVJV”7

and M. If 7 is even, then

W [0:0]- {lm[(pl (””))kj

1=1

o0

(11.11)
k=1
Let rW’7[Q ©] be the weight-ratio (11.5). By

understanding it as a R-sequence, one can consider
convergence, or divergence of the sequence. Note that

every entry rW’7 [k;2:0] of rV\J,:’7 [©: 0] is a nonnegative
real number.

If r\,\J,:’7 [©:0©] is the weight-ratio of a power-w-s
reduced word X‘]:’7 and a power-s reduced word MVJV:”,

and if we denote the first entry rJ T2:0],

Ha’kn pI

then one obtains that

" [0:0)=(d ),

byr inR,

by (11.8). Thus, one can have the following cases; (i) if
rp =0, then

I|m rvan[k fo) @]_ I|m ro =lim0=0;

k—o0
(i) if ry =1, then
I|m rW”[k Q:0]= I|m ro liml=1
—>00 k—o0
(iii) if 1y >1, then
lim rV\J,”[k Q:0]= lim r(;‘ = o0
k—o0 k—o

and (iv) if 0<ry <1, then
lim rﬁ”[k;g:@]: lim rok =0.
k—o0 k—o0

Proposition 11.3. Let N >1 in N, and let XV‘\],:” and
MJ:’7 be a power-w-s reduced word, and a power-s
reduced word in £6&, respectively. Let rW”[Q ©] be
the weightratio of XW"7 and MVJV'”, and let
o :ﬁa)nl p,n'(j' Dinr.
1=

(11.12) If ry =1, then rV\J,:” [©:©] convergesto 1.
(11.13) If 1y >1, then £y [©:©] diverges to oo.

(11.14) If 0< 1y <1, then rV\J,:” [©: ®] converges to 0.

Proof. Under hypothesis, let ry _Ha)nl pI 1(3r+1) in R.

Then, by (11.8) and (11.11), one has that
Jn -
W [Q:0]= ( )k:1

So, by the discussions (i), (ii), (iii) and (iv) in the
very above paragraph, we obtain the convergence
conditions (11.12), (11.13) and (11.14) of our weight-ratio

W’ [0:0]
Perhaps, by the convergence conditions (11.12), (11.13)
and (11.14), one may /can say our power-w-s reduced

word XVJV”7 is
(Ilm r\N”[Q @])—close

to a power-s reduced word Md,:” in the radial-Adelic

probability space £&. In other words, we may / can have
three characterizations for close-ness determined by
(11.12), (12.13) and (11.14). For instance, by (11.14), one
may / can conclude that: if the nonnegative real quantity

N .
1
R 1
=1

satisfies
0<rp<linR,

then the free distribution of XVJV:” is close to the free
distribution of va,:”, and the close-ness may / can be
measured by the limit 0 of the weight-ratio rJ 12:0]

(which means the free distribution of XVJV:” (determined
by weighted-semicircularity) is “very” much close, or
of My (determined by

semicircularity)). However, such conclusions, or
estimations are too rough. So, we provide a following new
way to determine the close-ness, motivated by (11.11).

Definition 11.3. Let rW’7 [©:©] be the weight-ratio of a

0-much close to that

weighted-semicircular reduced word XV‘\],'” and a

semicircular reduced word va,:” (which are not

necessarily power-w-s, respectively, power-s) of £&. As
a R-sequence, let

J: . o
' [2:0]=(h) 4
and suppose

I }), in RU{oo}.

If Sy <o, then Xy is said to be close to M with

Bo :kll_r;nw(max{rl,...,

its ratio g, (in short, X" is f -close to My7) in

£6. Otherwise, we say Xy, isnotcloseto My, in £6.
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By definition, a weighted-semicircular reduced word

X7 is fg -close to a semicircular reduced word Myy”
in £6&, if and only if the free distribution of X\,Jv:’7 is

close to that of va,:”, and the close-ness can be measured
by the nonnegative quantity

Bo = I(Ii_r)noo(max{rvf,:’7 [L2:0],..5" [k;QZ®]}),

in RU{OO}.
Let W=(p), J=(j), and n=(n), and let

denote J n (n)
X = Xy"=Qp;=Qp; (11.15)
and
denote
— mIT_@n . _ oM
M = MW —®p’J—®pyj,

be the corresponding weighted-semicircular reduced word,
respectively, semicircular reduced word in £65. If two
operators X and M are in the sense of (11.15), then

xK =k = x®) and M* = ek =m™®), (11.15)

in the free block £6,(j) in £&, for all keN

(See Section 8.1).
These operators X and M of (11.15) have their free
distributions,

{To(xw):r%xk):%pkwckn}w a1
2 Jka
respectively,
{TO(M(k))zfo(Mk)=@nckn}w ,
2 Jk2

by (11.15)".
By the free distributions (11.16), the operators X and M
of (11.15) have their weight-ratio,

W[QZQ]:(%pkn(Hl))‘::l, (11.17)

. .. .0
under axiomatization: - 0.

Thus one can obtain the following close-ness of X to M.
Theorem 11.4. Let X=Qp; and M =@} ; in the

radial-Adelic probability space £&, where Q, j is a

pz(“l) -semicircular element in @, and ®p’j is a

semicircular element in ®, for jeZ and pe 7, for a

fixed ne N.
(11.18) If j=-1in Z, then X is 1-close to M in £&.

(11.19) If j<-1in Z, then there exists ky € N, such
that (i) ko is the minimal quantity satisfying Dgn =1,

and (i) X is p“"U*Y) _close to Min £6.
(12.20) If j>-1in Z, then X is not close to M in £&.

Proof. Suppose ne N is fixed, and let X and M be given

as above in £6. Then the weight-ratio R of X and M
satisfies

R=1(1"V[@:0]= (0P ") . (r2D
(p) k=1
by (11.17).

Assume first that j=-1 in Z. Then the above
weight-ratio R of (11.21) satisfies that

R=(an Dy = (@ )y
So, one obtains that there exists ky € N, such that (i) it
is the minimal quantity satisfying Dgn =1, and (ii)

lim (max {@n, @, 9o })

k—>00

= lim (max{o,...,o,%n :1,a)(k0+1)n,...,a4<})

k—o0

= lim1=1,

K—»o0
because oy {0,1}, for all k e N. The existence of such
quantity kq is guaranteed, because for any natural number
k e N, there always exist k'e N, such that k'k is even
in N.
It shows that if j=-1 in Z; then Z, is 1-close to M in

£6&, and hence, the statement (11.18) holds.
Now, suppose j< -1 in Z. Then the weight-ratio R of
(11.21) satisfies that

Rz(wknpk”(m))w =[&Jw ,
=1

k=1 pkn\ j+1‘

because j+1<0 in R, where |j+1 means the absolute

value of j+1in R.
So, by the similar manner with the proof of (11.18),
there exists kg €N, such that (i) ky is the minimal

quantity satisfying gn =1, and (ii)

10
lim | max<0,...,0, %T‘ , (k0+1)_n wkf‘
K—so0 pkon\ﬁl\ p(k0+1)n\1+1\ pkn\1+1\

. 1 kon(j+1)
= I —_— = 0 ,
ki‘go[ pkonj+1J P

since the weight-ratio R forms a monotonically decreasing
sequence in R.
It shows that, if j<-1 in Z, then there exists a unique

ko €N, such that X is p 0" close to M in £6,
where kg is the minimal quantity satisfying Don =1
Therefore, the statement (11.19) holds true.
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Finally, assume that j > -1 in Z. Then the weight-ratio

oo denote

kn( j+1
R=(aﬂ<np n(i+ )) = (%)
k=1
of (11.21) contains a sub-sequence R,,
. . denote
K 1) 2k 1
(g

which is a monotonically “strictly” increasing sequence in
R, where kq is the minimal quantity in N, satisfying
Dgn =1.

Since the weight-ratio R is a monotonically increasing
sequence, one can get that

= li = li
e s i (o)

sklilnw(max{tl,...,tk}),

by the monotonically-strictly-increasing-ness of the
sub-sequence R, of R, which implies that

klir(\)o(max{tl,...,tk}):oo.

So, X is not close to M in £&. Thus, the statement
(11.20) holds.

The above theorem, expressed by the close-ness
conditions (11.18), (11.19) and (11.20), characterizes how

much our weighted-semicircular element Q, ; s close to a
semicircular element ©, ; in £6, for jeZ,pe 7.
Corollary 11.5. Let pe”, and jeZ, and let Q,;

be the pz(“l) -semicircular element, and ®, ;, the

semicircular element in £6&.
(11.22) If j=-11in Z, then Q, j is 1-close to ® ;

in £6.

(11.23) If j<-1in Z, then Q ; is p2(j+1) -close to
p,j IN £6.

(11.24) If j>-1in Z, then Qp ; is not close to ®, ;

in £65.

Proof. The proofs of (11.22), (11.23) and (11.24) are done
by those of (11.18), (11.19) and (11.20), respectively, by
putting n = 1. Remark that, in this case, the weight-ratio
satisfies that

r((;)):(l) [0:0]= (0, p2(i11) o p4i+) o p6(j+1)’m).

S}

The above corollary, expressed by (11.22), (11.23) and
(11.24), illustrates the close-ness of our weighted-semicircular
elements Q,; and the corresponding semicircular

elements ®p’j.

More generally, one can obtain the following corollary
in terms of identically-free-distributedness.
Corollary 11.6. Let X = X((g(n)

semicircular reduced word (11.2) in £&, for jeZ,

be our weighted-

neN, pe”, and let s be an arbitrary semicircular
element in a topological *-probability space (A ¢).

Define a sequence r(X,s”) of X and s" by

TO(X(k)) )
r(x:s”)= (o(sk)
k=1 (11.25)
To(xk) N denote
= = (t e

. L 0
under axiomatization: o =0.

Also, define a R -sequence
(M )y =(max{t1,...,tk})k=1,
where t; 's are in the sense of (11.25). Then
1 if j=-1inZ

lim m, =4 p* "0 it j<_1inz, (11.26)

k—>o0
- © if j>-1inZ
where kp is the minimal quantity satisfying o =1 in
N. Therefore, up to (11.25), we may / can say that X is

(Iim mkj —close to s", for the fixed neN, where
k—o0

lim my are in the sense of (11.26).
k—o0

Proof. If r(X :s”)z(tk )Eozl is a R -sequence (11.25),
where X is the weighted-semicircular reduced word

X((Fj);:(n), and s"

semicircular element s in a topological *-probability space
(A @). And let

is the n-th power of an arbitrary

o0

(My g = (max{ty, .t }), -

Since s" and our free semicircular reduced word
M = M((:)%:(n) =@ ; are identically free-distributed, the
sequence r(X :s”) of (11.25) is identical to our weight-

ratio r((‘j)):(n)[Q:G)], as R -sequences.

Therefore, one obtains the formula (11.26), by (11.18),
(11.19) and (11.20).

The above corollary shows how our weighted-
semicircularity (on £6") differs (or, is close) from (resp.,
to) the semicircular law, and the difference (or the close-
ness) of them is measured by (11.26). Thus, by abusing
notation, for example, one can/ may say that: a weighted-

semicircular reduced word X((g)g:(n) of £6 is pkon(i+)_
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close to the n-th power s" of any arbitrary semicircular
element s, whenever j<-1in Z, forall neN.

The following proposition precisely determine the
minimal quantity k, obtained in our close-ness conditions

(11.19) and (11.26).

Proposition 11.7. Let X:X(j):(n)zQB’j be our

(p)

2(j+1) .. . . .
p -semicircular reduced word in the radial-Adelic
probability space £&, and assume that j<-1 in Z,

and hence, X is pkon(j+1)

element s in a topological *-probability space (A ¢),

-close to any semicircular

where kg is the minimal quantity satisfying @xon =1.
Then

11.27)

B 1 ifniseven
0712 ifn is odd,

for all neN. It means that, if j<-1 in Z, then X is

either p"U*) _close, or 2" close to s.

Proof. Suppose n is even. Then @, =1, for all k e N,
and hence, 1 is the minimal quantity making ., =1.
Assume now that n is odd. Then @, =1, if and only if
kn is even in N. So, the smallest even quantity kn is 2n
in N. Therefore, 2 is the minimal quantity making
@y, =1. So, the above equality (11.27) holds.

The equality (11.27) completely characterizes the
minimal quantity ky making Ogn =1, forall neN.
Corollary 11.8. Let X be a weighted-semicircular reduced

word X((;;:(n)zQB,j in £&, for jeZ, pepP, for a

fixed ne N. Assume that j<-1in Z.

11.28) If n e 2N, then X is "(3+1) close to @ ; in
( p p,J
L6,

(11.29) If ne2nN-1, then X is p2"U*) close to

n
G)pJ, in £65,

. - 1 .
where ©, ; is the semicircular element FQM in
£6.
Proof. The statements (11.28) and (11.29) are the direct
consequences of (11.19) and (11.27).

Now, assume that N > 1 in N; and let

denote

Xy Xy = HQpI i (11.30)

and
denote I
My = My _H®p| ji

be power-w-s, respectively, power-s reduced words in
L&, Then, the weight-ratio satisfies

k 0
denote 3 1 (1+1)
Ry = RN {me P J '
k=1
by (11.8). So, if we write
o _Ha)nl (1+1) i g, (11.31)
then
k o0
Ry =(r0 )kzl,

asa R-sequence.
Lemma 11.9. Let X\ and My be a power-w-s,

respectively, a power-s reduced words (11.30) in £65,
and let Ry =Ky [©: 0] be the weight-ratio of X and
My If there exists at least one ny, € {77}, such that n

isodd in N, then Ry is the zero sequence, i.e.,

Ry =(0,0,0,..).

Proof. Let Xy =Xy and My =MJ" be given as
above in £&, with N =|p|>1 in N. Assume now that
there exists at least one ny, e {7}, such that n, e 2N-1.
Then the quantity ry of (11.31) is identical to 0. since

o, =0. So, the corresponding weight-ratio Ry

lo
satisfies that

R = () =(0), -

By the above lemma, one can obtain the following
close-ness condition.

Theorem 11.10. Let Xy and My be a power-w-s,
respectively, a power-s reduced words (11.30) in £65. If
there exists at least one ny; {n}, such that ny; is odd in

N, then Xy isO-closeto My in £6&. i.e.,

(0,0,0,...).

3ny, € {n}, st itis odd,
= Xy is0—closeto My in £6.

(11.32)

Proof. Under hypothesis, the weight-ratio
Ry =17 [€:0]=(rg )

becomes the zero R -sequence by the above lemma,
where 1 is in the sense of (11.31). So,

lim (max{ro,roz,. })— lim0=0,
k—o0 k—o0

by the above lemma. Equivalently, it shows that X is
O-closeto My in £65.

By the above close-ness condition (11.32), we now
focus on the cases where oy =1, equivalently, # is even
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in the sense that all entries n; are even in N, for all
I =1,..,N =|q|. If n is even, then the quantity

o —Hpn' i+1) #0in R,
and hence, the weight-ratio Ry,

Ry =" [2:0]=(rg )

is a R -sequence without zero entries.
Definition 11.4. Let Xy = XVJV:” be a power-w-s reduced

word, and hence, My =My,
reduced word of (11.30) in £&, where N =|r|>1in N.
Assume that 7 is even. Then we call such operators Xy
and My, an even power-w-s reduced word, respectively,

an even power-s reduced word in £5.
We abtain the following additional close-ness condition
of Xy and My of (11.30) in the radial-Adelic

probability space £5.
Theorem 11.11. Let X and My be an *“even” power-w-

s reduced word, respectively an ““even” power-s reduced
word in £65 in the sense of (11.30), and let

N .
to =T " " in R,
1=1

(11.33) If O<ty <1 in R, then Xy is ty-close to
My in £6.

(11.34) If ty >1 in R, then X isnotclose to My in
£6.
Proof. Let Ry =Ky"[©:©] be the weight-ratio of X
and My. Then, by (11.10), one obtains

the corresponding power-s

R (t")aO where t, —IN[ pn'(j”l) inR

N{to) 0 H | ,
by the even-ness of 7. So, it is not difficult to check that:
if ty=1in R, then Ry is the constant sequence having
all its entries 1, i.e.,

Ry =(L111..).
Thus, one can get that
lim (max{ro,roz,. })_ lim1l=1
k—o0 k—o0
So, if ty =1, then Xy is1-closeto My in £65.
Suppose now that 0 <ty <1 in R. Then the sequence
Ry is a monotonically strictly decreasing sequence. So,
li 2 K\ _ _
im (max{ro,ro v I })_ lim ty =tg.
k—>o0 k—o0
Therefore, if 0 <ty <1, then Xy is ty-close to My in

£6.
Therefore, the close-ness condition (11.33) holds.

Assume now that ty >1 in R. Then, the weight-ratio
Ry is a monotonically strictly increasing sequence,
implying that

lim (max{ro,roz,...,rok})— lim tO = 0,
k—o0 k—a0

It shows that Xy is not close to My in £6.

Therefore, the close-ness condition (11.34) holds true.

In the rest of this section, we refine the above main
results (11.33) and (11.34) more in detail.

Let Xy and M be an even power-w-s reduced word,

respectively an even power-s reduced word in £5, in the
sense of (11.30), and let

Ry =1/ [2:0]=(1)

be the weight-ratio of X and My, where

N
to=]] pln'(J”l) inR.
1=

(11.35)

Now, let J =(j,... jy) be the integer-sequence of
Xy and My, with the corresponding subset {J} of Z.
Now, decompose {J} by

B ={3 u{ad,

(11.36)
where
(3 ={ie{a}ii>—1
and
{3 }={ie{l}:i<-1}inz,

where J, and J_ are the maximal sub-sequences of J
.}, respectively {J_}.

For example, let J=(6,-10,1-12), with
{J}={-1,0,1,2,6} in Z. Then

inducing {J

{3,}={126},and {J_} ={-1,0}
with
J, =(6,1,2)and J_=(-1,0,1).

Depending on J, and J_ obtained from (11.36), let's
decide the sub-sequences W, and W_ of the prime-sequence
=(py,... Py ), under the rule: p; eW;, if and only if
,—}, forall I=1,..,N.
Similarly, determine the sub-sequences 7, and 7_ of 7,

under similar manner.
Then the first entry t; of (11.35) in the weight-ratio

Ry of Xy and My can be re-written as a R -quantity,

there exists jj € J;, for all ie{+

ty =tity (11.37)

with
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= 1] p andt = 1] pini(ji+1),

reds Jred-

as a positive real number in R.

By the close-ness conditions (11.33) and (11.34), and
by (11.37), we obtain the following refined main result.
Theorem 11.12. Let X\ be an even power-w-s reduced

word, and My, the corresponding even power-s reduced

word in £& as in (11.30), and let Ry :(t'o‘ )f ) be the

weight-ratio rJ”[Q ©] of Xy and My, where

to=]] p|n|(1|+1) is in the sense of (11.35) in R. Suppose
=1
the quantity t, is factorized by

th =tgty in R,
where

j +1 ] +1
=[] o andt = [T o
reds jled_

are in the sense of (11.37), where J, and J_ are the sub-
sequences in the sense of (11.36). If

Loginy, (11.38)
to
Then Xy is tg-closedto My in £6.

If the above condition (11.38) does not hold, then X\

is not close to My in £6&. Proof. Suppose ty =tgty in
R, asin (11.37). Then, by the very constructions,

ty eN,andieN, inR.
o
Assume now the condition (11.38) holds in N. Then
the positive R -quantity t, satisfies

O<t0 <linR.

Therefore, by (11.33), X is tp-closeto My in £5.

By (11.34), if the condition (11.38) does not hold, then
Xy isnotcloseto My in £6.

So, by (11.32), (11.33), (11.34), and (11.38), one can
summarize the close-ness of power-w-s reduced words as
follows.

Corollary 11.13. Let Xy and My be a power-w-s

reduced word, respectively, a power-s reduced word in
LG, and let

(¥ e
with

N .
= n(j1+1) . R
0= I Ia)nl pl N IR.
1=1

(1) If there exists at least one n; e{n}, such that n, is
odd in N, then Xy isO-closeto My in £65.

(I Let Xy and My be an even power-w-s,
respectively an even power-s reduced words in £&, and

=tgty be decomposed by (11.37). If izt{{ in N,
t
then Xy is ry-close to My in £65. Otherwise, Xy is
notcloseto My in £6.
The above corollary provides the close-ness of
power-w-s reduced words and power-s reduced words in
£6.

By the above close-ness, and by the identically-free-
distributedness, one obtains the following corollary, too.

let ry

Corollary 11.14. Let X = XVJV:” be a power-w-s reduced
word of (11.30) in the radial-Adelic probability space

N
£6&, and let S be a free reduced word S =HS|”' in an
1=1

arbitrary topological *-probability space (A,¢) in

(Ap), where (sp,..,sy) is an alternating N-tuple of

“free,” semicircular elements of (A,¢), and where
sy =% iInA forN>1in N. Let
k o0
TO(X( )) denote )
r(x,sS)= ),
s ¢>(s(k)) ()
k=1

be a R -sequence. Then there exists a nonnegative number
Iy in R, such that

o= me p|

Moreover, we have the following cases:
(11.39) If there exists at least one nj €{n}, such that

n isoddin N, then

and r(x,s)= ( )w

lim & =0.
k—>0
(11.40) If X is an even power-w-s reduced word in
£6, then 1y >0 in R, and

k—)oo

rO if 0< ro <1
0 otherwise.

Proof. The proofs of (11.39) and (11.40) are done by the
identically-free-distributedness of our power-s reduced
word My of (11.30) and the free reduced word S, with
help of (11.32), (11.33), (11.34) and (11.38).

The above corollary shows the close-ness between free
distributions of our power-w-s reduced words of the
radial-Adelic probability space £6 generated by the free
weighted-semicircular family @, and free distributions of
certain free reduced words generated by an arbitrary free
semicircular family.
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