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Abstract In this work, we define and introduce a new kind of the Apostol type Frobenius-Euler polynomials
based on the (p, ¢)-calculus and investigate their some properties, recurrence relationships and so on. We give some
identities at this polynomial. Moreover, we get (p, ¢)-extension of Carlitz’s main result in [1].
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1. Introduction, Definitions and Notations

mm T —k[]’;]’:’gq[/!c]p’q S(n2 k).

Throughout this paper, we always make use of the
following notation; N denotes the set of natural numbers,

N, denotes the set of nonnegative integers, R denotes the The (p,

E, ,(z), are defined by

g)-exponential functions, e, ,(z) and

set of real numbers and C denotes the set of complex numbers.
The (p, ¢)-numbers are defined by

— pn _qn 0 1 n
[”]p,q T g e, q(x)=2 .p(z)x"

which is natural generalization of the g-number such that

and

Note that
[n]p’q = [n]q,p :
The (p, g)-derivative of a function f is defined by
_ Sf(px)-f(ax)
(P-q)x

(p, g)-number is symmetric: that is

Dp’q:xf(x) = Dp’qf(x) ,(x;tO).

The (p, ¢)-Gauss Binomial formula is defined by

K\ (n-k
(x+),0 = é[ﬂp,q P(z)q(g )xn_kyk

where the notations L’j ((p, 9)-Gauss Binomial
P-4

coefficients) and [n]p . ! ((p, 9)-factorial) are defined by

E,,(x)= i;q(;)xn_

n=0 [n]p,q '

From this form, we easily see that e, ,E,, . (~z)=1.

In this work, we introduce Apostol type
(p, q)-Frobenius-Euler polynomials. We give some new
identities for the Apostol type (p, ¢)-Frobenius-Euler
polynomials. Also, we prove some explicit expressions.
Definition 1. Let p,qeC, aeN. The (p, q)-Bernoulli

numbers B, and polynomials 5,1,,]7,] (x,y) are

n,p,q
defined by means of the generating functions in [6]:

[>e}

" t
Z 5’ , z[ J’
ot P [n]p’q ' lepyg (t)—l

t

<2rm,



Turkish Journal of Analysis and Number Theory 127

& R
z )gnap’q n |

n

{ ] €pq () Ep g ()]t

Definition 2. Let p,q € C, « € N. The (p, q)-Euler numbers
Enpag (x,y) are defined by
means of the generating functions in [6]:

S 2,4

ZJ’l
£ = : |t <,
nZ:;) P4 [n]p,q! (ep’q (t)+1J | |

n

and polynomials &, , .

t
Z mpa (V) ET—
pPq

2],
= W €pq (tx)Ep,q (ly), |t| < 7.

Definition 3. Let p,qeC, aeN. The (p, q)-Bernoulli

numbers Z?;(p)q and polynomials Bn(p)q( ) inx, yof

order a are defined by means of the generating functions
in [6]:

s g = :( ! Ja,|;|<zﬂ, (1.1)
n=0 [n]p’q ' epsq (t)_l
tn
Z mpa (V)T
p-q

(1.2

a
t
- [WJ €p.q (tx)Ep,q (l)’), |f| <2r.
p-q

Definition 4. Let p,qeC, aeN. The (p, q)-Euler

numbers é;l( p)q

order o are defined by means of the generating functions
in [6]:

and polynomials é;l(z,?q (x,y) inx, yof

& ) " [z]p,q N
};é;,,p,q[n]p’q! {ep’q(t)ﬂj Jil<z o (1.3)
Z ’7(0;7‘1 [ ] |

i (1.4)

[24
m} ep’q (IX)Ep,q (ty), |t| <T.
p-q

Classical Frobenius-Euler polynomials 72’”(0‘) (x;u) of
order « is defined by the following relation [1,7,10,11].

iﬁ’n(a)(x;u)ﬁ{ lt—u J o
n=0

(1.5

n! e —u

where o € N, u algebraic number.

Similarly Frobenius-Euler polynomials 71/,,(‘2) (x;u; ﬂ,)
of order « is defined by the following relation ([17])

i xui a ( 1-u ]aex’.
=0 Al —u

(1.6)

n!

Definition 5. The Apostol type qg-Frobenius-Euler

Hn(q)(x yiu; l) of order a in x, y and

polynomials
Apostol type q-Frobenius-Euler number 71/,1(3) (0, O;u;l)
of order «, in 9] respectively

0 n

(@) _lw
Z(:)ﬁ/"’q (x it /1) n! (/le (t) u

oou/l)n' (%J .

Definition 6. Let p,qeC, aeN and 0< 2
q

define the Apostol type (p, q)-Bernoulli polynomials

J e (tx)Eq (ty),

> 7 (
n=0

<1l. We

5n(p)q (x yiu, /1) of order « in x, y and the Apostol type

(v, q)-Bernoulli numbers b’( )

g (0,0;u; 1) of order a in

X, y respectively

n

[,
= —1] e, (tx)Eq (),

> B89 (xoyiud)
n=0

Definition 7. Let p,qeC, aeN and 0< Pl we

q
(p, q)-Euler polynomials

define the

é’n(p)q (x yiu, /1) of order a in x, y and the Apostol type

(v, q)-Euler numbers 5',1( p)q

Apostol  type

(0,0;u;/i) of order a in x, y
respectively

n

t

@) o
X, ysu; A
n:O P ( )[n]p,q '

(B Y
= W e, () E, (),

" 21, ¢
Z s 0O;M;/l)[”]p,q!=[ﬁep,q(f)+1J )

Definition 8. We de.ne Apostol type (p, q)-Frobenius-
Euler polynomials H,q(’o;,?q (x,y;u;/i) of order a in x, y
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and Apostol type (p, q)-Frobenius-Euler numbers
72/,,( p)q (0 0;u; /1) of order a, respectively
Z 72/”, P X y,u l)W
=0 ;
' e (1.7)
{ﬂe ] epq(tx)qu(ty),
0 }’l 1 o
Z ) (0,0;u3.2) =[ = ].(18)
=0 [ ]p g ! lep,q (t)—u

Letting lim in (1.7), we have
p—l

lim zﬁnpq X, y;u; A)

=15 [n]qu!
l (04
—Uu
i i) naea )

o0 (a) . )1 l_u
’;%,q (x,y,u,/’t)[ ] ! {ﬂeq(t)—u

[9].
Putting A =1 and u =-1 in (1.7), we have

79, (xoyi-1:1) = £, (x.).

?q (x.2) is

where é’n(,(; ( p,q) -Euler polynomials of order

a.

Using lim in last equation, we have
p—1

729 (x,y;-11) = £ (x.),

where é;,(f]’) (x, ) is g -Euler polynomials of order a.
Letting lim in last equation, we have
g1

740 (e, yi-1:1) = 58 (),

where é’n(a) (x,y) is Hermite based Euler polynomials of

order «.

2. Some Basic Properties for the Apostol
Type g-Frobenius-Euler Polynomials

Proposition 1. Apostol type Frobenius-Euler polynomials
satisfy the following relations

H,,(j;ff) (x,y3u; A)

2L,

(2.1)
71’/((0;)(, (x,y;u;ﬂ)%?ﬁ,p’q (0,0;; 1),

>

n
y) {} P g (503w 2) =72, , 0 (%, y3u3 2)
k=0 (2.2)
=(1- u)(x+y)
7% P (x, i 1)
(2.3)

7z/k(p)q (x 0 u; ﬂ’)hln(:/fz;,q (O,y;u;/l).

2,

Theorem 1. For ne Ny and x,y,a<C, the following
relationships hold true:

72,(05) (x+a,y;u;ﬂ)

n’p’q
k (2.4)
_nn () ()kksk—s
_l‘;){k} 7, kpq(()y,u i)p z(:) S
= p-q s=
72’,1(p)q(x y+a;u;d)
o | 7 (Ol) (]5) E (k s _k—s
=Z i 72’n_k,p’q(x,0;u;/1)p z ya" .
k=0 P-q s=0\%
Proof. Using Definition
o0 tl’l
Z npq x+a,y;u;/l)[n] '
p-q
= 1——u aE (ty)e ((x+a)l)
Ae, (t)—u P P4
0 l}’l
- A Oy A)
=0 [l]p,q

NS P
[Z e G

Llj H(k)pq(o yiu; ) o
P4

(7],

>

=0

M

3
Il

(=]

=~

xp(z) (x+ a)k

Sl Ao
- P9

=0 t

s

s=0

M

S
Il
(=]

n
————, we have (2.4).
n] !

p.q
Similarly the other equation is been calculation.
Theorem 2. There is the following relation for the
generalized Apostol type q-Frobenius-Euler polynomials

Comparing the coefficients of

Tn
(2u—1)2|: } Hy o (0.0:2) 7, (x,yi1 =15 )
k=0 k Psq b b (25)

=u’t, ,q (x,ysu;4)— . p.q (x, 3 1—u; 2).
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Proof. By using the identity

(1—u)ep,q (xt)(l— l—u))Ep’q ()
(ﬂep’q (t)—u)(iep,q (t)—(l —u)
_ (l —u)ep’q (xt)uEp’q (ty)
/lep,q (t)—u
(l—u)ep,q (xt)(l—(l—u))Ep,q (v)

- 5

iep’q (t)—(l —u)

(2u—1)

o0 n
(2u=1) 3 7, g (00505 2) ——
n=0 [I’l]p,q :
3 P (0.0:1-0:2) L
x> 7, 0,0;1—u; ) ————
n=0 P [n]p,q!
o0 tn
=u) Hypa (x,y;u;/l)—'
n=0 [I’l]p,q :
o0 tn
—(1-u) Z 7y p.g (x,y;1-u;2)
n=0 [n]p,q!

n

Comparing the coefficient of T Weprove (2.5).

[n]p,q'
Remark 1. For Ilim %I,p’q(x,y;u;/l). Substituting
g1
p—l

A=1, y=0 in (2.5). We have Carlitz result ([1],

equation 2.19).
Theorem 3. There is the following relation for the
generalized Apostol type (p, q)-Frobenius-Euler polynomial

u?ty 4 (x,p3u;2)

a CY)
=/1]§) L pq72’k7p’q(x,y;u;/l)—ﬂ(l—u)(x+y)p,q.

Proof. By using the identity e, . (¢)E, ,(~)=1,
u 1 1

P epq()=u)eng () Hepg(0)-u) Aepq (1)
We write as
u(l—u)ep,q (tx)Ep,q (yt)
(/Iep,q (t)—u)ﬂep’q (t)
_ (1-u)e, ,(=x)E, 4 (¥1) ~ (1-u)e, ,(=x)E, 4 (¥1)
Aey, 4 (t)—u Aey, 4 (t)

u o0
= H, g (X ysus2)
l n=0 ! p q [n]p,q ' ep’q (t)

=D Ty g (X, y5u3 1)
D I

n

t

1—u
——e, (tx)E’ (»1),
lep,q(t) p.q 20

Py pg (62305 A) =

u
A

[Ms 1Ms

71/, ) (x,y;u;/i)
n=0 e [n]p,q!n=0[n]p,q!

0 t}’l

—(1-u) 2 (x+0),,,

n=0 [n]p,q '

n
Ty we have

Comparing the coefficients of ]
n| |
Pq

u?ty g (x,y3u; 1)

ln
:/IZLC:| g (x,y;u;/l)—(l—u)(x+y)2,q.
k=0L"dp.q

3. Explicit Relation for the Apostol Type
(p, 9)-Frobenius-Euler Polynomials

Theorem 4. There is the following relation for the Apostol
type (p, q)-Frobenius-Euler poly-nomials

H\5y (3. :2)

R H {%k’p’q(l’y;u;i)} (3.1)
P9

1-u oLk _”Hk,p,q (O,y;u;l)
X72/n(f{k),p,q (x,O;u;/l).
Proof- Since (1.7);
o0 tn
3785 (s ) —
n=0 [n]p,q °
1 o
—u
=| ————| e, (x)E, ()
[ﬁep,q(t)—u] P9 p.q
l—u Ae, ,(t)—u
- Ae (t)—u pq(ly) plq—u
P9
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a

l—u

/IZHkpq L yu; 1)[

x,O;u;/I)t—

XA

& t
_”Z Hk,p,q (O,y;u;ﬁ) z
[,

l
xZ?z/,pq xOu ﬂ)[l] !

n

7],
p-q
Theorem 5. There is the following relation between

Apostol type (p, q)-Frobenius-Euler polynomials and the
generalized Apostol (p, q)-Bernoulli polynomials

Comparing the coefficients of , we have (3.1).

72’,,(,0,’,?q (x,y;u; 4)

pg | r=0L "

"y
xkz_%)u Bty pg(x.0:2) (3.2)
= p.q

4]
_Z|: i| ,6’n+1_k’p,q(x,0;i)
p.q

X H(a) (O,y;u;/i).

k.p.q
Proof-
1 o
—u
_— tx)E
Tepg (| 4 Epa)
a
1-u t iequ(t)—l
=\ —— t x),
Je, , (t)-u p’q(y)/i g (1)1 t o ()
1 0 r r
s
n=0k=0 P.q

XZ|:n:| 72/1{(,]7)(](0 yiu, l)‘byn rpq(x Oﬁ“)
p-q

n

ZZF} Hk(p)q(oya”’l)g kpq(x=0;/1) [n]t ’
P4 Pq

0 1 n+l|:n+1:|
L )
2,
psq

n=0 [n+l]p,q r=0

U
<y M Brororpa (:0:2)
k=0 p.q

n+l 1
_Z |:n N :| KnJrl—k,p,q (x, O;/I)
psq

() "
X kpq(Oy,u /1)[ ]p’q!.

n

7],
p.q
Corollary 1. There is the following relation between

Apostol type (p, q)-Frobenius-Euler polynomials and the
generalized Apostol (p, q)-Euler polynomials

Comparing the coefficients of , we have (3.2).

72’,1(p)q (x yiu; /1)

gl 3] ons

k=0 p.q r=0 r

n

n
_%M Erkpa (¥0:2) 7{k(p)q(0 yit;A).
= pq
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