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1. Introduction

In 2012, Wardowski [29] introduce a new type of
contractions called F-contraction and proved new fixed
point theorems concerning F-contraction. Afterwards
Se-celean [28], proved fixed point theorems consisting of
F-contractions by Iterated function systems. He
generalized the Banach contraction principle in a different
way than as it was done by different investigators.

Cosentino et al. [11] established some fixed point
results of Hardy-Rogers-type for self-mappings on
complete metric spaces or complete ordered metric spaces.
Lately, Acar et al. [1] introduced the concept of
generalized multivalued F-contraction mappings further
Altun et al. [2] extended multivalued mappings with
d-Distance and established fixed point results in complete
metric space. Sgroi et al. [24] established fixed point
theorems for multivalued F-contractions and obtained the
solution of certain functional and integral equations,
which was a proper generalization of some multivalued
fixed point theorems including Nadler’s. Thereafter, many
papers have published on F-contractive mappings in
various spaces. For more detail see [1-20] and references
therein.

Definition 1 [16] Let (X,d) be a metric space. A

mapping T:X — X is said to be an F contraction if
there exists r >0 such that

vx,yeX,d(TxTy)>0

= r+F(d(TxTy))<F(d(xY)), (.1

where F:R, — R is a mapping satisfying the following
conditions:

(F1) F is strictly increasing, i.e. for all x,y e R, such
thatx <y, F(x)<F(y);

0
n=

(F2) For each sequence {a} _, of positive numbers,
limy_,., &y =0 ifand only if lim,_,, F (e )=—o0;

. . k
(F3) There exists k e (0,1) such that I|ma_)0+ a"F(a)=0.

We denote by A, the set of all functions satisfying
the conditions (F1)-(F3).
Example 2 [29] Let F:R, — R be given by the formula
F(a)=Ina. ltis clear that F satisfied (F1)-(F2)-(F3) for
any k €(0,1). Each mapping T:X — X satisfying (1:1)
is an F-contraction such that

d(Tx,Ty)<e™"d(x,y), forall x,y e X, Tx = Ty.

It is clear that for x,ye X such that Tx=Ty the

inequality d (Tx,Ty)<e “d(x,y), also holds, ie. T is a
Banach contraction.

Example 3 [29] If F(a)=Ina+a, then F satis.es (F1)-
(F3) and the condition (1.1) is of the form

d(TXTy) a(TxTy)-d(xy) 67
d(xy)
forall x,y e X, Tx =Ty.

Remark 4 From (F1) and (1.1) it is easy to conclude that
every F-contraction is necessarily continuous.

Wardowski [29] stated a modified version of the
Banach contraction principle as follows.

Theorem 5 [29] Let (X,d) be a complete metric space
and let T: X — X be an F contraction. Then T has a
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unique fixed point X eX and for every xe X the

sequence {T”x} converges to x .

neN

2. Preliminaries

We recollect some essential notations, required

definitions, and primary results coherent with the literature.

Let (X,d) be a metric space. We denote by CL(X)
the class of all nonempty closed subsets of X. For a
nonempty set X, we denote by N(X) the class of all

nonempty subsets of X. For A,BeCL(X), define a set
Eap ={¢>0:AcN.(B),Bc N, (A)}.

The Hausdorff metric H on CL(X) induced by metric
d is given as:

(A oo if Epg #0 '

Let f:X —>X and T:X ->CL(X). A point X in
X is called a fixed point of T if xeTx. The set of all
fixed points of T is denoted by F(T). Furthermore, a

point X in X is called a coincidence point of f and T if
fx e Tx. The set of all such points is denoted by C(f,T).
If for some point X in X, we have x = fx e Tx, then a
point X is called a common fixed point of f and T. We
denote set of all common fixed points of f and T by
F(F,T).

Definition 6 Let f:X — X and T:X —CL(X). Let
Xo be an arbitrary but fixed element in X. A sequence
(x,) in X is called f iterative sequence of T starting
fX, e TXy1V =1 Then D(f,T,xg)

={(fx): fxy €Tx, 3, ¥n>1} is called a generalized

with  xg, if

iterative process of f and T starting at xy. Note that
D(f,T,xy) reduces to dynamic process of T starting at
Xg if f=1y (an identity map on X ) [16]. The
generalized iterative process D(f,T,xO) will simply be
written as ( fx, ).

Example 7 [16] Consider a Banach space X = C(l) with a
norm x| =supc [x(t), xeX where I=[01]. Let

T:X — 2% be such that for any xe X, Tx is a family

of the functions t cj'(;x(s)ds, where c<[0,1] i.e.,

(Tx)t = {cj;x(s)ds ce [0,1]},x X

and let xo(t)=t, te[0,1]. Then the sequence

;t”” is a dynamic process of the operator T
ni(n+1)!

starting at xg.
Definition 8 Let f be a self map on a metric space X. A
multivalued mapping T : X — CL(X) is called generalized

multivalued Ciric type F-contraction with respect to a
iterative process D(f,T,xy) if there exist F e Ap and

7:R, - R, such that
Ynend (g, fXns) >0
= r(M (Xn_l,Xn))+ F(d ( fXn, an+1))
<F (M (X1, %))

where
M (Xn_1, %)
d (g1, B ). ( P01, T 1),
= max

d (fxq_1, T ) +d (X0, TX_1)
2

d (X, Txp ),

and Vi liminf__ z(s)>0.

f:X—>X and

T:X - CL(X) be defined as f(x):XT_l, Tx={0,ﬂ

Example 9 Let X =[0,%0),

for all xe X, we obtain a sequence f(x,)eT (X,_1)

vn>1, these can be many f iterative sequence of T
starting at xg.

Xpn = Xp_1 +1.
Let xg =1 be an arbitrary pointin X. Then

X =14+X%y=2

Fx)=2 12 o Ty =[0,2]
X5 =l+X4=6
Xs—1 5

Then clearly f(x,)eT(x,_1). We obtain a generalized
iterative process
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£,7,1)

(
{( B Jneny - Vnen X eTxn_l}
1.3_.5

:_111_121_1"'
2 2 2

is called a generalized dynamic process of f and T starting
at xo =1. So you can construct many f iterative sequences

of T starting at xo for different values.

3. Main Result

Throughout this section, we assume that the mapping
F is right continuous. In the following we will consider

only the dynamic processes (fxn) satisfying the following
condition:

(D) Forany nin N,
d (X, fXnyg) > 0= d(fx,_q, X, ) >0.
If dynamic processes (fxn) does not satisfy property
(D), then
d(fog, Ppgs1) >0 and  d( Py, Py ) =0 which

there exists nypeN such that

implies that fx,, 3 = fxy) €Txy, 4, that is, the set of
coincidence point of hybrid pair (f,T) is nonempty.
Under suitable conditions on hybrid pair (f,T), one

obtaines the existence of common fixed point of (f,T).

Our main result is the following.
Theorem 10 Let xg € X, f:X — X and T: X — CL(X)

a generalized multivalued Ciric type F- contraction with
respect to generalized iterative process D( f ,T,xO).
Then C(f,T)= provided that f(X) is complete and

F is continuous or T is closed multivalued mapping.
Moreover F(f,T)=0 if one of the following conditions

holds:

(a) for some xeC(f,T), fis T - weakly commuting at
x, f2x=1fx (b) f(C(f,T)) is a singleton subset of
C(f.T).

Proof. Let (fxn) be a generalized iterative process of the
mapping f and T starting at xg. We observe that if
there exists nyeN such that Xn . =Xy, then the

existence of a fixed point is obvious. Hence we can
assume that d(X,,%p,1)>0 for all neN. Since T is a

generalized multivalued Ciric type F- contraction with

respect to a generalized iterative process, it follows that
(M (X1, %))+ F (d (5, f041)) @1
<F(M (X1, %))-

implies

F (d ( fXn' fxn+1))

d (01, ). d (a1, TX01),
< F| maxqd(fx,, Tx,),
d ( Xy, X ) +d (X0, TX0_1)
2

d( Xy g, Bxq ), d (X0 1, X0 1),
—z| maxqd ( fx,, Tx ),
d (fXq_1, T ) +d (X0, TXq1)
2

d (o1, X ) d (o1, fXq ),
<F | max{d(fx,, f&n1),
d(fxn_g, PXnpq ) +d (X, Txy)
2

d (X1, ), d (X1, X,),
—z| max< d (X, fXn,1),
d(fXn_1, frnen) +d (fxq, %y)
2
d ( an,l, fxn)’d ( an' fxn+l)'
< FImax s d (fxgg, fosa) +d (o, )
2

d ( fanlr fxn)’d ( fxn’ an+l)'
—T| MaXy d (fxy_g, frnyq)+d (fxq, )
2

= F(max{d ( fy_1, ), d (B, fXn.0)} )
—r(max{d(fxn,l, fXn ), d (X, fxn+1)}).
Implies that
F(d( Xy, fXnea))
< F(max{d (o, Xn ), d (X, fxn+1)})
—z(max{d (X, g, ), d (P, X1 )})-
Since F is strictly increasing, therefore
d (Fn, fn41) < max{d (fxy_g, Xy ), d (g, 0,1}
If
max {d ( fxn_g, £y ), d (B, 1)} = d (g, Poq)
for some n, then,
d( Xy, 1) <d (g, fX041)
gives a contradiction. So we have
d(fy, PXneg) <d (X _g, ).

(2.2)
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Consequently
7(d (g, 7%, ))+F
< F(d (g1, X))

for all neN. By definition 8, there exists b>0 and
neN such that z(d(X,,Xy,1))>b for all n>ng. Thus,

(d (™q. an+1)) (2.3)

we obtain

F(d (g, fni1))

<F(d (-1, %)) -
F(d( Xy, fXng))-

—7(d(fxng, fXy))

z(d (-1, %,))
7(d (-2, Xy 1))

7(d(fxg, fxy)) .=z (d ( fXng, fXq))
z(d(fxg, fxg))+..
+2(d (g, Ping ))J
—(r(d (Png Plngn )+ (e By, fxn)))
<F(d(fx, fxy))—(n—ng)b

On taking limit as have
lim F(d(fx,, fy,1))=—. By (F1), we get

nN—0

lim d(fx,, x,,1)=0. By (F3) there exists an r <(0,1)
n—o0

such that

lim {d ( Xn, fXn+1)}r

n—o0

<F(d(fx, f))-

=F(d(fx0,fx1))—[

n — oo, we

F(d(fxy, X)) =—0. (2.4)
Hence it follows that

{d (B, Popn)) F(d (P, Pnan))
~{d(fxq, froya)} F(d(fxo, P0))
<d( fxn,fxn+1 "[F(d( %, x1))—(no—n)b]
—d (Xn. Xns1) F(d (g, 1))

=—(n—ng)b[d (X, fxyy1)] <O0.

On taking limit as n tends to oo, we obtain
lim n{d (fx,, fx,,1 )} =0, that is, lim n'/"d (fx,, fxy41)
n—oo nN—o0

=0. This implies that > d(fx,, fx,4) is convergent
n=1

and hence the sequence {fxn}n>1 is a Cauchy sequence in

f(X), so there is pe f(X) such that lim fx, = p.
nN—0

Suppose that u*is in X such that fu” = p. Next we

prove that fu” eTu”. Indeed, assume the contrary, then
d(fu*,Tu*)>0 because Tu™ is closed: Since F is

strictly increasing, we deduce that

H (Txa TU™) <M (xq,07)
for all ne N. Therefore
d(fxn+1,Tu*)s H (Txn,Tu*)< M (xn,u*).
Since from definition 8, we have
A ) o )< i

forall neN.
Next suppose that F is continuous. Since

u*)) (2.5)

lim d(fxn,Tu*)=d(fu*,Tu*)

n—oo
we deduce that
nIl_r)nOO M (xn, ) d ( fu*,Tu*).

so, by continuity of F,

r(d ( fu*,Tu*))+ F (d ( fu*,Tu*)) < F(d ( fu*,Tu*))
which provides a contradiction. We conclude that

d(fu*,Tu*)zo, and thus fu” eTu”. Now let (a) holds,

thatis for xeC(f,T), f is T -weakly commuting at x.
So we get f2x e Tfx. By the given hypothesis fx = f2x
and hence fx= f2xeTfx. Consequently fxe F(E.T).
(b) Since f(C(f,T))={x} (say) and xeC(f,T), this
implies that x = fx e Tx. Thus F(f,T)=0.

Example 11 Let X =[0.1], f:X>X and

T:X ->CL(X) be defined as f(x)=x, Tx={0,ﬂ

and d be the usual metric on X. Define F:R* - R and

—In(t+1) forte(0,1)
TR, >R, by z(t)= and

In3 for t[1,0)

F(t)=In(t)+t for all t>0. Then for all x,yeX,
Tx =Ty, we obtain

( (x y)) F(H(TxTy))

(H (T, Ty )+H (Tx,Ty)
(0 +in( S1y=x]}+ 31y
2

t)+In %jﬂn( ly— x|j Z|y-x

<'n(lv X[)+]y =X
F(d(xy))<F(M(xy)).

Thus all conditions of above Theorem 10 is satisfied
and 0 is a fixed point of T.

Example 12 Let X =[1,oo) be the usual metric space.
Define f:X - X, 7:R, >R, and T:X —CL(X)
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by fx= G

and Tx=[x+2,») for all xeX and
1

—In|t+=| forte(0,1

r(t)= ( 2] «( )and F(t)=In(t) for all

In3 for t e[1,)

t>0. Note that so f (X)) is complete. It is easy to check
that for all x,ye X with Tx=Ty (equivalently with
X #y), one has

(M (xy))+F(H(TXTy))<F(M(xYy))

So we can apply Theorem 10.
Corollary 13 Let (X,d) be a complete metric space, X,

be an arbitrary point in X, and T:X ->CL(X) a
multivalued Ciric type F-contraction with respect to dynamic
process D(T,%y), either F is continuous or T is closed

multivalued mapping. Then there exists a fixed point of T.
(1) Applications

Decision space and a state space are two basic
components of dynamic programming problem. State
space is a set of states including initial states, action states
and transitional states. So a state space is set of parameters
representing different states. A decision space is the set of
possible actions that can be taken to solve the problem.
These general settings allow us to formulate many
problems in mathematical optimization and computer
programming. In particular the problem of dynamic
programming related to multistage process reduces to the
problem of solving functional equations

p(x)= sgg{g (% ¥)+G1(x v, p(E(xY)))},

y (2.6)
for xeW
X)=su "(X, G, (x,y, X, ,
a(x) yeg{g( ¥)+Gz (x v.a(£(x.y)))} o
for xeW,

where U and V are Banach spaces, W cU and DcV
and

EWxD->W
0,9":WxD—>R
GGy W xDxR >R,

for more details on dynamic programming we refer to
[6,7,8,9,23]. Suppose that W and D are the state and
decision spaces respectively. We aim to give the existence
and uniqueness of common and bounded solution of

functional equations given in (2.6) and (2.7). Let B(W)
denotes the set of all bounded real valued functions on W.
For an arbitrary he B(W ), define [|h]|=supyqy [(x)).
Then (B(W).|]) is a Banach space endowed with the

metric d defined as

d(hk)= suvﬁ)/|hx—kx|.
Xe

(2.8

Suppose that the following conditions hold:
(C1): G1,Gy 4, and g’ are bounded.

(C2): For xeW, heB(W) and b >0, define
Kh(x)=supy€D{g(x,y)+Gl(x, y.h(&(x, y)))} (2.9

In(X)=supycp {g’(x, y)+Gy (x, y.h(£(x, y)))} (2.10)

Moreover assume that z:R, - R, and L>0 such
that for every (x,y)eWxD, hkeB(W) and teW
implies

61 (xy.1(1)) =Gy (x,y k(1))

<e UM (h(t).k()]

(2.11)

where

)
= max{d (Jn(t), Jk(t)),d (I (t),Kk(t)),
d(Jh(t),Kn(t)),
d (Jn(t), Kk (t))+d(Ik(t), Kk (t))}
2

(C3): For any he B(W), there exists k e B(W) such
that for x eW

Kh(x)=Jk(x).
(C4): There exists he B(W ) such that
Kh(x)=Jh(x) implies that JKh(x) = KJh(x).
Theorem 14 Assume that the conditions (C1)-(C4) are

satisfied. If J(B(W)) is a closed convex subspace of

B(W), then the functional equations (2.6) and (2.7) have
a unique, common and bounded solution.
Proof. Note that (B(W),d) is a complete metric space.

By (C1), J, K are self-maps of B(W ). The condition (C3)
implies that K (B(W))< J(B(W)). It follows from (C4)

that J and K commute at their coincidence points. Let 1
be an arbitrary positive number and h,h, e B(W).

Choose xeW and y;,y, € D such that

Kh; < g(x,yj)+Gl(x,yj,hj (xj))+l, (2.12)

(2.10), WeJ have
Khy > g(X, y2)+Gp (X Y2, (X2))
Khy > g (x, y1)+ Gy (x y1.ha (%1)).
Then (2.12) and (2.14) together with (2.11) imply

where x-=§(x,yj),j=1,2. Further from (2.9) and

(2.13)

(2.14)
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Khy (%)= Khy (x)
<Gy (% Y11y (%)) =Gy (X o,y (%)) + 2
<[y (% ya.h (%)) = Gr (% ya. 1o (%2 )| + 4
<e (M (h(t) k(1)) +2
Then (2.12) and (2.13) together with (2.11) imply
Khy (x) - Khy (x)
<Gy (% Y1, (%2)) =Gy (% 1. b (1))
< |61 (% y1. 1 (%)) =Gy (% ya. b (%))
(

<" (M (n(1).k(1))

From (2.15) and (2.16), we have

|Khy (%)~ Khy (x)] <& (M (h(t),k(1))). @17
The inequality (2.17) implies
d (Khy (x)-Khy (x)) <[ (M (n(t) k(1)) ]. 2.18)
7(t)+In[ d (Khy (x)-Khy (%)) ]
<In[(M(h(t).k(1))]
Therefore by Theorem 10, the pair (K, J) has a common

fixed point h™, that is, h*(x) is unique, bounded and

common solution of (2.6) and (2.7).
(1) Application of system of integral equations:

Now we discuss an application of fixed point theorem
we proved in the previous section in solving the system of
Volterra type integral equations. Such system is given by
the following equations:

(2.15)

(2.16)

(2.19)

t

u(t):J' 1(ts,u(s))ds+g(t) (2.20)
0

W(t):sz(t,s,W(s))dSJr f(t). (2.21)
0

for te[0,a], where a>0. We find the solution of the

system (2.20) and (2.21). Let C([0,a],IR) be the space of

all continuous functions defined on [0,a]. For

ueC([0,a],R), define supremum norm as:

Jul, = sup { ()efr(t)t}, where 7:R, >R, is taken
tef0,a]

as a function. Let C([0,a],R) be endowed with the

metric

d, (u,v)= sup |u(t)—v(t)|eff(t)t (2.22)
te[O,a] T
for all u,VEC([O,a],R). With  these setting

C([O, a],IR,||.||T) becomes Banach space.

Now we prove the following theorem to ensure the
existence of solution of system of integral equations. For
more details on such applications we refer the reader to
[3,21].

Theorem 15 Assume the following conditions are satisfied:

(i) K3.K;:[0,a]x[0,a]xR—>R and f,g:[0,a] >R
are continuous;

(ii) Define

t

Tu(t)j 1(ts,u(s))ds+g(t)

0

Su(t) = I Ko (t,s,u(s))ds+ f (t).
0

Suppose there exist z: R, — R, and L >0 such that

Ky (ts,u) =Ky (t,s,v)| <z (t)e (1) [M(u,v)]

forall t,se[0,a] and U,VEC([O,a],R), where

|Su(t)-Sv(t)].|sv(t)-Tv (1),
M (u,v) = max |Su(t) - Tu(t)], :
|Su(t)-Tv(t)+|sv (t)
2

(iii) there exists UEC([O,a],R) such that

Tu(t)=Su(t) implies TSu(t)=STu(t). Then the system

of integral equations given in (2:20) and (2:21) has a
solution.
Proof. By assumption (iii)

[Tu(t)-Tv(t)

IN

Ot O+ O )+
‘\‘ —
—~
—
N—

Ky (t,s,u(s))— Ky (t, s,v(s))|ds

~#(t) ([M (u,v)] g v(Us )e_’(t)sds

IA

r(t)e_’(t) ||M (u,v)||r e’ (3gs

IN
Ny
—~
—

t
«v) M (u,v)]. Ie’(t)sds
0

T(t) "M (uyv)"r ier(t)t

7(t)

i CAY s

IN
N
—~
—

This implies
[Tu(t)-Tv(t)]e " <e O M (uv)]..
That is

||Tu (t)—Tv(t)"T <e*(®) ||M (u,v)”r
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which further implies
r(t)+|n||Tu (t)—Tv(t)"T < In||M (u,v)”f.

So all the conditions of Theorem 10 are satisfied. Hence
the system of integral equations given in (2.20) and (2.21)
has a uniqgue common solution.

4. Conclusion

This paper presents fixed point theorems for
generalized iterative process under the improved notion of
dynamic process. The presented theorem provide
extension as well as substantial generalizations and
improvements of several well known results. The present
version of these results make significant and useful
contribution in the existing literature.
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