Turkish Journal of Analysis and Number Theory, 2017, Vol. 5, No. 3, 80-85

Available online at http://pubs.sciepub.com/tjant/5/3/1
©Science and Education Publishing
DOI:10.12691/tjant-5-3-1

Science & Education
Publishing

;—-i-—;

Hyers-Ulam Stability of Generalized Tribonacci
Functional Equation

S. Arolkar"’, Y.S. Valaulikar?

1Department of Mathematics, D.M.'s College and Research Centre, Assagao, Goa 403 507- India
2Department of Mathematics, Goa University, Taleigao Plateau, Goa 403 206 - India
*Corresponding author: Suchita.golatkar@yahoo.com

Received November 14, 2016, Revised March 06, 2017; Accepted March 23, 2017

Abstract

In this paper we study Hyers-Ulam stability of the generalized Tribonacci functional equation,

f(x)=af (x=1)+bf (x—2)+¢f (x—3), where a, b and ¢ are non- zero constants. The functional equation is
solved and its stability is established in the class of functions f:R — X, where X is a Banach space.
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1. Introduction

Stability problems of functional equations have been
extensively studied. (see [1,5,6] and references therein).
The importance of the topic lies in the fact that stability of
functional equation is associated with notions of
Controlled Chaos [11] and Shadowing [14]. In [7] and [8]
Jung discusses the stability problem for Fibonacci
functional equation and its extension in Banach Space
respectively whereas in [3] the problem is discussed in
Modular Functional space. In [10] k-Fibonacci functional
equation is discussed. In [2] and [4] solution and stability
of Tribonacci functional equation in non-Archimedean
Banach spaces and 2-normed spaces have been discussed
respectively. Stability of Tribonacci and k-Tribonacci
functional equations in Modular spaces is discussed in
[13]. In [9], authors investigate the solution of generalized
linear Tribonacci functional equation in terms of
Fibonacci numbers. In this paper we show that the
generalized linear Tribonacci functional equation is
associated with generalized Tribonacci sequence and also
obtain its stability in the class of functions f:R — X,

where X is a real (or complex) Banach space. Like
Fibonacci numbers, Tribonacci numbers also play an
important role in problems of combinatorics [12] and also
in evaluation of determinants of circulant matrices [15].
We now define the generalized Tribonacci sequence.
Definition 1. The generalized Tribonacci sequence is
defined by

T, (1.1

ni2 =al,y +an +cTy g,

1y,=0,7, =0and T, =1, for all n € Z,
where a, b and ¢ are non-zero fixed real numbers and 7,

is the n™ term of (1.1) given by Binet type formula,

r @=P)y" —(a=y)p" +(B-r)a"
n .
(@=p)(B-7)(a-7)
where a, B and y are distinct roots of the characteristics
equation corresponding to (1.1).
Definition 2. Let X be a real (or complex) Banach space.
A function f:R — X is called a generalized Tribonacci

(1.2

function if it satisfies generalized Tribonacci functional
equation

f(x)=af (x=1)+bf (x—2)+¢f (x-3),Vxe R.(1.3)

2. Existence of General Solution to the
Equation (1.3)

In this section we solve equation (1.3) and prove that its
solution is in terms of (1.2). To prove this result, we
require the following lemma.

Lemma 3. If o S and y are distinct roots of the
characteristics equation corresponding to (1.1), then the
generalized Tribonacci function f:R — X satisfies

f(x)=Tpaf (x=n)
+(bTyyy +cTy) f(x—n—=1)+cT,,  f(x—n-2),

VxeR and Vn e Z.
Proof. Characteristics equation corresponding to (1.1) is

(2.1)

23 —ai’ —bl—-c=0. (2.2)

Since o, P and y are distinct roots of (2.2), we get
a=a+p+y, b=—(ay+pyr+apf) and c=apy.
Substituting @, b and ¢ in (1.3), we have
f(x)=(a+pB+7)f(x-1)
—(ar+pBr+ap) f(x=2)+(apy) f(x-3),
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which implies
f(x)=(a+p)f(x=1)+(aB) [ (x-2)
= y(f(x—l)—(a+ﬁ)f(x—2)+(a,3)f(x—3)).
Replacing x by x—1 in (2.3), we get
Fa=1)~(a+B) S (x-2)+(ap) £ (x-3)
=7(f(x=2)=(a+B)f(x=3)+(aB)f (x~4))
and hence (2.3) yields
S(x)=(a+p)f(x=1)+(aB)f(x-2)
=7 (f(x=2)=(a+ B) f (x=3)+(ap) £ (x~4)).
By induction on n, we get
F(5)~(a+ B)f (x-1)+(aB) £ (x~2)

=" (f'(x—n)—(a+ﬁ)f(x—n—1)+(aﬂ)f(x—n—2)).
(2.4)

(2.3)

Similarly, we have
F(x¥)=(a+y)f(x=1)+(ar) [ (x-2)

=p" (f(x—n)—(a+y)f(x—n—1)+(a7/)f(x—n—2))
(2.5)

and
S (x)=(B+7) S (x=1)+(Br) S (x-2)

=a" (f(x=n)=(B+7)f(x=n=1)+(Br) f(x-n-2)),
(2.6)

Vx e R and ¥n e NU{0}.
Now replacing x by x + 1 in (2.3), we get

f(x+)=(a+B)f(x)+(aB) f(x-1)
=)/(f(x)—(a+,B)f(x—l)++(aﬁ)f(x—2)).
Therefore,
S(x)=(a+B)f(x=1)+(aB) [ (x-2)
=7 (S (xe)=(a+ ) (x)+(ap) / (x-1)
Thus by induction on n, we get
S(x)=(a+p)f(x=1)+(aB) f(x-2)
=y " (f(x+n)=(a+B) f(x+n-1)+(aB) f(x+n-2)).
Similarly, we have
S(x)=(a+r)f(x=1)+(ar)f(x-2)
=" (f(x+n)—(a+y) f(x+n-1)+(ay) f(x+n-2))
and
S(2)=(B+7)f(x=1)+(Br)f(x-2)
=a " (f (xtn)=(B+7)f(x+n=1)+(By

Vx e R and VneNU{O}.

)f(x+n—2)),

Therefore equations (2.4), (2.5) and (2.6) are true
VxeR and VneZ.
Now multiplying the equations (2.4), (2.5) and (2.6) by

v (a=p). ~B*(a-7),
adding we get

f(x)
=£yn+2 (a—ﬂ)—ﬂlﬁz (Ol—}/)+05n+2 (ﬂ—}/)
(a=p)(B-7)(a-7)
b}/n+l(06—ﬂ)—ﬂn+l (0{—7)+06n+1 (ﬁ—]/)
(a=B)(B-7)(a-7)
L @=B)=p (a=y)+a" (B-7)
(a=p)(B-7)(a-7)
» }/n+l(a—ﬁ)—ﬂn+l(a—}/)+an+l(ﬂ—)/) o
[ (@A) B-Nla7) Jf (rmn2)
Using (1.2), this gives
F(x)=Taf (x=n)+(bT,y +cT,,) f(x—n—1)
+cTy f(x—n=-2),
Vx e R and Vn e Z.

a®(B—7) respectively, and

f(x=n)

f(x—n—l)

We use Lemma 3 to prove the following result.
Theorem 4. A function f:R—> X is a solution of

functional equation (1.3) if and only if there exists a
Sfunction h:[-2,1)— X such that

S =T o (e =L )+ (7 oy + €T J (=6 ]-1)
+cT|_xJ+1h(x—LxJ—2),
(2.7)
where T, is given by (1.2).
Proof. If f(x) is a solution of (1.3), then by lemma 3
f(x) satisfies (2.1). Putting n =| x | in (2.1), we get
f(x) :ZT_xJ+2f(x_LxJ)+(bZT_xJ+1 +07T_xj)f(x_LxJ_1)
+ell o f (x=[x]-2).

Since 0 < x —|x|<1, -1<x-|x]<0 and
-2<x-|x|-2<-1, we define a function 4:[-2,1) > X
by h=f \[72’1) , then f'is of the form (2.7).

Now we assume that f is a function of the form (2.7)
and prove that it is a solution of (1.3).
Consider

F(x)=af (x=1)=bf (x=2)—cf (x=3)

=(Tcjoz =T ajor =5 =T (e %))

(T cjo =T =BT €T )2 (e~ x)-1)

ey =l =BT =T (=) 1)
)

+c(11xJ+l - aTLxJ - quJ—l - CTLxJ—Z )h (x - LXJ -2
=0, for any x € R and arbitrary function 4 :[-2,1) - X.
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Therefore (2.7) is a solution of (1.3). Hence the theorem is
proved.

We next illustrate this result.
Example 5. Consider the following functional equation

f(x):?f(x—l)—%f(x—2)+§f(x—3). (2.8)

Define the function h:[-2,1)— X by

323 5 315

h(x)=x 2 gx—g. (2.9

Note tha %, %, and 5 are distinct roots of the

characteristic equation corresponding to Tribonacci

sequence defined by
23 31 5

TTIHI —ng +§Tn—1’

T,y = (2.10)

TO :O,TI :0,T2 :1,
Vn e Z. Therefore (2.7) implies
f(x) = TLxJ+2h(x_|_x_|)
+(—%TLXJ+1+§TLXJJh(x—LxJ—1) (2.11)

+§Tm+lh(x—LxJ—2),

where h(x) is given by (2.9).

3. Hyers-Ulam Stability

In this section we prove the Hyers-Ulam stability of
functional equation (1.3) by assuming that roots «, f and

y are distinct and 0<|o|, |y|<1, |B|>1. We first prove

the lemma required to prove Hyers-Ulam stability of
functional equation (1.3).
Lemma 6. If a function f:R— X satisfies,

I/ (x)-af (x=1)-bf (x~2)~¢f (x-3)|<e.¥xeR,

for some €20 and a, f and y are distinct roots of (2.2)
such that 0<|o|, |y|<1,
Tribonacci functions F|,F,,F5:R— X defined by

|,B|>1, then there exists

F (x)=1im,, o, "[f (x=n)
—(a+[J’)f(x—n—1)+(aﬂ)f(x—n—2)],
B (x)=lim,,_,,, &"[f(x—n)
—(ﬂ+7)f(x—n—1)+(ﬂ7)f(x—n—2)]
and
F(x)=lim,_,, B7"[f (x+n)
—(a+y)f(x+n=1)+(ay) f(x+n-2),

such that

I/ (x)=(a+B) f (x=1)+(aB) f (x-2)

Fi(x)HSﬁs 3.1)
1f(x)=(B+7)f (x=1)+(By).f(x-2)
_r, (x)||§l—;|a| (3.2)

VxeR.
Proof. Using (2.4) with n = 1 in given condition on f, we
have

1/ (x)=(a+B)f (x=1)+(aB) f(x-2)
—)/[f(x—l)—(a+,B)f(x—2)++(aﬁ)f(x—3)]||Se.
Replacing x by x—k, we have

| f(x=k)—(a+pB) f(x—k-1)+(aB) f(x—k-2)

2 f(x=k=1)=(a+p)f(x-k=2)+(aB) f(x—k=3)]|[<e.

Multiplying both side by ||,
17 L (x=k)=(a+B) f (x—k=1)+(aB) f (x—k-2)]
(= =1)=(a+B) f(x—k=2)+(aB) f (x—k=3)]]|
<l e, ¥xeRand Vk eZ. (34)
Further,
1f (x)=(er+B).f (x=1)+(aB) f (x=2)
—7"f (x=n)=(a+B) f (x—=n=1)+(ap) f(x—n=2)]]
<Yl [ (=)=t B) f (x=k=1)+(aB) f (x—k~2)]
~/ N k=)= (a+ B) £ (x=k=2)+(ap) £ (x—k=3)]|
<> e vaeRand ke,
Therefore
1S (x)=(a+B).f (x=1)+(ap).f (x~2)
—7"[f (x=n)=(a+B) f(x—n=1)+(ap) f(x—n-2)]]
<> e vxeR VkeZand VneN. (35)

Thus for 0<|y|<1 and for any x€R, (3.5) implies that the
sequence {1/ (x=n)~(a+ ) £ (x=n-1)+(ap) f (x=n-2)]

is a cauchy sequence.
Therefore, since X is Banach space, we can define a
function F{:R— X by
K (x) =lim,_,, 7n [f(x_ n)
—(a+,B)f(x—n—l)+(aﬂ)f(x—n—2)].

We now prove that £ (x) satisfies (1.3).
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Consider,

aFj (x—1)+bF (x—2)+cF (x-3)

=a}/_llimn_m 7/"+1 ( n+1))
(OH-,B) ( n+2)) (x n+3)

+by 2 lim,, 7/”+2[f( n+2))
—(@+B)f(x- 3))+ )/

+cy 2 lim,, ;/”+3 f(x=(n+3))
(a+ﬂ ( n+4) f(x n+5)

+H (x)(ay +by 2 tey” ),

=F(x), VxeR.

X— n+4)

Hence F; is a Tribonacci function.
Now taking n— o0, (3.5) implies

1 ()~ (er+ B)(x=1)+(aB) £ (x—2)~ F (x|

< lim Z yk}ezlfM.

n—>0 k=0

Similarly since 0< |a| <1, using equation (2:6) with
n=1 we can prove that there exists a Tribonacci function
F,:R—> X given by

B (x)=lim,_,, &"[ f(x—n)
—(B+7)f(x—n=1)+(Br) f(x—n-2)]
such that
1/ ()= (B+7) S (x=1)+(Br).f (x=2)~F (x)]

n—1

<lim ) |a

n—>0 k=0

e
From equation (2.5) with n = 1, it follows that
1/ () ~(a+7)f (x=1)+(ar) f(x=2)
“BLI(x=1)=(a+7) f (x=2)+(ar) f (x=3) lI<e.
Replacing x by x+k and multiplying both sides by
|ﬁ|_k, we get

175 f(x+k)=(a+7) f(x+k=1)+(ap) f (x+k-2)]

B (k=)= (a+7) f(x+k=2)+(ay) f(x+k-3)]I
<|f ™" e, VxeRand VkeZ. (3.6)

For neN,
1B~ [f x+n a+;/)f(x+n—1)+(a}/)f(x+n—2)]
[ f(x)=(a+7)f(x=1)+(ar) f(x=2)]I

<YL G R) (ot 2) £ (k=) +(ar) £ (v k-2)]
B vk =) =(a+y) f(x+k=2)+(ap) £ (x+k-3)]|

—k
<> B e

Thus, forall xeR and V, eN,

1B [f (x+n)=(a+y)f(x+n=1)+(ar) f(x+n-2)]
“[f ) =(@+y) f(x=1)+(ar) £ (x-2)]I

|k
<A e
k=1
Equation (3.7) implies that

{ﬂ [f x+n)- a+}/)f(x+n—l)+(a7/)f(x+n—2)]}

is a cauchy sequence for any fixed x€R. Since X isa
Banach space, we can define a function /5:R— X by

3.7

F(x)=lim,,_,, B7"[f(x+n)
—(a+y)f(x+n=1)+(ay) f(x+n-2).
Now Consider,
aFy(x—1)+bF; (x—2)+cF; (x—3)
=af im, ., ff(x+(n-1))
—(a+y) f(x+(n=2))+(ar) f(x+(n-3))]
+b B2 lim,, o, B (x+(n-2))
—(a+7) f(x+(n=3))+(ar) f(x+(n—4))]
+ef lim,_y,, B[ f (x+(n-3))
—(a+7/)‘f(x+(n—4))+(ay)f(x+(n—5))
=k (x)(aﬂ_l -i—bﬂ_2 +cﬁ_3)
=F(x),VxeR.

Therefore F3(x) is a Tribonacci function. So as

n— o, we have
|55 ()~ (£ ()~ (er+2) £ (x=1) + () £ (x-2))|

1,VerR.

n-1
< lim Z|ﬁ|*"e=ﬁ

n—>0 k=1

We prove the following theorem using Lemma 6.
Theorem 7. If a function f:R—>X satisfies the
inequality,

"f afx 1) bf(x 2) cfx 3||<e VxeR (3.8)

and for some €20, then there exists a unique solution

function F:R— X of the functional equation (1.3) such
that

Ir()-F )
e [le-IAE (et -irief

<
P 7 W R
W) e
e

Proof. From (3.1), (3.2) and (3.3), we see that



Turkish Journal of Analysis and Number Theory 84

(=)7K (x)~(a=7) BB (x)+(B-7)a B, (+)]
x)—

(@=B)(B-7)a=7)

1
e | e

(F()~{e ) £ (1) +(aB) £ (-2 A ()]
+ ! =)
e | G
(/(X)=(B+7)f (x=1)+(B) S ]

1
*w—mw—nw—nﬁ“‘yﬂ
(AW -(/()~(art ) (1)) (- 2)] ]
< € ((a—ﬂ)|}/|2+( _

e~ Allp—Ala—A 11
el
-1

We now define a function F:R— X by

(- PR @) PR (-
Fl)= @A)

,VxelR.

N’ (x)

VxelR.
Consider,

aF(x—l)—bF(x—Z)—cF(x—3)

@) EG)-(a-)) BB (=) ()’ B (1)
(a=B)(B-7)(a-7)

LR~ (a-N) BB (x=2)+(5-1)a’ B (x-2)
(a-B)(B-7)(a-7)

L@ P) P EG=3)-(a=n) fR(=3)+(f-7)a’ B (x-3)
(a-B)(B-7)(a-7)

_(@=P) R (x)~(a=1) B (x)+(B-7)a’F (x)

(@=B)(B-7)(a-7)
=F(x),VxelR.

Therefore F is a solution of (1.3). Now we prove the
uniqueness of F(x).

Assume that F,F:R— X are solutions of (1.3) and
that there exist positive constants Ci1 and C2 such that

"f(x)—F(x)" <( and "f(x)—F(x)" <G, forall xeR.
Therefore by Theorem 4, there exist 4, g: [—2,1) ->X

such that

F =T (o)) (0T o e L)1)

+(CTLxJ+1)h(x_LxJ_2)

(3.9

and

F(5) = pong(x-Le )+ (s T ) (L)1)
+(cT|_xJ+1)g(x—|_xJ—2),

for any xeR.
Fix ¢ with 0<t<1. It then follows from (3.9) and (3.10)
that

1 T42 (1) = g () + (BT, 11 + T, ) (h(1=1) - g (¢ -1))
+(cT)(h(1=2)-g(1=2))|

=|F ()= F (n)|
s||F(n+t)—f(n+t)||+||f(n+t)—17“(n+t)||

<G +G,,foreachneZ.

(3.10)

That is,
1542 (1 (1)~ g (1)) + (6T, +<T, ) ({1 =1) -

+(cTyp)(h(t-2)-g(t-2))l]
<G +G.

g(t-1)

This implies
|| n+2

I @ T CORH)

+[b(a )n+1 (a ) n+1 (ﬁ 7/)an+1
(@=B)(B-7)a-7)

(a=B)y" —(a-y)B" +(B-r)"
s

}@o—u—ge—u)

T @ -a)
+(c(0!—ﬁ)7n+l—(05—7),3}”1"‘(,3—7)0!”“}
(@=B)(B-7)(@-7)
(h(1=2)-g(t-2))I
<G +G,.

(38.11)

Dividing both sides by ||" and by letting 1 — oo, we obtain

1=(=7) B (h(1)-2 (7))

+(~b(a=7)f—c(a—r))(h(t-1)-g(t-1))
—c(a—j/)ﬂ(h(t—Z)—g(t—Z)):0
A B (h(e)-g (1)) +(BB+c)(h(e-1)-g(e-1)) 312
+cf(h(t-2)-g(t-2))I=0.

Analogously, if we divide both sides of by |a|" and |7/|n

and let n — —oo, then we get

llor® (h(r)-g (t))+(ba+c)(h(t-1)-

+ca(h(t-2)-g(1-2))[=0

g(t-1)

(3.19)

and
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17 ((£) = g (£)) + (b + ) ((t 1) g (¢~1))
+cy(h(1-2)-g(t-2))[=0

Rewritting equations (3.12), (3.13) and (3.14) in matrix
form, we get

(3.14)

2(1) 0
g(r-1)) |=|0].
g

(=2)] L0

, 7 are distinct roots,

2

a® ba+c ca ( (3.15)

B bB+c cBl|(h

¥? by+c cy ( (t

(1=
(t-

Note that since ¢#0 and «

)-
-
2)-
s

7 by+c cy ¥l
@’ ba+c cal=ctla® 1 azcz(a*)’)(ﬂfﬂ’)(a*ﬂ)io-
B> bB+c B |B 1A

Therefore (3.15) has only trivial solution and we have,
h(t)=g(1), h(t-1)=g(t-1), h(t-2)=g(1-2),Vt€[0,1).

That is, 4(x)=g(x), for all xe[-2,1). Therefore, we
conclude that F(x)= F’(x) for all xeR.

We illustrate this result.
Example 8. Consider the functional equation

W)= 7 (-1)=3 f (v-2) 2 £ (x-3)

and Tribonacci recurrence relation associated to it.

23 31 5

T2 :T];Hl —ng +§Tn71’

1,=0,1;=0,7, =1,Vne Z.

2
Roots of the equation 23 —1312 ll 8: are

1 1
and 5. Let a=5, p=5 and }/=Z. Note that roots «a,

B, v aredistinct and |a|<1, |7|<1 and |,B|>1.

Hence the solution is given by

PO G103 Gl Vil Y R LA )
(@=B)(B-7)(a-7)

where

F (x)=lim, ., Gj f (x=n)
—(a+ﬁ)f(x—n—1)+(aﬁ)(x—n—2)]

n

18 (x) =lim,,_,q, [;
~(B+r)f (x=n-1)+ (ﬂV)(x n-2)

Fz(x):hmn—mo (5) ”[f(x+n)
—(a+7) (x+n 1) (a;/)(x+n—2).

Therefore
. (—29 116)171 (x)- G x 25)1’3 (x)+(l49x‘1JFz (x)
g4
_ 9K (x) +200F; (x) —38F, (x)
171

F(x)| <Ee

and ||f(x)— -

4. Conclusion

Hyers-Ulam stability of generalized Tribonacci functional
equation is discussed after obtaining the solution of
generalized Tribonacci functional equation in terms of
generalized Tribonacci numbers.
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