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Abstract A certain subset of the multiset permutations of length n satisfying two restrictions has been recently
shown to be enumerated by the Catalan number C,-;. These sequences have been termed Catalan words and are
closely related to the 321-avoiding permutations. Here, we consider the problem of avoidance of patterns of type
(1,2) wherein the second and third letters within an occurrence of a pattern are required to be adjacent. We derive in
several cases functional equations satisfied by the generating functions enumerating members of the avoidance class
which we solve by various methods. In one case, the generating function can be expressed in terms of a sum of
reciprocals of Chebyshev polynomials, while in another, in terms of a previously studied ¢g-Bell number. Among the
sequences arising as enumerators of avoidance classes are the Motzkin and Fibonacci numbers. In several cases, it is
more convenient to consider first the problem of avoidance on the subset of Catalan words whose members have no
adjacent letters the same before moving to the larger problem on all Catalan words.
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1. Introduction

By a Catalan word w=ww,..w,, we will mean a
word over the alphabet of non-negative integers satisfying

(1) w;g=2w;—1for 1<i<n, and

(ii) if w; =k>0 with i minimal, then there exist
iy <i<iy suchthat wy =w;,, =k-1.

If n>1, then let W (n) denote the set of Catalan words

of length n. For example, there are 5 members of W(4),

namely,

0000,0100,0010,0110,0101.

Property (i) states that within members of W(n), there
are no drops of size greater than one, while (ii) says that
the left-most occurrence of each £>0 has k —1 somewhere
to its left and somewhere to its right. It is well-known
(see, e.g., [7,12]) that W(n) is equinumerous with the set
of Dyck paths of semilength n — 1.

Let [k]={12,...k}.
define the reduction of w, denoted red(w), to be the word
obtained by replacing all occurrences of the i-th smallest
letter of w with 7 for each i. For example, red(7931379) =
3421234. The words v and w are said to be order-
isomorphic if red(v) = red(w) and 1is denoted
v ~ w. By a pattern, we will mean a word that contains

every letter in [j] for some j > 1. Awordt =mm, - - - @,
contains 6 = 0,6, - - - 0; as a classical pattern if there

Given w=ww,..w, € [k]n ,

exists a subsequence 7;, 7;, ..7;, for 1 <iy <iy<-- - <in
such that Ty Wiy -

Similar terminology applies to vincular, or dashed,
patterns, which resemble classical patterns except that
some of the indices j; must be consecutive (see, e.g., [2]).

If (11,ty,...,1,) is a vector of positive integers, then a

7;, ~ 0, and is said to avoid o otherwise.

vincular pattern is said to be of type (f,t,,...,t,.) if the

first ¢ letters within an occurrence are adjacent, the next #,
letters are adjacent, and so on. A classical pattern is then
one of type (1, 1, . . ., 1). Vincular patterns are often
represented by inserting dashes between consecutive
letters where there is no adjacency requirement. Here we
will consider patterns x-yz of type (1,2), that is,

subsequences of the form 77,7, where i < j. For

example, the word = = 135432414 contains two
occurrences of the (1, 2) pattern 3-12 (as witnessed by the
subsequences 524 and 514), but avoids the pattern 2-11
(note that the 4’s are not adjacent within the 544
subsequences).

In this paper, we consider the pattern avoidance
problem on Catalan words and enumerate members of
W(n) avoiding a single pattern of type (1,2). The
analogous question has been considered earlier on
permutations [2,3], compositions [4], and set partitions [6].
Given n>1 and a pattern 7, let W, (n) denote the subset

of W (n)
a, (n)=|W, (n). To determine the a,(n), we start by

whose members avoid 7 and let

writing recurrences for refinements or slight variations of
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these numbers, which are obtained by considering suitable
statistics on W, (n). The recurrences may be expressed

equivalently as functional equations satisfied by the
corresponding generating functions, which we take steps
to solve.

We now describe the general kinds of functional equations
encountered in our study. Some had singularities at the
particular value for which we sought a solution, while
others did not. The first type of equation was of the form

u(x,y)F(x,y) = v(x,y)+ w(x,y)F(x,l),

and we are interested in finding F(x,1), where u(x, ) is
not defined at y =1. In this case, we employ the kernel
method [5] to ascertain F(x,1), and hence the generating
function for the numbers a, (n). For four of the patterns,

the generating function satisfied functional equations that
were special cases of the equation

F(x,y) = u(x,y)+v(x,y)F(x,1)
+xyw(x,y)F(x,g(x,y)).
where all functions are defined at y =1. In the case when

g(x, y) =1+ xy (which occurred for two patterns), one is

able to solve the general equation for F by iteration if x is
sufficiently close to zero and y is restricted to a given
bounded interval. For two other patterns, we encountered

particular cases of the equation above when
1 1+
g(x.y)= >— and g(x,y)= );y To solve the
1-x y l—x y

equation in these cases, we iterate it for special values of y
expressed in terms of quotients of linear combinations of
Chebyshev polynomials, the properties of which bring
about a significant simplification in the resulting series.
This allows one to determine explicit expressions for

F(x,l) and F(x,y).

The paper is divided as follows. In the next section, we
introduce notation and provide some preliminary results

relating the number of Catalan words in an avoidance
class to the number of members in the class having no two
adjacent letters the same. In the next three sections, we
determine generating function formulas in several cases
by solving various types of functional equations. Among
our results, we find that a;_,, (1) is given by the (n—1)-st
Motzkin number, which provides an apparently new
combinatorial interpretation of this sequence. We also find
that the generating function in the case 1-23 can be
expressed in terms of g-Bell numbers, while in the cases
2-13 and 1-11, it can be expressed in terms of Chebyshev
polynomials of the second kind. In the final section, we
complete the enumeration of all (1,2) avoidance classes,
up to one case. Our results are summarized in Table 1.

2. Preliminaries

In our study, it will be useful to consider the members
of an avoidance class that contain a fixed number of zeros
and/or that have no two adjacent letters the same. Here,
we provide some algebraic results which will be needed in
later sections. If 1<m<n and 7 is a pattern, then let

W (n,m) and W, (n,m) denote, respectively, the subsets
of W(n) and W, (n) whose members contain exactly m
zeros. Let a(n,m) = |W(n,m)| and a, (n,m)= |Wr (n,m)|

Members of an avoidance class having no adjacent

letters the same will be termed as primitive. Let W* (n)

and W, (n) denote the subsets of W(n) and W, (n)
with  the

obvious comparable meanings for W (n,m) and
Car ()= (),

a* (n,m):‘W* (n,m)‘ and a: (n,m): WT* (n,m)‘

consisting of the primitive members,

T

Wy (mm). Let a” (n)=|W" (n)

A run of a letter £ within a word w is a maximal
subsequence of consecutive letters in w each of which is £.

Table 1. Sequences enumerating the (1,2) avoidance classes for Catalan words

T Sequence Reference

1-11 1,1,1,3,6,15,39,102,275,754 Theorem 5.15

1-12 A000045 in [11] Observation 6.2

1-21 1,1,1,1,1,1,1,1,1,1 Observation 6.1

1-22 A001006 Theorem 3.3

1-23 1,1,2,5,13,33,82,202,497,1224 Proposition 2.2 and Theorem 5.4
1-32 A000325 Observation 6.2

2-11 1,1,2,4,10,26,71,199,570,1659 Open

2-12 1,1,2,4,9,22,56,146,388,1047 Proposition 2.2 and Theorem 4.3
2-13 1,1,2,5,13,34,91,248,685,1911 Proposition 2.2 and Theorem 5.8
2-21 A011782 Observation 6.2

2-31 A000108 Observation 6.1

3-12 1,1,2,5,14,41,123,376,1167,3665 Proposition 2.2 and Theorem 4.5
3-21 A001519 Observation 6.2
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Definition 2.1. By the skeleton of a word w, denoted by
skel(w), we will mean the word obtained from w by
removing all but one of the letters from each of its runs.

Note that we W(n) implies skel(w) is a (primitive)
Catalan word. Furthermore, if we W (n,i) with i<n,
then skel(w)eW™(r,s) for 2<s<i and
25 —1<r<n+s—i. For example, if w=010002233221
€W (12,4), then skel(w)=0102321¢ w (7,2). Also, if

7 is a pattern in which no two consecutive letters are equal,
then w avoids 7 if and only if skel(w) avoids 7.

Let g(x)=)  a(n)x" and h(x)=D _ a"(n)x",

with similar meanings for g, (x) and A, (x).

some

The following formulas relate a(n) to a*(n) (and

a; (n) to a;(n)).

Proposition 2.2. If n>1, then

n-—1

ot =3 "7 Ja )

2.1

and thus g(x) = h[lij Comparable relations hold for

-Xx
a, (n) and h,(x) whenever no two consecutive letters
are equal within the pattern T.

Proof. We count the members 7 € W (n) according to the
number i of runs. Observe that deleting all letters within

each run of 7 except for one leaves a member of W™ (1)

for some 1<i<n. Conversely, given any AeW" (i),

n
there are ( . j members of W (n) that have skeleton A,

i
upon adding n—i letters across the i runs of 1 to generate
members of W (n). Grouping together members of W (n)

having the same skeleton of length i and summing over i
gives (2.1). For the second statement, note that

=23 e =T 0z )

2ol

2

The same relations are seen to hold if no two
consecutive letters of 7 are equal for then at most one letter
out of each run within a Catalan word can appear as part
of an occurrence of .

Let g(x,y) :anlzzzla(n,m)x"ym and

n+l1
xy) Zn>1zml ”’VIxy, where t:[_J

2

with similar meanings for g, (x,y) and A (x,y).

Similar, though more complicated, relations can be
given when the number of zeros in a Catalan word is
prescribed.

Proposition 2.3. [fn>i> 2, then

ani)-3 "3 [i_lj[n_i_lja*(r,s), 2.2)

s=2r=2s-1 s=1)\r-s-1

with a(n,l) =0

n,

1 and a(n,n)=1 for all n>1. In

terms of generating functions, we have
x_ y(1-x)
x,y)=h| —,—=|.
g( y) ( 1—xy

I-x
Comparable relations hold for a,(n,i) and h.(x,y)

whenever no two consecutive letters are equal within the
pattern t.
Proof. We first show the recurrence (2.2), its boundary

(2.3)

values being clear. For each u € W* (r,s), we claim that
i-1)n—-i-1

there are words we W (n,i) such that
s=1)\r—s—1

skel(w) = u. To see this, note first that we must add i —s

zeros to u (in order to obtain a member of W(n,i ) ), which

can be achieved only by increasing the lengths of its zero
runs since otherwise the skeleton would change. Thus,

i—-s+s—1 i—1 .
there are = ways of adding zeros.
s—1 s—1
We must also add n—r—(i—s) non-zero letters to u by
increasing the lengths of its non-zero runs, which can be
—r—(i—-s)+r—-s—1 —-i—1
donein| "~ (l S) res o ways. Putting
r—s—1 r—s—1
together the prior two observations establishes the claim.
Grouping together members of W(n,i) having skeletons
of the same length and number of zeros then gives (2.2).
Multiplying (2.2) by x"
n>i+1 implies

Z a(n,i)x"

and summing over all

n>i+1

-1 —i—1
—Z S a [ ] > (” ’ ]x" 2.4)
s=2r>2s—1 -1 n2i+r—s r—s-1

’i -l (l_xjs 2 a( )( a jr >
=x - a (r,s)|— 1|, i=2.
o A VAN S eyl 1-x

Multiplying (2.4) by ' and summing over i > 2 yields

—zm ;(;”Jw ,E_f‘*(”)(ﬁ)r
345 £ el
-3 % el (2

:}{ d
1-x

y(l—x)j_lxy

T l-xy - Xy
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which gives (2.3).

3. The Case 1-22

Given n>3 and ISjSiSLn/ZJ, let a denote

the number of 1-22 avoiding Catalan words of length n
having i ones in which the right-most 1 that is followed by
at least one zero is the j-th 1 from the left. Let 4,; ;

denote the subset of W(n) enumerated by a,; ;. Let
=a" (n,l'),

a”(n,i) are as previously defined. Note that b,; =0 if

n,i,j

bn,iza(n,i) and b:,:i where a(n,i) and

n>1 and that b,;=0 if n<2i—-1. We have the

following recurrence relation for the numbers q,, ; Iz

Lemma 3.1. The array a may assume HON-zero

ni,j
values only when n > 3 and ISjSiSLn/ZJ, with

azp =L agy1=2  agpr=1 and as5,=0. If
n>5, then
j-1
Anji,j = On-1,,j + z (anfl,i,/, + anfz,ifl,ﬁ)
l=1
n—i—2 . .
+ 2 (Brmrmai it ) (3.1)
=0
1<j<i<|n/2],
with
n—i—2
ay ;i +)>a + b, ,
nij = nlll z n—1,i,0 Z n—0-2,i (3.2)
1<i< |_n / ZJ.
Proof. The boundary conditions follow from the

definitions; note that i SLn/ ZJ, for otherwise there

would be two adjacent ones, which is not allowed. To

prove the recurrences, note first that there are a,_y; ;

members of 4 in which the final run of zeros has

n,i,J
length greater than one, for adding a zero directly after the

j-th one from the left within a member of A4

n—1,i,j

defines a bijection. On the other hand, there are
-1

é 1Lt members of 4, ; ; where the final run of

zeros consists of a single zero, with the letter (if it exists)
following this zero greater than one, and where there are
at least two zeros outside of the initial run of zeros. This
follows from adding a single zero directly after the j-th

one from the left within some member of Ui;ll Ap_105
which defines a bijection between this set and the subset
of A4,; ; in question. In the case when j<i, it is also
possible for the letter following the right-most zero to
equal one. Then there are Zé;ll ay_5 ;1,0 additional

members of 4, ; ; in this case, upon adding 01 directly

after the j-th one from the left within some member of

-1
o1 An—2,i-1,0-

Combining the cases in the previous paragraph
accounts for all members of 4, ; ; in which there are at
least two zeros outside of zeros found within the initial
run. To complete the proof, we then need to show that
there are

> (b;:—é—2,z’ +by 31 )

members of 4,; ;
of the

n—i-2, *
v—0 bn-s-2,; such members of 4,; ;

containing only a single zero outside

initial run of =zeros when j<i and
when j=1i.
In both cases, we may form possible words as follows.
Suppose weW"(n—(-2,i) for some 0</<n—i-2
is written using positive instead of non-negative integers
and is of the form w=xly, where the 1 represents the

j-th  one from the left Then

w'=0"x10y € 4, ; is of the desired form. Allowing ¢

and w to vary gives all words in question in the casej =i
and thus completes the proof of (3.2). If j < i, then
it is also possible for a one to follow the right-most
zero. Such words may be created by starting with

weW*(n-t-3,i-1)  for 0<l<n-i-2,
expressed as and

OHIxIOly This gives Zf

members of A

within ~ w.

some

w=xly as before, letting
by_¢_3 ;-1 additional

of the desired form when j<i,

n,i,J
which completes the proof of (3.1).
Let
n+1
g(x Zan,xyandh x,¥) Zanlxy
n>li=1 n2l i=l

Given n23 and 1<i<|n/2], let

Ln/ZJ
ZA

i .
=D a,; ;v and 4, (u,v)
=1

Define the generating function f(x;u,v) by

ZA uv

n>3

xuv

Lemma 3.2. We have

x(l+xuv) ) xv(l+xu) )
(l—?]f(x,u,v)+Tf(x,uv,l)
2y (14x0) (3.3)
x“v(1+ xu
:m(h(x,u)—h(x,uv)).
Proof. Multiplying both sides of (3.1) by v/ and

summing over 1< j <i—1 and adding v/ times (3.2) gives
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An ; (v)
. ;
n-1i0 Z Z Ap_2i-1,0
Jj=1 /=1 j=2 /=1
i-1 i n—i=2
i i * *
-V Zan EYRVED RS (bn—é—Z,i +bn—tz—3,i—1)
j=l =0
n—i-2
1 *
V'Y by s
i (1 _vi—€+1) i1 il (1 it
ST D, et 2 . Ap-2,i-1,0
/=1 v /=1 v

i—1

i
-V Z an—2,i—1,€

=1
v(l—vi)n—ziz .
—— Y (s

b*
R n—0-2,i ¥ On—1-3,i-1
(=0

n—i-2

-V anf/3zla

which for n > 5 implies

1

- _(An—l,i (v) =V Ay (1))

1-v

+ﬁ(An72,i71 (v) _Vi_lAn72,i71 (1))

v(l - ) n—i-2
* *
AT ) (bn7€72,i +by_p34-1
=0

An,l' (V)

(3.4)

n—i—2

— Z
=0

Note that (3.4) is also seen to hold forn =3 andn =4
since A3 (v)= Ay (v)=v and Ay (v)=2v, where

b:7(73,i71’ 1<i< l_}’l/ZJ

we take 4,;(v)=0 if n<3 or i=0 and 5,5 =0
forall n.

Multiplying (3.4) by «' and
1<i<|n/2]| gives

summing over

A, (u,v)
1
_ :(An—l (u,v)—vd,_4 (uv,l))
+1M_V(A"—2 (1,v) = Ay s (wv,1)) (3.5)
-v
n-3n—(-2 i i
v Car ( ) )
+1 V/Z(:) lz;t ( —0=2,i TOp—p-3 1)u (uv)
n-3n—(-2 l
-2 2 b 301 (wv)'s n>3,
(=0 i=l

with 4 (u,v) = 4, (u,v)=0. Multiplying both sides of

(3.5) by x" and summing over n>3 yields

f(x;u,v) 2%(f(x;u,v)—vf(x;uv,l))

x2uv
1-v

(f(x;u,v)—f(x;uv,l))
x/+2z( )i)zb:lxn

1 V>0 i>1 n>i

2xé+32(u —(uv) ) > b:)i,lx”

/>0 i>1 n2i-1

_Z’/HZ (uv) Z b:,i—lxn

020 i>1 nzi-1

%(f(x;u,v)—vf(x;uv,l))
2

X u

<

+

(f(x;u,v)—f(x;uv,l))

1-v
+m(h(x,u)—h(x,uv))

)C3V

+—(uh(x,u) —uvh(x, uv))

(—)(1)

X3MV

h(x,uv).
T h(xw)
Rearranging the last equation gives (3.3).
Let C, and M, denote the Catalan and Motzkin number
sequences, respectively (see A000108 and A001006 in
[11]). Recall that

e 1-1-4x
n>0 2x
_ _ a2
andM ZM V1 22x 3x
n>0 2x
and  the relation xC (x)2 =C(x)-1. Let
a, =a_y» (n) By the definitions, we have
|_n/2J i
an=l+ Z Zan,i’j, n23,
=l j=I

with a; =a, =1 since we must also include the Catalan

word consisting of all zeros.
Theorem 3.3. We have

n 1 x—1-2x-3x2

> a,x : (3.6)
el 2x

and hence a, = M, for alln> 1.

Proof. Taking v=1/u in (3.3) implies

xu(1+x) x(l+xu)
1+ ——- xu,l/u)+——= f(x;1,1
1 g )
(3.7

- (f_il)zuxf)l)(h(xu)_h(x1))
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To solve (3.7), we use the kernel method [5] and let

u :;2 to cancel out the  f (x;u,1/u) term.
l-x—x
This yields
X 1
f(xL1)= [h[x, J—h x,]]
IR S ., )

X X 1 3 X
ex e 1ox) S0+

where we have used (2.3).

)

Recall from [[7], Theorem 2.8] that
g(x, y)=%, and, in  particular, that
g(x1) 1—xz’(x) =xC(x). Thus, we have

X X 1 X X
;L1) = - 1
ACLD 1-x g(1+x’1—xj 1-x g(ux’ j
3 > M
(1 xz)( sz 1-x2
+x

where M = C(Lj It follows that
1+x

x(1+x)(1—xM)+x3M2
a, xX'=——+f(x;1,1)=
%:1 - ( ) (I—xz)(l—xM)

Cx(l+x)(1-xM )+ x% (1+x) (M - 1)

(l—xz)(l—xM)

__ X :x+1—xM_1:M_1
1—xM 1—-xM
1—x—v1-2x-3x" ;

= 5 :ZMn_lx

X n>1

which completes the proof.

Remark: Theorem 3.3 provides an apparently new
combinatorial interpretation for the Motzkin number
sequence.

4. The Cases 2-12 and 3-12

We first recall some notation. If i is a positive integer

and x is an indeterminate, then let [i]x “lxt..+x,

=H?:l[i]x for n positive,
with [O]X!zl. We will need the following preliminary

with [0]x =0. Define [n]x!

result.
Theorem 4.1. Suppose F(x, y) satisfies the functional
equation for =1 <x <1 and y real:

F(x,y):a(x,y)+b(x,y)F(x,1) 1)
+xyc(x,y)F(x,1+xy), .
where c(x, y) is continuous. Then we have
F(x,l)
Z i20% a( L7+1], ) ' 'H] c(x,[ix) (4.2)

]
1 Z>0x b( ]+1] )[] H c(x,[z]x)

for all x sufficiently close to zero.
Proof. Note first that since ¢ is continuous, we have for
all positive integers j,

‘x([j]x +xjy)c(x,[j]x +xjy)‘ <k,

for some constant k£ < 1 whenever y lies on any given
bounded interval and x is sufficiently close to zero. Thus,
iteration of (4.1) leads to

F(x,y)

= Z xja(x,[j]x +xjy)'

720

—_—

]'_

([i]x +xiy)

=0

J-l

ch(x,[i]x +xiy)

i=0

(4.3)

[LIN

~.

([i]x +xiy)

~.
Y
S
I
S

Jj-1

<[Te(x[i], +x'v)

i=0

for all such x and y. Note that both infinite series in (4.3)
are seen to converge, upon comparison with a geometric
series. Substituting y =1 in (4.3), we have

Zx a( j+l] )j]x!ljc(x,[i]x)

P (1)U, el

and solving for F(x, 1) gives (4.2).
Note that substituting the expression for F(x, 1) from
(4.2) back into (4.3) yields a formula for F(x, ).

If 7€ {2-12, 3-12}, then let a’,, = :(n,m)‘ for

*
1<m<n. Note that a,, may assume non-zero values

only when m>1 and n>2m—1. Define the generating
* *
Ay (x)=2 o aywx"  for

A" (x,y) = Zle A; (x)ym.

We now determine formulas for the generating
functions in the cases 2-12 and 3-12.
4.1. The case 2-12. It will be more convenient to consider

functions m=>1 and

the primitive members of W;.j»(n). The numbers a,, ,, in

this case are determined recursively as follows.
Lemma 4.2. We have
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i n—m k .
Am = z ( ja”m,/pzsmsn_la (4.4)

k1 1 = 1
with “Z,l = aZ,n =0, foralln=1.
Proof. We show recurrence (4.4), the boundary conditions
being clear. Let 4, = Wy 15 (n,m). Note that members
of Al*m containing k ones, where m—1<k <n—m, may

be formed by adding single zeros at the beginning and
following exactly m—1 of the ones within a member of

Ai*—m,k’ expressed using positive letters. Note that no

occurrence of 2-12 is introduced by inserting zeros as
described since a letter succeeding any added zero (except
for the zero at the very beginning) is strictly larger than
one. Conversely, removing the zeros from any member of

Ay, containing exactly k ones, and decreasing each

remaining letter by one, is seen to result in a member of

k
A" i - Thus, there are [ J dy_m x members of 4,
; m— , ;

that contain k£ ones. Summing over k gives (4.4).
Multiplying (4.4) by x"y™, summing over 2 <m <n,

and noting 4; (x)=x, we obtain

A (x,y)= xy(l -4 (x,l))-i—xyA* (x,1+xy). (4.5)

Letting a(x, y) = xy, b(x, y) = —xy, and c(x, y) = 1 in
Theorem 4.1 gives

zjzl xJ []]x !
1+Zj21 4],
Furthermore, by the proof of Theorem 4.1, we have

A (x,y)

:xy(l—A* (x’l))ijll[(l+x+...+xi_1 +xiy),

21 =l

A (x,1)=

which implies
0 0% L], !Hf;{l +[f]iny
1+ [
xyZPoxJ[J D (1[]2 ["”yi
Y ]!

where e; denotes the i-th elementary symmetric function.

A (x,y)=

Comparing the coefficients of 3™ on both sides of the last
equation leads to the following result.
Theorem 4.3. The generating function Zn>1 a:x" for the

* n * . .
sequence a, = zm—l a, , Is given by

Z,>1xj /]!
Y [

* *
Moreover, the generating function A, (x)= zn>m ay X"

(4.6)

A (x1)=

is given by

A4, (x) = R ml[[] (ERRON ](47>
" 1+ L ], '

Replacing x by x/(1 — x) in (4.6) gives the generating
function that counts all members of W, ,(n) for n > 1, by
Proposition 2.2.

4.2. The case 3-12. Again, we consider the primitive
members of the avoidance class in question. The numbers

a,  in this case are determined recursively as follows.

Lemma 4.4. [f2<m<n—1, then

* nomi g —1 *
Aym = Z [ jan—m,k

fo I~ 1
o (4.8)
m2nmei (g1 ) . .
+ z (m i 2} (an—m—i,k + Ap—m—i-1,k )’
i=0 k=m—i-1

with a:’l = a:’n
Proof. To show (4.8), let A4, =W;_,(n,m), where
1<m < n. Then the first sum on the right side of (4.8)

=0, Jorall n>1.

counts all members of ,4,,*," starting 012 according to the

number k of ones. To see this, note that the Iletter
following any zero, other than the first, within such

members of Aj o, must be greater than one in order to
avoid an occurrence of 3-12. Thus, these members of
,4,*,,1 may be obtained by inserting single 0’s at the
beginning and after any of the 1’s, except the first, within
a member of ,4,,*_,”,,{ expressed using positive letters,
k—lj

ways.

which can be done in [
m—1

To finish the proof, we must show that the double sum
on the right-hand side of (4.8) counts all members of

,4,,*,,1 starting 010. To do so, it is enough to show for each

0 <i<m— 2, that there are
(I SRRV
Z ( . zj(an—mlk"'an m—i— lk)
k=m—i—I\ 1T
members 7 e.4,, of the form z =010(10)i p or
= OIO(IO)i 1p, where p starts with 2 if non-empty. Let

us denote this subset by /ln*m, .

is such that the word 1p contains exactly & ones. Note that
m—i—1<k<n-m-i. By subtraction, 1p has length
n—2i—

Suppose that 7 A,*m,

2 or n—-2i—3 and contains m—-i—2 zeros.
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Deleting the zeros
the remaining letters by one) results in a member
aeA,*_m_i’k UA,*_m_i_Lk. Since these deleted zeros

occurred singly within p, for each a produced, there are

from 1p (and decreasing

k-1
( ) J possible words 1p that could have given rise
m

—]—

to it (note that a zero cannot follow the initial 1 in 1p).

k - 1 * *
Thus, there are [ 2j(anml-’k + an,m,l-,l’k)

m—i—

members of ,4,,*,,” such that 1lp contains k& ones.

Summing over all £ gives the desired formula for ‘,41* m.i

and completes the proof.
Multiplying both sides of (4.8) by y™ and summing
over m>2 gives

m=2 . j-1 i
+(1+x)2xm+l z ( . ]Aj(x),mZZ,
i=0 jomio\m—i=2
with 4 (x) = x. Multiplying (4.9) by x" and summing
over n>m Yyields
A (x,5)=xp+xy z ((1 + xy)f1 - I)A; (x)
22

2.2
1
+xy(+x)

WIS Y

I=x"y >0 i=0\!
=14 ,1) Y (x1
xy( (x,1) +l+xy (x,1+xp)
x2y2(1+x)

1

Let a(x,y)=xp, b(x,y)=—xp, and ¢(x,y)= 2
1-x"y

in (4.1) above. Note that even though c(x, y) fails to be
continuous for all x and y, it is continuous for all y

on a given bounded interval if x is sufficiently close to
zero. Thus, the proof of Theorem 4.1 can be slightly
modified to accommodate this case and gives the
following result.

Theorem 4.5. The generating function Zn>1 a:x" for the

* n * . .
sequence a, = zm—l a, , Is given by

-1

—(4.10)

A* (x,l) _ ij]xj []]x !Hl{=(?(l_x2 [i]x)
EN VR 15 (1-+2111, )

5. The Cases 1-23, 2-13, and 1-11

We will need the following additional definition for the
combinatorial proofs in this section.
Definition 5.1. By an alternating binary string within

7 =mmy..w, €W (n), we will mean a subsequence of

the form 7.7y, =1010... for some r=0 and

contained in no other subsequences of this form (i.e., it is
maximal in this respect).

For example, if # = 01010210101032101 € W(17),
then the alternating binary strings are 1010, 101010 and
101. Note that zeros belonging to the initial run of zeros
are not part of any binary string.

Fort e {1-23,2-13} and | <m <n,let p, , and g, ,,
denote the number of members of W, (n,m) either not
ending in zero or ending in zero, respectively. For m >1,
note that p, , and g,, may assume non-zero values

only when n>2m or n>2m-1, respectively. Let 7, ,
and @, ,, denote the subsets of W, (n,m) enumerated by
pn,m and qu’m’ m2=> 1, 1et
By (x) = Z,Qm Pn,mxn and Q,, (x) = Zan qn,mx” for
cither pattern. Finally, let P(x,y)=>, _ B, (x)y" and
0(x.3) =22 01 O ()"

5.1. The case 1-23. We determine a formula for the
generating function in the case 1-23. The numbers p, ,,

respectively.  Given

and ¢, ,, may be determined recursively as follows in this

case.
Lemma5.2. [fn>3 and2<m<n—1, then

m—1
m-—2
Pnm = z ( Jpn—2m+k+l,k

k-1
=l (5.1)
n(m—1
+ kz_ll( k-1 ] In—2m+k.k
and
m—1
m—2
9nm = Z [ k qun—2m+k+1,k’ (5.2)
k=I\ "
with Pnt = Pppn =0 and In1 = dnn = On, for all

nx1.
Proof. The boundary conditions follow easily from the
definitions. We first show recurrence (5.1). Suppose

a=oay..a, €7, , contains k (alternating) binary

strings. First assume that «, >1. Note that within a
binary string ¢;a;,q...c;,, of a, we must have ¢, ,. =0
(whence r is odd) in order to avoid an occurrence of 1-23.

We remove the initial zero of a as well as all letters except
for the first within each binary string. Then concatenate
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the remaining letters and decrease each letter by one to
obtain «'. Let s denote the number of ones that are
removed from a in the process of obtaining «'. Note that
for each one that is removed from o, the zero directly
following it is removed as well. Taking also into account
the removal from a of the initial zero as well as the second
letter (a zero) of each binary string, we have that
k+1+s=m. Thus, there are

k+1+2s=k+1+2(m—k-1)=2m—k-1

letters removed in all. This implies a'€ 7, 5, k414
For example, if

a =01010210210321010432 € 73 7,

which contains 4 binary strings, then «'< 01010210321
€Aia

Conversely, starting with AeZ, 5, 114, first

increase each letter by one and then insert single zeros
following each 1 and at the beginning. Let A" denote the
resulting word; note that A'e 7 5, 05044 and

contains k binary strings. We then increase the lengths of
the binary strings of A’ by adding sequences of the form

(10)’ for some j>0 to them, with a total of m—k -1
strings of 10 to be added. Note that this may be achieved

—k—1+k-1 -2
in |" " ways and hence each
k-1 k-1

. . m
A€ 7 amik+1 8lVES rise to ( J members of 7, ,

ending in a letter greater than one. Thus, the first sum on
the right-hand side of (5.1) counts such members of 7, ,

according to the number % of binary strings; note that in
this case, we have 1 <k <m—1, from the definitions.
Similar ~ reasoning  shows  that there are

k-1
strings and ending in a 1. In this case, one would first
increase by one each letter of A € &), 5,4, and then add

m—1
( jqn_z,n +k,k members of 7, ,, containing k binary

single 0’s at the beginning and after each 1, except for the
last, to obtain A'€ 7,_5,,.4x endingin 1. To ', one can

then add a sequence of the form (10)’ following any 0,

except after the initial 0, as well as a sequence of the form

(01)’ following the terminal 1. As the total number of 10

or 01 strings to be added is m—k, this may be achieved in

k-1
on the right-hand side of (5.1) and completes the proof of
it. Similar reasoning as in the first case above gives (5.2).
By the above recurrences, we obtain for m > 2,

p) =2

k=1

(7m0,
k=I\""

-1
(m j ways. Summing over all &k gives the second sum

(5.3

and
m—1 _
On ()= 2. (IZ ﬂxzm_k_le (x), (4
k=1 -
with A (x)=0 and Q(x)=x. Thus,
By (%)
(2ot I (5.5)
- =1 (’Z—l sz ¢ IP/‘ (x)+;Qm+1 (x),m >2.

Recall from [[13], Eq. 24] the sequence B,, (g) defined

by the recurrence

By (q)= ﬁ (n/.quij (q), m>0,

j=o\J

(5.6)

with By(g)=1. Note that B, (gq) is a polynomial

generalization of the Bell numbers that reduces to them
when ¢ =1. Comparison of (5.4) with (5.6) reveals

O (x)=x*""B,,_; (x),m>1. (5.7

At the conclusion of this subsection, we provide a
bijective proof of (5.7). We have the following explicit
formula for the exponential generating function of the

sequence B, (q).
Lemma 5.3. We have

Y L
Bler)= S 5 (0~ , (5.8
()= 25 (0 = 2 T
where e, (1) = ano [nﬁ ; Moreover,
q
LU
5. (0)= 130, (5.9)
(@) eq(l)j;)[j]q!

Proof. The recurrence relation B, (¢q) = Zj_o(

with By(g)=1 can be written as

d .
_B(q,y) = eyB(q,qy) with B(q,O) =1.

dy
e["]qy
Let B(q:¥)=2., 0P (Q)W~ Then
!
B, (q) =L, (q) for n>1. Hence, g, (q) =f (Q) for
1],

e

(2],

all n, which implies that B(q,v)= 5o (4) -,

Upon noting B(q,O) =1, it follows that f(¢)= (1),
e
q

as required.
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Remark: Formula (5.9) is seen to be a g-generalization of
the Dobinski formula, reducing to it when g = 1.
Note that by the definitions, we

aik_23 (n,m) = Z:’l:l

determine the generating function for the sequence

have

(pn’m +qn’m) By Proposition 2.3, to

ay_3 (n,m), we only need to do so for ay_»3 (n,m).
Theorem 5.4. I[f m > 2, then

> ay_y3 (n,m)x" =

nzm

(5.10)

By () + O (%),

=2

e T YRR
) xwz(z”x ORI K J[n]x’

Proof. Let B, (x)=x""F,(x). By (5.5) and (5.7), we
have

B, (x)= 'g["]::f]xk—la (x)+ By (). m > 2,

with B (x)=0.
m

Define ﬁ'(x,y) = szl 13,,, (x)%

recurrence can be written as

. Then the above

da* - . d?
_ZP(xsy) =
dy x o dy dy

o

X

Assume that P(x,y)= 2

[n—l]x
[],

! n>2

e(1)

a, (x)= a, 1 (x)+

which implies that (x)zoEl(]x)+ 1 1)27_2[i]x
n e -

orall n>1. Hence,
5 _ al(x) 1 no e[”]xy
a0l B T e A o

Since 13(x,0) =0 and diyf’(x,y) |y=0=0, we obtain

I Yl s

RO PO RRP RO
1 Zyzz[i]x
OPATRON,

Hence, for all m > 2,

Fo ()

1
n>1[122[ ] _( x(l)_l)j%

which implies that
By (x)

2 Ll |
x()nz>1[zzz[ (x() 1); []]x! }[n]x'

By (5.7) and (5.9), we have

_ -1
x2m 1 [n]z1 sl
€x (1) n>0 [n]x!

Combinatorial proof of formula (5.7).
Let TI(n) denote the set of all partitions of [n]. Let

7 =BB,...ell(n) blocks
min B; < min B, <.... Define the statistic w on [1(n) by

setting w(7) = Z (i

[13]) that

O (x)=

with  its satisfying

|B | It is well known (see, e.g.,

B, (x) = xW(”), n=0.
zell(n)

Thus, to show (5.7), we need to show for all m>1 and
720 that the number of members of &5, ,, equals

the number of partitions of [m—1] having w statistic

value r. To do so, suppose pe . s, |, Since p
avoids 1-23, all (maximal) subsequences of consecutive
non-zero letters of p must be of the form i (i—l)...l for
various i. Since p is primitive, contains exactly m zeros,
and ends in a zero, it follows that there are exactly m—1
such subsequences. Furthermore, the first subsequence of

the form i(i—1)...1 must occur to the left of the first of

the form j(j—1)..1 if 1<i < j, for otherwise the second
defining property of a Catalan sequence would be violated.

Let 7 be the subsequence of p of length m — 1 obtained
by taking the first letter of each (maximal) string of
non-zero letters. Let us represent 7 sequentially as
T =17,..T,_1. Then the word 7 possesses the restricted
growth property (see, e.g., [9]) and thus represents a
partition 7 of [m — 1]. Furthermore, equating expressions

for the length of p implies r+2m—1= m+zzgl 7;, and

thus r:zgzl(z'i—l):w(ﬁ), the second equality
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following from the definition of the w statistic. Hence, it is
seen that the mapping p — 7 defines a bijection from the
set Q-1 to the subset of [1(m—1) whose members

have w statistic value r, as desired.
5.2. The case 2-13. We determine a formula for the
generating function. The numbers p,, and g, , are

defined recursively in this case as follows.
LemmaS.5.Ifn>3 and2<m<n-—1, then

Pnm
n=2m+l(py 2 (5.11)

= (pn—2m+1,k + qn—2m+1,k)

et k-1

and
n—2m+2 m+k=3
9nm = k-1 Dn-2m+2,k> (5.12)
k=1 B

with p,;=py, =0 and q,,=q, , =0, forall n>1.

Proof. We apply similar reasoning as in the case of 1-23
above and show that the right-hand sides of (5.11) and
(5.12) count the members of 7, ,, and &), , , respectively,

according to the number k of binary strings. Note that a
binary string not ending a member of either 7, or &, ,,
must have odd length (i.e., end in a 1) in order to avoid an
occurrence of 2-13.

For (5.11), note first that members of 7, ,

binary strings may be obtained by adding a single zero to
some  ae€Z o UG amiik, eXpressed  using

positive letters, and then inserting m — 1 strings of 01 in
positions directly following the ones of o, which can be

m+k-2

having &

achieved in [ ] ways. This implies that there are

m+k—-2
k-1
that have & binary strings and summing over & gives (5.11).
For  (5.12), we show  that  there are

m+k—3
k-1
strings. Such members may be obtained by adding a single
zero to the beginning and end of some B e 9, 5,04

j(pn—2m+l,k+Qn—2m+l,k) members of 7

an_z,,ﬁz’k members of &), ,, having & binary

on positive letters and then adding sequences of the

form (Ol)j for some j > 0 directly following the ones

and a sequence of the form (10) following the terminal
zero. Since the total number of 01 or 10 strings to be added is
m+k-3

m — 2, this can be achieved in [ b1

J ways, as

desired.
By (5.12) and (5.11), we have

() = x2m22(’"+k 3] 0, (x)m=2,

k=1

and

. Zmlz(mk 2) )

k>1
k>1
k-2
— x2m= IZ(”H_ j x)+lQm+1(x), m>2,
k>l X

with Qj(x)=x and R(x)=0.

Then the above recurrence relations can be expressed as

O(x.y)= xy+x2y2Q(x, L J (5.13)

I-x"y

] - xyP(x,l)

P(x,y)= xyP[x, 12

1-x%y (5.14)

1 22
+;(Q(x,y) xXy—x"y Q(x,l)).

Let U; denote the j-th Chebyshev polynomial of the

second kind (see, e.g., [10]) defined by the recurrence
U, (x)= 2xU ;4 (x)—Uj_z (x) for j=2, with

Ug(x)=1 and U (x)=2x. Define a;(y) by
()= Uy (1/(2x))-xU,; 5 (1/(2x))
T (U (1(20)) U4 (1/(2x))

It is possible to express the generating function
Q(x, y) in terms of Chebyshev polynomials as follows.

, j=0.

Lemma 5.6. We have

O(x,)

=xp+x°)° !

o Z{ 4 (1(2) J{U,,-w(zx)) ]
U, (1/(2x)) -0U; (1/(2x))

and, moreover, Q(x,l) = xC(x2 )

Proof. By (5.13) and the recurrence for the Chebyshev
polynomials, we have

Q(x, a; (J’)) = xa; (y)+ x2“i2 (y)Q(x, i) (y))

Iterating this equation for i > 0, we obtain
O(x,y)
; 2
= xp+x° szj (al (v)ar (y)--a; (y)) a;(»),

1

which implies
o(x,)

:xy+x2yzz ' !

L (0(29) J[U,-(u@x)) J

21U
[—nyj_z (1 / (2x)) —0U; (1 /(Ex))
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Letting y = 1 gives

Q(x,l)
1

Z(U (1/(2v)) J{

—xU ;5 (1/(2x))

U (1(2x) )
-xU; (1/(2x))}

which is equivalent to

Q(x,l)=x+z !

J21 J(l/(zx)) J+1(1/(2x))

By [[7], Corollary 2.7], we have O(x,1)=x+x>C? (xz)

=xC (x2 ), as required.

By (5.14) and the recurrence for the Chebyshev

polynomials, we have

P(xa( ))
1

:xa( )(Q x,a;(y))—xa; (y)—x

—xa; (y)P(x,1)+xa; (y

a! (v)o(x.1))
)P(x.a:4 (v ))

forall i>0. Iterating this equation for >0,

)= 2 xag () ()

Jj=20
Q(x a; (y))—xaj (y)
y —x’a? (y)Q(x,l)—xzaf (y)P(x,l)
xa; (y)

we obtain

which is equivalent to

x,y)= z xj_lao (»)a (y)...aj_l (y)M

j20 aj (»)
—z xjao (y)a] (y)...aj_1 (y)

J20

~(P(x,1)+0(x.1) )ij ag (y

J20

v)ay (v)-a;(y)

Ui (1 /(2x))
XUy (1/(2x))

, we find

Setting y = 1 and noting that ; (1) =

1
U, (1(2x))

and aq(1)q (1)...aj (1)=

o Oxa)
ijo xa; (1)U, (1/(2x))
1
_ijom
1
—Q(xal)zj'zlm

P(x1)="t 1 .,

112

which is equivalent to

ijo Ui (1/(2x))Q(x, a; (1))

U3 (1/(2x))

_1_(1+Q(x’1))2j21;
()= ‘ lUj (1/(2x)) ‘
1+ijlm
. 1(1/(2)‘))
Since a; (a;(y))=a;,;(») and 4 (1)= m
it follows that
O(x.4;(1))
:xal-(l)+xal-2 (l)
X§x2j (ar (@ (1)) az (a; (1))t (a (1)) @ (@ (1))
§x21+1 2 l+1 (1)-~-ai2+j—1(1)ai+j (1)
Uy (1/(2x) U7 (1/(2x))

Ura (1/(2)) " 20, (1 (26)) Uy (1 (29))

Hence,

1

Zizom
. Ui (1/(2x))
ZiZOZJZIUi ;1 ( X)) Uz 1 (1/(2))
—1—(1+Q(X,1))Zj21;
P(x1)=" Ujl(l/(zx)) ~
1+2121W
which is equivalent to
P(x,l)
l+1(1/(2x))
z,>oz,>1U (1/(2x)) l+]+1(1/(2x))+Q(x,1)
= 1
1+ijlm
-0(x,1).

Since Q(x,l):xC(xz), we have

P(x,l)
Z; 1Uj (1/(2x)) 2
:Zian( 1/(2x)) Uy (1/(2x)) XC(x )_xc(xz)
1+Z‘ L |
72U (1/(2x))

In order to simplify the expression of P(x,l), we

need the following lemma.



113 Turkish Journal of Analysis and Number Theory

Lemma 5.7. We have

zij=1 U, (1/(2x)) x 2
ZUi(l/(Zx))UM (1/(2x)):l—2x(1_(1_x)c(x ))

i>1

Proof. Let m :Z. /=1

_Lel-4y?

and f=————— Using the fact
2x 2x
J+l _ pj+l
that U (1/(2x)) :%, we obtain that
al+2 IBI+2 a2 ﬂ2
1 a-1 -1 a-1 ﬁ 1
Ky Dy U, (17/(22)) U (17(29))
az’+2 'Bz+2
o a-1_f-1
=(a ﬁ);(ah—l _ﬂ[+1)(ai+2 —,BHZ)
IBZ 0[2
B-1 a-1

+1z

a-pi3

U (1/(20)Urot (11(20))

_x(a-p) L1
T o1-2x Z(aiﬂ_ﬁiﬂ ai+2_ﬁi+2j

X 1 1
B 1—2xl§{Ul- (1/(2x)) Uiy (1/(2x))]

1-2x35

0r (11 (2)) Upat (11 (2)

X I-x Z 1
1-2x  1-2x 5 U; (1/(2x)) Uy (1/(2x))
By [[7], Corollary 2.7], we have

2 —
- lich 11—2);(_“%(’“2))

- —(1-(1-x)c())

T 1-2x

which completes the proof.
Hence, by Lemma 5.7, one can write P(x,1) as

1_x2x(1_(1_X)C(le))+XC(XZ)—xC(xz),

P(x,l) =

which is equivalent to

x(l—xC(xz))
(1_2x)£1+zf>1l]j(l;(2x))]

-xC(x).

P(x,l):

The last equality, combined with Lemma 5.6, gives the
following result.
Theorem 5.8. We have

§ a;—13 (n)x

) x(l—xc(x2 )) >
1

(1- 2x)[1 + ijlUj(l/(bC))]

is the m-th Chebyshev polynomial of the

= P(x,1)+Q(x,1)

(5.15)

where U,

second kind.
We conclude this section with a couple of
combinatorial results. We first provide a combinatorial

proof of the relation Q(x,1)=xC (xz) from Lemma 5.6.

n
Let ¢, = Zmzlqn,m'
Proposition 5.9. If n > 1, then
0, if nis even,
40 =\C,_q, if nisodd.
2

(5.16)

Proof. First note that a Catalan word avoids 2-13 if and
only if it avoids 13 (i.e., ascents of size more than one).

For if 7 =mn,...7,, is a Catalan word and 7 is an index
such that 7z;,; —7z; >1, then there exists an index i <i

such that 7; =7;, -1 and thus 7; 7;7;,) would be an

q

occurrence of 2-13.

Let 9, =U2719nm and
o; = =1 for all i, by the

previous observation, the first condition for Catalan words,
and the primitiveness of o. Thus oy =0, =0 implies

g,=9 if n s

Op—01= z:lzl ( Oiy1—

the sequence of differences o,

0 =010,..0, €4),. Then o, -

even, upon  observing

o;). If n is odd, then recording

—o; for1<i<n-1 and
replacing +1’s by up steps and —1’s by down steps defines
a bijection between members of ¢J, and Catalan paths of

length n—1. This implies the odd case of (5.16) and
completes the proof.

By a first quadrant path, we will mean one consisting
of up (1,1) steps and down (1,-1) steps starting at the
origin and never dipping below the x-axis. The height of a
point will refer to the y-coordinate of the point. Points on
the x-axis have height zero, including the initial point.
Definition 5.10. We will say that a first quadrant path P
satisfies the height condition if for each i > 0 for which
there is at least one point of P of height i, there is at least
one point of height i — 1 to the right of the left-most point
of height i.

By the i = 1 case, paths satisfying the height condition
must have at least one return to the x-axis. Upon recording
the sequence of differences, one sees that first quadrant
paths of length n—1 satisfying the height condition are in

bijection with members of W,_5 (n), with the number of

returns to the x-axis corresponding to the number of zeros
(excluding the initial zero).



Turkish Journal of Analysis and Number Theory 114

First quadrant paths where horizontal (1,0) steps are
also allowed are known as Motzkin left factors (see, e.g.,
[[1], p- 111]). The set of Motzkin left factors having n—1
steps is enumerated by the sequence L,, which occurs as
A005773 in [11]. Upon recording the sequence of
differences, one obtains the following description of the
members of W,.3(n) in terms of lattice paths.

Proposition 5.11. Members of W, 3(n) are in one-to-
correspondence with Motzkin left factors of length n — 1
satisfying the height condition.

By Proposition 2.2, replacing x by % in equation
-Xx

(5.15) gives the generating function for the sequence
ay_13(n) and hence for the sequence that counts Motzkin
left factors of length n — 1 satisfying the height condition.

5.3. The case 1-11. For this pattern, we refine the
enumerating sequence in a slightly different way. First
observe that if a Catalan word avoids 1-11, then all runs of
any letter have length one, except for possibly the first run,
which can have length two. Let 7, ,, denote the number of

members of W_y(n,m) in which all runs of the letter zero

have length one. Note that ay_j1(n,m) =1, + 5 1 m 1,

since the initial run of zeros can have length one or two.
The numbers r, ,, are determined recursively as follows.

Lemma 5.12. [fn>3 and2 <m <n—1, then

Tn,m

n—mm-1 j+k—1 k
= Z:; Z( k-1 )(m_j_lj<rn—m—j,k +rn—m—j—l,k)’

k=1 j=0

(5.17)

with 1,1 =1, , =06, forall n>1.
Proof. Let 7,, denote the subset of Wy (n,m)
where 2<m<n-1. Let %, , be

the subset of 77, ,,, all of whose runs of ones have length one

enumerated by 7, ,,
as well and 7, ,, ; denote those members of 73, ,, having

exactly & binary strings for 1 <k < n—m. We will show that

|7‘?n | ml ]+k 1 k
r .
TSl k-t \m=j-1) R (5.18)

1<k<n-—m,

whence the first part of the sum on the right-hand side of
(5.17) gives the cardinality of 7, ,, .

To do so, we show that there are

i +k—1 k
(]k | j( . 1]rn—m—jk members of 7, , that
_ m—j— ; 1,

whence (5.18)
follows from summing over j. Observe first that

contain j+k ones for 0<;j<m-1,

members of 7%, , , containing j+k ones may be formed
from members of 73,_,_;;, expressed using positive

letters, by adding a zero at the beginning and then
inserting in positions following the ones j strings of 01
together with m—j—1 single zeros. Note that a single zero

can follow a (possibly empty) sequence of the form (01)(

after a one, but that a binary string cannot contain more

than one single zero. Given these restrictions, we see for

j+k—-1 k
k-1 m—j—1

members of 75, , , containing j+k ones which give rise

cach A€7,_,_; . that there are (

to 4 when the initial zero and all letters except the first
within each binary string are removed, from which the
claim follows.

Upon inserting an additional one within the initial run

7\2,,’m| equals |7\§1’_1’m| and is

thus given by the second part of the sum on the right-hand
side of (5.17), which completes the proof.

Define R, (x)=D _ 7, ,*". Multiplying (5.17) by

x" and summing over n>m+1 yields

of ones, we see that |7\31 m—

Ry (x)
=(1+x) ']"z;[ mﬂ,;(ﬁf 1j(m_’;_1ij(x)}
m>2,

with Ry (x)=x
Define R x y

Zm>] m

and summing over m > 2 yields

y . Multiplying the last

recurrence by "

R(x,y)—xy

= —xy(l-i—x)kz;le (x)

+xy(l+x)kz>1Rk (x)( 2

which is equivalent to
R(x,y) = xy(l—(l+x)R(x,1))
(5.19)
+xy(1+x)R(x,l+—xzyj.
1-x%y

In order to solve this equation, we define
I+xp,_1(x,p
pm (x9y):2m—()9 len
1=x" Py ()C, y)

with p, (x,y) =

Lemma 5.13. For all m > 0,
1
D U,y (1)~ U o (0)
x(1+x)
P (5,) = - .
w(x)| A2y ()= yUp (1)
(1+x)
1
—X[”y Upa (1) =yU ()]
x(l+x)
where t = 1+_x
4x
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Proof. Let p,, (x,y)= f, ! &n- Then, by the definitions,

2
- X fm—]n
_fm—l

we have f,, =g, +x/,,-1 and g,
with fy=» and g,=1. This

= _xzfm—Z +Xf o1 = X2, OF
I =(1+x)fm_1 —x(l+x)fm_2, m22,

with fy=» and f; =1+xy. By induction and the

= 8m-1
implies  f,

defining recurrence of the Chebyshev polynomials U,,,
we obtain

S = (yx(15))

m| 14+ xy U
x(1+x)

2(0)=yUpa (1) |

Noting  p,, (xyy):fm 1 8m = Jm /(fm+l _xfm) gives

the desired result.

By (5.19) and the definition of p; (x, ), we have

R(x,pj(x,y))=xpj(st’)( —(1+x)R(x, ))

+xpj(x,y)(l+x)R(x p,+1(x y)) j=0.

Iteration of this last equation yields

R(x1) Y/ (1+x)

= i=0

R(x,y):(l—(1+x)

which implies

Z >1x](1+x 1 IHJOPz XI)

R (x,l) = 7 ; .
1+ij1x (1+x) Hizopi x,1)
U,
Note that pi(x,l)zi, where = 1+_x’
xUHl(t) 4x
which gives the following result.
Theorem 5.14. We have
z \/1+x2j_1
7= xU; t
R(x1)= ) Zil( ) 620
Z \/1+x
j>1‘/_U ( ) /+1( )
where t= % and U, is the m-th Chebyshev
X

polynomial of the second kind.
Since al_“ (}’l) = Z:;:l(rn m

generating  function zn>1a1_11(n)x" is

+rn—1,m—l) for n>1, the
given by

(1 + x)R(x,l) . Hence, we can state the following result.
Theorem 5.15. We have

m2j+l
R (00,
Zal*“(n)x - \/mzjﬂ

) 2 R, (00 ()

, (5.21)

+Xx

X
polynomial of the second kind.

where t= and U, is the m-th Chebyshev

6. The Remaining Cases

We consider the remaining patterns of type (1,2). Our
work is reduced by the following observations.

Observation 6.1. We have ay 31(n)=C,_; for all n>1,

i.e., there is no restriction introduced by 2-31, by the first
defining property of Catalan words. We have ay_;(n)=1

for all n>1 since only the word consisting of all zeros is
possible, by the second property of Catalan words.

Let F,, denote the Fibonacci sequence defined by
Fm = Fm—l +Fm_2 if m> 3, with Fi = F2 =1.
Observation 6.2. If 7 € {1-12, 1-32, 2-21, 3-21}, then it
is seen that a Catalan word avoids 7 if and only if it
avoids the corresponding classical pattern of length three
(obtained by removing the adjacency requirement
concerning the second and third letters). Furthermore, in
[8], it was shown that a,.1.,(n) = F,,, a;3.2(n) = ot —(n—1),
arp1(n) = 2" % if n > 2 with ay,.4(1) = 1, and az,.4(n) =
Fons.

Finally, the only pattern of type (1,2) that remains is
2-11. Note, in this case, that it is not useful to first
consider the primitive members of the avoidance class due
to the equal consecutive letters within the pattern.
We have not been able to find a recurrence satisfied by

the numbers a; 1(n) nor have we determined a
. . n
formula for the generating function anl a2_11(n)x

Based on numerical evidence, the sequence a,_11(n)

does not seem to occur in OEIS [11]. We leave the
question of determining a formula for a; 1;(n) as an

open problem.
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