Turkish Journal of Analysis and Number Theory, 2017, Vol. 5, No. 2, 31-56

Available online at http://pubs.sciepub.com/tjant/5/2/2
©Science and Education Publishing
DOI:10.12691/tjant-5-2-2

2 SelEP

_ ¥° / Science & Education
Publishing

p-Adic Number Fields Acting On W -Probability Spaces

llwoo Cho”

Department of Mathematics, 421 Ambrose Hall, Saint Ambrose University, 518 W. Locust St., Davenport, lowa, 52803, U. S. A.
*Corresponding author: choilwoo@sau.edu

Received September 30, 2016, Revised December 11, 2016, Accepted February 09, 2017
Abstract In this paper, we study how a p-adic number field Q p acts on an arbitrarily fixed w” -algebra, and how

it affects the original free-probabilistic information on the w” -algebra, for each prime p. In particular, by

understanding the o -algebra a(@ p) of Q, as a semigroup equipped with the setintersection, we act a(@ p) on

a unital tracial W*—probability space (M ,tr), creating the corresponding semigroup W*—dynamical system. From

such a dynamical system, construct the crossed product W*—algebra equipped with a suitable linear functional. We

study free probability on such W*-dynamical operator-algebraic structures determined by primes, and those on
corresponding free products of such structures over primes. As application, we study cases where given

w” -probability spaces are generated by countable discrete groups.

Keywords: Free Probability, Free Probability Spaces, p-Adic Number Fields, Von Neumann Algebras,

W’ -Dynamical Systems, Crossed Product W’-Algebras.

Cite This Article: llwoo Cho, “p-Adic Number Fields Acting On W’-Probability Spaces.” Turkish Journal of
Analysis and Number Theory, vol. 5, no. 2 (2017): 31-56. doi: 10.12691/tjant-5-2-2.

1. Introduction

The main purposes of this paper are (i) to consider how
a prime p acts on a fixed unital tracial W-probability
space, (ii) to study operator-algebraic, and operator-theoretic
information of crossed product W™-algebras obtained from
W’ -dynamical systems obtained from (i), and (iii) to
investigate free probability on free product of crossed
product W -algebras of (ii). Also, we apply our main
results to the cases where a fixed unital tracial
W’ -probability space is generated by a countable discrete

group.

1.1. Preview and Motivation

The relations between primes and operator algebras
have been studied in various different approaches. For
instance, we studied how primes act on certain types of
von Neumann algebras, especially, generated by p-adic,
and Adelic measure spaces (e.g., [3,6]). Meanwhile, in [4]
and [5], primes are regarded as linear functionals acting
on arithmetic functions. In such a case, one can
understand arithmetic functions as Krein-space operators
(for fixed primes), under certain Krein-space representations
(e.g., [8]). Also, in [7], we considered free-probabilistic

structures on a Hecke algebra H(Gp) for a fixed prime
p. For more about number-theoretic motivation, see e.g.,
[9,10,13].

In [1], we considered free-distributional data of certain
operators in a C™-algebra M,, induced by a (pure-algebraic)

*-algebra My, consisting of all measurable functions
over Q,, under Hilbert-space representation, for a prime
p. For all jeZ, we defined C’-probability spaces

(Mp,(ojp) , Where (pjp are kind of “filtered" linear
functionals implying the number-theoretic data on A7,

in terms of the usual p-adic integration on Q,, for a
prime p. From the system

{(Mp,gojp): peP, jeZ},

of C -probability spaces, the free product C"-probability
space

(Mp(Z).0)= *

Mp.o] )
pep,jeZ( P

is constructed, and the free probability on this
C"-probability space, called the Adelic probability space,
is studied.

In [2], we established weighted-semicircular elements,
and corresponding semicircular elements in certain
Banach *-probability spaces induced by a C’-probability
space

(Mp,gojp), forpe?, jeZ

Especially, the weighted-semicircularity of [2] is
dictated by free-distributional data on M, obtained in [1].

Motivated by the main results of [1] and [2], we here
study how our p-adic-analytic structures affect the original
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free-probabilistic data on arbitrarily fixed unital tracial
W*-probability spaces. To do that, we establish suitable
W-dynamical systems induced by the c-algebra a(Qp)

of Qp . From such dynamical systems, we construct

corresponding crossed product W -algebras, and investigate
W -probability on them. In particular, we focus on how
p-adic-analytic data (containing number-theoretic information)
affect the original free-distributional data.

Remark and Emphasis Even though our proceeding
works are highly motivated by those of [1] and [2], the
aims, approaches, tools, theories and results are totally
independent from each other.

1.2. Overview

In Sections 2, we briey introduce backgrounds and a
motivation of our works. In particular, we introduce p-adic
number fields Qp, for primes p, and consider p-adic
calculus on Qp. based on p-adic calculus, we construct
*-algebras A7,
consisting of all measurable functions on Qp. for primes

free-probabilistic models on the

Qp, Free products of *-probability spaces is observed, too.

In Section 3, we understand the c-algebra O'(@p) asa

semigroup equipped with the set-intersection, for a fixed
prime p, and then act this semigroup on an arbitrarily

taken unital tracial W-probability space (M,tr) . A

W’-dynamical system is well-established by the semigroup
acting on (M,tr), and the corresponding crossed product

w” -algebra is considered. By determining a suitable

linear functional on such a crossed product W*—algebra,
free-probabilistic informations are investigated.

In Section 4, certain “sub"-free-probabilistic structures
of the W -probability spaces of Section 3 are established
and studied.

In Section 5, from the W -probability spaces of Section 4,
we construct free product W-probability spaces, and
study operator-algebraic, and operator-theoretic (especially,
spectral-theoretic) properties of such free product
W’-probability spaces.

As an application of our main results of Sections 4 and 5,
we restrict our interests to the cases where a fixed unital
tracial W -probability space is induced by a countable
discrete group, in Section 6. For example, we concentrate
on the case where a fixed group is a free group with multi
generators.

2. Preliminaries

In this section, we briey mention about backgrounds of
our works.

2.1. Free Probability

Readers can check fundamental analytic-and-combinatorial
free probability from [12] and [14] (and the cited papers

therein). Free probability is understood as the
noncommutative operator-algebraic version of classical
probability theory (covering commutative cases). The
classical independence is replaced by the freeness, by
replacing measures to linear functionals. It has various
applications not only in pure mathematics (e.g., [11]), but
also in related scientific topics (for example, see
[1,2,3,4,8]). In particular, we will use combinatorial
approach of Speicher (e.g., [12]).

Especially, in the text, without introducing detailed
definitions and combinatorial backgrounds, free moments
and free cumulants of operators will be computed. Also,
we use free product of C’-probability spaces in the sense
of [12] and [14], without detailed introduction. However,
rough introduction would be given whenever they are
needed in text.

2.2. Calculus on Q,

Let Qp be the p-adic number fields for pe 7,
equipped with the non-Archimedean p-norms ||p (on Q),

where 2 is the set of all primes in the natural numbers
(or the positive integers) N. This Banach space Q is

also understood as a measure space

equipped with the left-and-right additive invariant Haar
measure 4, on the c-algebra o(Qy ). Recall also that,
Qp is a well-defined ring algebraically.

As a topological space, the p-adic number field Q

contains its basis elements
Uy = p“%,, forall k € Z, (2.2.1)
satisfying the basis property,

sz UUk,

kez

and the chain property,
CU2 CU]_ CUO :Zp CU_]_ CU_2 ey

and the measure-theoretic data,

ﬂp(Uk):ikZﬂp(X-i-Uk), forallk € Z,
p
for all XGQp,where
Ug =7, Z{XEQp :|x|p :1}:UU|
1=0

is the unit disk of Q D consisting of all p-adic integers.
By understanding Q, as a measure space, one can
establish a *-algebra M, over C as a *-algebra

consisting of all 1, -measurable functions f,
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f = Z tS Xs with tS eC,
Sea(Qp)

where the sum X means a finite sum, and yg are the

usual characteristic functions of S. Of course, the adjoint
" of f is defined to be

f = > toysinAt,
Seo-((@p)
where Z mean the conjugates of z, forall zeC.
On /l/lp, one can naturally define a linear functional Pp>

wp(f)szp fduy, forall f e Az,

and hence, the pair (/l//p,wp) orms a well-determined

*-probability space. Remark that it is a “commutative"
*-probability space (and hence, it is well-covered by
(noncommutative) free probability theory).

Define now subsets o of Qp by

Ok =Uy \U, 4, forallk e Z. (2.2.3)

We call such u, -measurable subsets 0y, the k-th
boundaries of the basis elements Uy of (2.2.1), which are
also up -measurable subsets, for all k Z. By the basis
property in (2.2.1), one obtains that

= U &y, (2.2.4)
Qp keZ K

where LI means the disjoint union, and

11
#p (0 ) = 1p (Ux )= p1p (Ukﬂ):?_w’

by the measure-theoretic information in (2.2.1), for all
keZ.
Now, let .17, be the vector space of all 1, -measurable

functionson Q D i.e.,
M, ={f 1Qp eC: fis pp —measurable}. (2.2.5)

So, f e, ifand only if

f= z tS As Wlth ts E(C,
seo(Cp)
where ¥ means the finite sum, and yg are the usual
characteristic functions of s e o‘((@p) .

Then it forms a *-algebra over C. Indeed, the vector
space ), of (2.2.5) is an algebra under the usual

functional addition, and multiplication. Also, this algebra
M), has the adjoint,

*

def

D tsxys| =

seo(Qp)

Z t;}(s'

seo(Gp)

where tg € C, having their conjugates tg in C.
Let f e.47,. Then one can define the p-adic integral
of f by

(2.2.6)

_[Q fdyp: z

ts 44p (S)
P seo(Qp)

Note that, by (2.2.4), if S e G(Qp), then there exists a
subset Ag of 7Z, such that

As={jez:sNo; =2},

satisfying the following result.
Proposition 2.1. (See [1]) Let SeG(Qp), and let

Xs € M. Then there exist rj € R, such that
Osrj <linR, forall jeAg,

and
1 1
st,up = z rj (—.—.—],
J-Qp jeAs pJ pj+1

where Ag is in the sense of (2.2.7).
By (2.2.8), one obtains that if

f= Z tSZSEMI

Seo-((@p)
then
B s| 1 1
.[Qp fdup = 2. tS[_Z g [_j_ j+1j}
Sea(Qp) JeAs p p
where rJ-S are in the sense of (2.2.8), for all jeAg, for

all s co(Qp), whenever Ag of (2.2.7) is nonempty in Z.

2.3. Free Probability on M,

Throughout this section, fix a prime pe 2, and let
Qp be the corresponding p-adic number field, and let

A, be the *-algebra consisting of all 1, -measurable
functions on Q. In this section, let's establish a suitable
free probabilistic model on the *-algebra My, . Remark

that free probability provides a universal tool to study free
distributions on “noncommutative" algebras, and hence, it
covers the cases where given algebras are “commutative."”
Remark that M, is a commutative *-algebra, but, for our

later purposes, we construct free-probabilistic settings on A7, .

Let U, be the basis elements (2.2.1) of the topology
for Qyp, ie.,
Uy = p“%,, forallk € Z, (2.3.1)

with their boundaries
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Gk :Uk \Uk+17 forallk e Z.

Define a linear functional ¢, : A7, —C by
(pp(f):j@p fduy, forall f e A7, (2.3.2)

Then, by (2.3.2), one obtains that
e ) e
Pp ZUJ' _pj' @p Zaj _pj pj+1’
since

Ay =tkeZ k= j} and Ap; ={j},

with help of (2.2.8), forall jeZ.
Moreover, by the commutativity on A7,

(pp(flfz):(pp(fzfl),forall fl’ f2 GM y
and hence, this linear functional ®p of (2.3.2) is a trace
on A,
Definition 2.1. The free probability space (/!//p,gop) is

called the p-adic free probability space, for pe 7,
where ¢, is the linear functional (2.3.2) on A7,,.

Let Uy be in the sense of (2.3.1) in Q,, and
Uy e/l/lp, for all k e Z. Then

)(Uklﬂfuk2 = ZUklﬂUkZ = ZUmax{kl,kz} ,

by (2.2.3), where max{kl,kz} means the maximum in
{kp. ko)

Say ky <kp in Z. Then Uy, Uy, in Q,, by (2.2.3).
Therefore, U, MUy, =Uy, in Q. So, if k <kj in Z,
then

Ky Koy, = Mg Nk, = Ay, 1N A

Thus, one can verify that

1

Pp (Zukllukz ):W (2.3.3)

Inductive to (2.3.3), we obtain the following result.
Proposition 2.2. (See [1]) Let (jy, ..., jn)eZN, for
N e N. Then

N

.= . o , 2.3.4
Elu” ZUmaX{Jl,---,JN}mMp @34
and hence,

N 1
“p E"Uil =iz in

Now, let &, be the k-th boundary Uy \U,4 of Uy in
Qp, forall k eZ. Then, for ki, ky €Z, one obtains that

Koy Xoxy = oy Mo, = %, ko Aok * (2.3.5)

where & means the Kronecker delta, and hence,

?p (Zakl }(akz ) = 5k1, ko Pp (Zﬁkl )

1 1
So, we obtain the following computations.
Proposition 2.3. Let (j, ..., jy)eZ", for N e N. Then

N
H"ah =iy in)Xoy, M Mp,  (2.3.6)

and hence,
N
1 1
L1 (I IN) ol pitt
where
N-1
O in) =| 19 {(Fn)

Proof. The proof of (2.3.6) is done by (2.3.5).
Thus, one can get that, for any S e U(Q p),

Pp (ls)z‘/’p{ > ana]}
JeAs

where Ag is in the sense of (2.2.8)

=D, %(Isﬂa,—)z > up(SNayj)

jeAs jeAs
(2.3.7)
il 1 1
=Y S|
jeAs pJ pJ

where 0<r; <1 are in the sense of (2.2.8), for all jeZ.

Also, if S, S, e (@), then

Z Zs1Nok
keASl

As1 XSy = Z lSZr]aj

jEASZ
(k, j)EAS]_XASZ
(k, j)eASlesz

>

jel\sl,sz

(}(Slﬂﬁk ZSgﬂaj ) (2.3.8)

6k,jl(51052)ﬂ6j
Z(slﬂsg)ﬂaj ’
where

Asysp =g NAsy,

because oy 10 = 0.
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In (2.3.8), it is clear that, if Ay s, is empty, then

X Xsp = O/,/,p = y. the zero element of /l//p,

where @ is the empty set in o—(Qp).

Thus, one can get that there exist w; € R, such that

0<wj<Lforall jeAg,s,, (2.3.9)

W.[L_L]
J pJ pj+l

by (2.3.8) and (2.2.10), for all S;,S, < U(Qp).

By (2.3.9), we obtain the following general result under
induction.

Theorem 2.4. Let S eo(Qy ), and let ys, €( A, 0)
for I=1,..,N, for NeN. Let

where

(”p(lsllsz): jeg:s
1,52

where AS| are in the sense of (2.2.7), for 1=1,...,N.
Then there exist rj eR, such that

0<rj <linR, (2.3.10)

N ~ 101
oo [1s = 2 6|57}
1=1 JeAg,..SN p p

and

Proof. The proof of (2.3.10) is done by induction on
(2.3.9). For more details, see [1] and [2].
Of course, if Agy is empty in Z, then the formula

(2.3.10) vanishes. By (2.3.10), we obtain that, if
f= > tsxse(Mypp) withts eC,
s<o(Qp)
then

‘Pp(f): Z

seo(Qp)

11
= 2 ts{ > [—,—ﬁﬂ
Sea((@p) jeAg p p
S

where rj’ are in the sense of (2.2.10), for all j e As.

tsop (2s)

(2.3.11)

The above joint free-moment formula (2.3.11) provides
a universal tool to compute the free-distributional data of
free random variables in our p-adic free probability space

(/l/lp,(pp).
2.4. Free Product W -Probability Spaces

Let (Ac@) be arbitrary W -probability —spaces,
consisting of C™-algebras A, and corresponding linear

functional ¢, , for keA where A is an arbitrary
countable (finite or infinite) index set. The free product
C"-algebra A,

A= %
|6AA1

is the C” -algebra generated by the noncommutative

N
reduced words in U A, having a new linear functional
I=1

=% .
¢ IeAgq

The C*—algebra A is understood as a Banach space,

0 n
Co|l @ @ [@ OJ

n=ll ;o n\l k=1 k
(-njea”) (2.4.1)
with
A} = 4, ©C, forallk=1,..,n,
where
(il,...,in)eAn
aIt(A”): (igseoorin )| i # i, p % g
...... ying =iy

for all ne N, and where the direct product ® , and the
tensor product ® are topological on Banach spaces.

In particular, if an element a € A is of the form of free
reduced word,

n
Hail in A,
1=1

then one can understand a as an equivalent Banach-space
vector

n
|® a; in the Banach space A of (2.4.1),
=1

n
contained in a direct summand, ® Aii of (2.4.1).
k=1

We denote this relation by

equi n
a= |® g in A (2.4.2)
=1
Of course, the left-hand side a means the C™-algebra
n
element of A, while, the right-hand side ® a; means the
I=1

Banach-space vector of A in the sense of (2.4.1).
Remark that, if a is a free reduced word in A, then

. K .

equi( n n equi n

ak = ®a | = ®aik = Haik in A (2.4.3)
I=1 = g

forall k eN.

n
Notation and Remark Let a:l_[aiI be a free
1=1

reduced word in A, as above. The power a in (2.4.3)
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means the k-th power of a as a new element of A, which
is regarded as a vector in

n
® A’ < Ain the sense of (2.4.1).
1= K

To avoid the confusion, we may use the notation a(k) :
as a construction of new free “non-reduced" word,

a(k) =a-a---a
——
k—times

in A. Note that only if i, =iy inthe index set A, then the

above free non-reduced word a(k) forms a free reduced
word in A

For example, let a=a; a;,a; be a free reduced word

with

(il,iz,il)ealt(A3),

as a vector,
a ®a;, ®a in Aof (24.1).
Then
equi 3 equi
37 (a4 i i - .3,3.3
a” = (a,l®a,2 ®a,3) = ailaizail,

in A, but
(3)
al? - (2212 )

= & &, 8 & &, & a &, 8 (as a non-reduced word)

—a. a.a’a_ala._a
= ay &, 3; 8 & 3, 8y (as a reduced word)
i.e.,
() _a a_a?a_ala. a;
a™ = oy o, 8 8,8 B, 3,

as free reduced words in A.

So, in the text below, if we use the term “ ak” for a
fixed free reduced word a, then it is in the sense of
(2.4.3). In the following text, we will not use the concept

“ a(k).” However, we want to emphasize the difference

between a¥ and a(k) in the free product algebra A, at
this moment.

Similar to a* and a(k), one can understand the

adjoints a" and a(*) of a fixed free reduced word a in
A e,

n . equi_n

R (élai'j =08 = Eai’; in A,
and
no A\ .
a”) :Ll_!ail j :(ailaiz...ain )( )

n
* * * * *
=a. a. Ladad = a.
In h-1 121 Ilj{ In—1+1.

in A
So, the free product linear functional ¢ on A satisfies

that, whenever a is a reduced free word in A satisfying
(2.4.2), then

o) o{ T15 |- TT(o(2 )

1=1

(2.4.4)

by (2.4.3), for all k e N. Sometimes, by abusing (2.4.3),
one can / may write

ol ™'o[ Sk |- TTo(3)

n
whenever a:l—[aiI is a “free reduced word” in A, for
1=1
all keN.
Now, let

n
szl:lbil e(Ap).
We say that a is a free sum in A, if all summands
by . ...y, of b are contained in “mutually-distinct” direct

summands of a Banach space A of (2.4.1), as free reduced
words. Then, similar to the above observation, one can
realize that

equi n
b = |® by, in the Banach space A of (2.4.1), (2.4.5)
]

satisfying

: k
equi n n
k) Z _ _ k
co(b ) = (Sb.,J —¢£I§lbi|]
equi Nk n K
- (”(Zl:lbn ):ZI:1¢(bi| )
forall k eN.
Here, remark that each summand gp(bi'l‘) of (2.4.5)

satisfies (2.4.4).

Notation and Remark Similar to the free-reduced-
word case, if b is a free sum in the sense of (2.4.5), then
one can consider

o) = (31 )(k)
-3 (bill by, by, )
(Il ..... Ik )e[l ..... n]

where the summands bill'"bilk are forms of free

“non-reduced” words in A. In the following text, we will
not use the concept “ b(k) ” in A. But, as before, we

emphasize the difference between bX and b(k), for a

fixed free sum b of A.

For more about (free-probabilistic) free product algebras,
and corresponding free probability spaces, see [11,12,14]
and cited papers therein.
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3. Act g, on W -Probability Spaces

In this section, we regard the o -algebra o(Q,, ) of a
p-adic number field Qpasa monoid equipped with its
binary operation, the set-intersection (). And we act this
monoid (G(Qp),ﬂ) on arbitrarily given W*—probability
spaces. In other words, we construct a monoidal
W*-dynamical systems. And then, corresponding crossed
product W™ -algebras are established. Free probability on
such W*—algebras is considered.

3.1. Act @, on w”-Probability Spaces

Let M be a von Neumann algebra, i.e., it is a unital
W*—subalgebra of the operator algebra B(H) consisting

of all bounded operators on a Hilbert space H. Assume
further that we fix a linear functional tr on M satisfying

tr(mymy ) =tr (mpmy ),
forall my, m, e M, and
tr(ly ) =1,
where 1, means the identity operator of M, which is the

identity operator of B(H). i.e., the linear functional tr is
a unital trace on M. So, the pair (M,tr) forms a unital

tracial W" -probability space in the sense of [11] and
[14].

For a prime p, let Hp, be the L? -Hilbert space
Lz(Qp) over the p-adic number field Q ,, i.e.,

Hp=12(Qp) = (Qp.o(Qp ) tp)-  B.1.D)
It has its inner product (,), ,

(hy.hy), :IQphlh;dyp,forall e Hp,

and the corresponding L2 -norm ||||2 ,
||h||2 = <h,h>2 forallheH,.

Remark that, for any he Hp, this vector h is
expressed by
h= Y tgys withts eC,
seo(Cp)
where X is a finite or an infinite (limit of finite) sum(s)

under L2 -topology.
Let H be the Hilbert space where a fixed von

Neumann algebra M acts, and let H, be the L -Hilbert

space (3.1.1). Then one has the tensor product Hilbert
space Hy p,
Hm p=H®H,, (3.1.2)

for pe 7.
Understand now the o -algebra O'(Qp) of @, as a

semigroup equipped with
set-intersection . i.e.,

G(QP)Z(G(QP)'O)'

Each element Y of a(Qp) is acting on H ; by

its binary operation, the

Yeh— v Z
SEG(QP)

= D tyas= D
Sea(Qp) SEG(@p)
h = Z ts;{s eH p
for all seo(p)
i.e., there exists a well-defined semigroup-action y of the

tsxs
(3.1.3)

tsxvns:

semigroup U(Q p ) such that

;((K)(h):;(Kh, forallher, (3.1.4)

actingon H,, by (3.1.3).

This action y of the semigroup a(Qp) acting on
Hp,
the very definition (3.1.4) of y, we denote the images
2(K) of y simply by z, forall Keo—(Qp).

With help of the action y of (3.1.4), one can construct

is called the characteristic(-functional) action. By

a semigroup-action 7 of U(Qp), acting on the fixed
von Neumann algebra M as follows

ﬂ(Y)(m):ZymZY :Zymly,on HM,p’ (3.1.5)
where Hm,p is the tensor product Hilbert space (3.1.2).
Indeed, one can understand zy as 1y ® xy on Hy p,
and m as m®;(Qp on Hy; . Then the image 7z(Y)(m)

of (3.1.5) is regarded as a process sending
meM ®(C-;(Qp)to 7(Y)(M)eM ®(C- z ), (3.16)
for Y ea(Qp), forall me M.

Theorem 3.1. Let 7 be in the sense of (3.1.5). Then the
triple (M,O‘(@p),ﬂ') forms a well-defined semigroup

W -dynamical system in B(H M.p )
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Proof. It suffices to show that = is indeed a well-defined

semigroup action of O—(Qp) acting on M. By the

definition (3.1.5), satisfying (3.1.6), one has that
7(KiNKa)(M) = 2y, M XkgNKy

= XKyNKo MIKoNKg = XKy XKy M XKy XKyg

since K MKy =K, MKy in o-(Gp)

= XKy (Zszle)lKl
= i (7 (K2) (M) 7k
=7 (Ky)(7(Kz)(m))

= (7(Ky)o7(Kz))(m),

forall me M, forall Ky, K, eo(G), ie,
(K NKy) =7 (Ky) oz (Kyz),

forall Kq, K, ea(Gp).
Therefore, the a well-defined

semigroup-action of O'(@p) actingon M in B(HM'p).

morphism 7z s

The above theorem shows that there is a well-defined
semigroup w”* -dynamical system (M ,G(Qp),ﬂ) in

B(Hwm,p)-

Definition 3.1. The semigroup w” -dynamical system
(M,O‘(Qp),ﬂ') is called the p-adic w” -dynamical
systemin B(Hy ;).

Let (M,O‘(Qp),ﬂ) be the p-adic W™ -dynamical
system in B(Hy ;). Then one can construct the
corresponding crossed product W*-algebra,

My =M x, 5(Qp) (3.1.7)
by the W” -subalgebra of B(HM’p) generated by M

and ;r(a(Qp)) satisfying the 7 -relation:

<ml7(81 )(mzlsz ) =M s M ¥s, Xs,
= My Moz, s, =M (2s,M7s; ) 25y 75,
=my (7(Sy)(m)) x5, 75,
=y (7(S1)(m)) 255,
forall S;,S, ea(Gp), foral me M, and

*

(Mys) =xsm =ysm zs
* 2 *
=xsM xs Z(Zsm }(s)Zs

=(w(8)(m")) s =(2(8)(m")) 2%,

i.e., the & -relation is

(murs, )(Mazzsy ) =mu(7(S1)(M2)) 25,05, (8-1.8)

and

*

(mzs)"=(=(5)(m")) zs.
forall m,my, m, eM, and forall S, S, S, ea(Gp).

Definition 3.2. The crossed product w”* -algebra
My » =M, o(Qp) of (3.1.7), with the W™ -relation
(3.1.8), is called the p-adic dynamical 7z -algebra induced
by the p-adic W*—dynamical system (M ,O'(Qp),ﬂ').

Now, let A/}, be the von Neumann algebra L (Qp),
Ny =1"(Qp) =17 (Qp.0(Qp ) t1p ), (3.1.9)

which is the L™ -algebra acting on H p- 1-e., all elements
of /l/p are understood as the multiplication operators on
H P
then it is acting on H 0 by

i.e., if f is an arbitrary element of /l/p of (3.1.9),

feAp T eB(Hy),
where T is the multiplication operator on H 0
T¢ (h)= fh,forallhe H .

As usual, we denote multiplication
T eB(Hp) of f, simplyby e}
Note that all elements f of A/ p are expressed by the

operators

finite or infinite (limits of finite) sums

Z tYZY with tY S (C,
Yecr(@ p)

under L™ -topology.
Let's define the tensor product W -algebra M ®c Ny

of a given von Neumann algebra M, and the von
Neumann algebra A/, where ®; means the tensor

product of von Neumann algebras.
Define now a W*-subalgebra i, by the conditional

tensor product W*-algebra of M and /l/p.
Wiy =M@, NyinM ¢ N, (3.1.10)
generated by M U A/, satisfying the 7 -relation:

(ml ®}(51 )(m2 ®Z52 ) = (nh”(sl)(mz))®}(51n52, (3.1.11)

and

(&) =(7(3)(m"))® 25 =(7(5)(m")) @ 15, (3.1.12)
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for all mm,m,eM, and S,S;,S, ea(Qp), under

linearity and product topology.
Then we obtain the following isomorphism theorem.

Theorem 3.2. Let A7, . =M x, o(Q,) be the p-adic

dynamical w” -algebra (3.1.7) induced by the p-adic
w” -dynamical  system (M,O‘(Qp),ﬂ'), and let
My, =M®, N, be the conditional tensor product

W™ -algebra (3.1.10) of M and A/, satisfying (3.1.11).
Then

*—is0

= M

b (3.1.12)

Do x

*~is0
where “ = " means “being *-isomorphic.”
Proof. Let 27, . be the conditional tensor product

W*-algebra (3.1.10), satisfying the z -relation (3.1.11),
and let A7, . be the p-adic dynamical W*—algebra (3.1.7)

induced by the p-adic dynamical system (M,U(Qp),ﬂ'),
satisfying the  -relation (3.1.8). Define a morphism
My o —> My,

by the linear transformation satisfying
O(M® yg)=mys in A7

p.z

(3.1.13)

forall m® y5 € M, , forall meM, and S eo(Qp).

By the very definition (3.1.13) of the linear morphism
@, one can verify it is bounded and injective. Moreover,

for any generating elements myg of A7, ., we can
always find the elements m® ys in 27, .. So, under

topology, the morphism @ is surjective, too. i.e., ®@ is a
bijective bounded linear transformation.
Observe that

q)((ml®151)(m2 ®Xs, ))

= ‘19((”‘1(”(31)(”‘2)))@151“52)

by (3.1.11)
=(my(7(S1)(m2))) 24015,
=(muzs; ) (mozs,

by (3.1.8)
=((mus; ))(@(mazs, ).

forall m,m, M, and S;, S, e (Qyp).

And hence, forany T;,T, € 27 one has

o
O(TyT2) =@ (T ) (T2 ) in A7, ..

Therefore, this bijective linear transformation @ is
multiplicative, equivalently, it is a bounded algebra-
isomorphism.

Also, it satisfies that
o((m® 25)") = ((2(S)(m*) @ 15 )
by (3.1.11)
=(7(8)(m*)) s
=(mzs) =(@(x® 25))’,
in A1, for all m® yg € 27

p.z
S ea(Qp).
And hence, forany T € ¢

pz for meM, and

P
o(T")=(@(T)) in Aty

Thus, the bounded algebra-isomorphism @ is a
*-isomorphism.
So, two von Neumann algebras 27, . and A7, . are

*-isomorphic from each other since there exists a
*-isomorphism @ of (3.1.13).
By the structure theorem (3.1.12), one can understand

the conditional tensor product W*-algebra
Py r=M®, N, P

and the p-adic dynamical W*-algebra
My =M x, (Qp),

as the same von Neumann algebra. In the rest of this paper,
we use 7, , and A7, . alternatively, and we call these

identified von Neumann algebras, a p-adic dynamical
W " -algebra.

3.2. Free Probability on p-Adic Dynamical
W -Algebra A1, ,

In this section, we fix the p-adic dynamical W*—algebra
./‘//p,,, =Mx, O'(Qp)

induced by a p-dynamical w”* -dynamical system
(M,G(@p),ﬂ') which is also understood as the
conditional tensor product W -algebra

Wy, =M®, Ny,

where A/, is the L™ -von Neumann algebra L°°(Qp).

As we assumed at the beginning of Section 9, let tr be
a fixed unital trace on M. i.e., the pair (M,tr) forms a

unital tracial W*-probability space. Define now a linear
functional v, on the L -Neumann algebra A/, by

y/p(f)zj@p fdup, forall f e V. (3.2.1)
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So, for any S ea(Qp), the linear functional v, of
(3.2.1) satisfies that
1 1
(//p (XS ) = ﬂp (S) = z |'j [_J_?], (322)
jeAg p p
for some 0<r; <1, for all
jeAs ={keZ:SNoy =},

by (2.2.8).
Since the morphism y, of (3.2.1) is a well-defined

linear functional, the pair (A,

o:W/p) is W™ -probability

space.
Remark 3.1. Check the similarity-but-difference between

our (pure-algebraic) *-probability spaces (.A7,,¢, ), and
the W -probability spaces (A, p7p ).
By (3.2.2), one obtains that

1

Yo (ZUk ):ﬁ' and l//p(lﬁk):%_w’

forall pe P, keZ.
Define now a bounded linear transformation from our
p-adic dynamical w” -algebra A7, . =D, . to the

L -von Neumann algebra /l/p
p.
EX My o = N
by

EP >

sea(Qp)

Mg xs = Z

sea(Qp)

tr(mg ) zs. (3.2.3)

Proposition 3.3. The linear morphisms Ejp of (3.2.3) are
conditional expectations from .17, . onto A/, for all
jeZ.

. *—iso
Proof. Since A7, , = P, =M ®, N, by (3.1.12),
the linear transformation EP is bounded by the very
definition (3.2.3).
Now,let T= D> tsyse Ny with tg e C. Then

Seo-(Qp)

> tr(ts)xs = >

sea(Qp) SEO’(Gp)ﬂ{B'Z)}

EP(T)= tozs =T, (3.2.4)
in /l/p.
Now, let
Sea(Qp)

and

R= 3

seo(Qp)

Mg 5 € Mp,ﬂ’ with Mg € M.

Then

EP(T,RT,)=EP >
(Sl,S,Sz)ea(Qp)3

ts,Ms s, Z51NsNs;

where XX mean the iterated Cartesian product X x...x X
(k-times), for all k e N, for all sets X

= X
(S1.5,52)e0(Qp)
= Z ;
(51,5,52)60'((@ p)
- 3

(31,3,32)60'(@p)3

tr (tsl Ms 7s, )Zslmsmsz
ts, (tr (ms))ts, 75,7(s)ns;

ts, (tr(ms))ts, xs, (75 ) 25,

=l X2 tgrs || 2 tr(ms)xs
S10(@p) se(Qp)
Z tSzlSz
SZEO‘(@p)
~T(EP(R))Ta

ie.,
EP (T1RT2)=T1(EP(R))T2 in A, (3.2.5)
forall T;,T, e A/}, and Re A7, ;.

Also, EP satisfies that, for any R (as above),

*

EP(R*)=EP S msxs
s10(Qp)
—EP| X a(s)(ms)zs
sl

by (3.1.8) or (3.1.11)
= X wfx(s)(ms))zs
seo(Qp)
= % o{(#(s)ms)) )zs
Seo(Qp)
= X tr(”(3)('T1s))ﬂcs—(E'O(R)),
seo(Qp)

EP(R")=(EP (R))* in A/, for all R e A4, . (3.2.6)
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Therefore, this surjective bounded linear transformation

EP of (3.2.3) is a conditional expectation from
Wy, o =M, onto N, by (3.2.4), (3.2.5) and (3.2.6).

So, the pair (/l//

py,,,Ep) of our p-adic dynamical

W -algebra A4, =2 and the conditional

p.r
expectation EP of (3.2.3) forms an amalgamated
N, P -valued W" -probability space with amalgamation
over M _, (e.g., [12]).
B

Remember that the von Neumann algebra /l/p forms a
well-determined W*-probability space (/l/p,z,//p), where
yp is in the sense of (3.2.1). One can define a linear
functional y, . on A7, . by

Wpr=vp EP 1M, . >C, (3.2.9)

where EP is the conditional expectation (3.2.3) from

M, onto A/, and w, is the linear functional (3.2.1)
on A/, for pe?.

Clearly, by the linearity of Y and that of EP, the
morphism y, , of (3.2.9) is a well-defined linear

functional on A7

bz inducing a

corresponding
W " -probability space (Mp,ir"//p,ﬂ)'

Definition 3.3.  The W -probability  spaces
(/!//p‘,,,z//p',,) of a p-adic dynamical W~ -algebra
M, -, and the linear functional y, - of (3.2.9) is called

the p-adic dynamical W*-probability spaces.

3.3. On p-Adic Dynamical W -Probability
Spaces (A ¥ p.rx )

Let peZ, and let
My z =M, 0(Qp ) =M@, Ny =20y,

be a p-adic dynamical w” -algebra, and let

Wp.r =Wp©EP be the linear functional (3.2.9) on A7, .,
where Vp is the linear functional (3.2.1) on A/, and

EP 5Mp,7r —>/l/p is the conditional expectation (3.2.3).
Let (,/l/lp',,,(//p’”) be the corresponding p-adic dynamical

W " -probability space.
In this section, we study free-distributional data on

My, in terms of v, -, by computing free moments,

and free cumulants of arbitrarily fixed free random
variables of (/l//p,,,,y/f() ) In particular, we concentrate on

studying free distributions of generating elements myg of

My -, formeM, and Seo(Qp).
Lemma 3.4. Let myg e(./i//p’,r,(//p’”), for me M, and

Se a(Qp). Then there exist r; € IR, such that

0<rj<linR, forall jeAsg, (3.3.1)

and

poctimzs)-wim] 3 of -1 )|

jeAs

Proof. The proof of (3.3.1) is done by straightforward
computations by the definition (3.2.9) of v, . Indeed,

Vo (Mzs)=wp (EP (mzs)) =wp (tr(m) zs)

=tr<m>wp<xs>=tr(m>[ )3 r{ : F%B

jeAg pJ

by (2.2.8).
From now on, for convenience, we will use the
following notations;

Notation Denote 7z (S)(m) simply by m® in My 7,
forall meM, and S ea(Qp).
Now, observe that, if T =m; s, e(Mprvpz) for

j=1..,n, for neN, then

i

$1,S1NS2 1+ S1M.-NSp_
=Vpr (mlmzlmsl 2---mn1n MSn 1Zslnszm.ﬂsn)

n $N.NSi_ n
j=2 j=L

by (3.3.1), where

(3.3.2)

n
Asy,..s0 =(1Asp
1=1

where Ag, are in the sense of (2.2.8).

Proposition 35. Let m;eM, and §; GU(Qp), for
j=L1..,n, for neN. Then

=L

n
'//p,ﬁ{Hmjlst




42 Turkish Journal of Analysis and Number Theory

where

where Ag, are in the sense of (2.2.8).

Proof. The free-moment formula (3.3.3) is proven by
(3.3.2), under the r -relation (3.1.8) on My 5.

The above joint free-moment formula (3.3.3) provides
the free-distributional data of generating elements myg of our

p-adic dynamical W -probability space (A7, ,.yp - )-
Based on (3.3.3), one can obtain that, for any

Tj=mizs (Mo ¥pz),
for j=1,..,
k" (Tp, To)

) ”e%(n)[vgry/p’” Lle_v[TI J}l(”’ln)

by the M&ius inversion of [12]
K sn.ns
I1 tr[muH -0l "_1]
7eNC(n)\ V=(ip,....ik Jer

e

by (3.3.2) and (3.3.3), where k{7 (..) is the free
cumulant with respect to y/, - (e.g., [12]).

n, for neN.

(3.3.4)

Now, let T; =Mj%s; be free random variables in
(/l//p,,,,wﬁ), with mjeM, and Sjeoc(Qy), for

i=12, and let (iy, ..., i, ) be the n-tuples in {1, 2}", for
neN. Then

kpﬂ( e Tin)
(3.3.5)
-y [mp,,,(w]u(n.ln),
ﬂeNC({Il,...,In}) Ver
with
M sin.ns;. i
'//p,zr =t mljlll_[mljl p([S]),

where

$1 NS, if V contains both 1 and 2

by (3.3.4).
In particular, by (3.3.5), we obtain the following freeness

condition on the p-adic dynamical W*—algebra My 5.
Theorem 3.6. Let T; =m; 1s; be free random variables in

the p-adic dynamical W*—probability space (Mp,,,,y/p’ﬂ),
with mj eM, and S; ec(Qp), for j=12.If

“p(sj)zﬂ

m?izmj :mj$2 inM, vj =12,

(51NS3),vj=12and  (3.3.6)

(3.3.7)
and if my and m, are free in (M,tr), then T; and T, are
free in (/l//p,,[,y/p’,,).

Proof. Let (iy, ..., iy ) be a “mixed” n-tuple in {1,2}", for

neN\{1}. Then

kP (T Tin )

(3.3.8)
-y [mﬁ(wju(mn),
ﬂENC((Il ...,In)) Ver
with
’V‘ Si: 1
)=ty T g ()

forall V ez, forall ze NC((il, in)), where

$1 NS, if V contains both 1 and 2
S ifV=1.... 1
[s]= -

\V |-times

S, ifV=]2 . 2|,
—
\V |-times

by (3.3.5).

Under the conditions (3.3.6) and (3.3.7), one has that

l//p,,(\/) tr[Hml Jﬂp Sl)

forall V e, forall 7eNC({i, ..., in}).
So, the formula (3.3.8) satisfies that

kP Ty Ty

_ Htr(Hm.” }upm (1)
7eNC((ig,...in))\ Ver 1=1

V|
:(/lp(sl))( > Htr[]‘[m (ﬁ,ln)}

7eNC({ig,...in}H)Ver 1=1

= (4p (S1) ) (ky (M soees ;)
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where ki (...) is the free cumulant in terms of tr on the

W -probability space (M, tr)

=(#p(s1))(0)=0.

by the assumption that m; and m, are free in (M, tr).

Indeed, since all mixed free cumulants of m; and m,

vanish, under conditions (3.3.6) and (3.3.7), all mixed free
cumulants of T; and T, vanish, equivalently, T, and T,

are free on (A, w1 ).

The above theorem shows that, under the assumptions
(3.3.6) and (3.3.7), the freeness on (M,tr) implies the

freeness on (A7, . wp - )-

4. Certain p-Adic Dynamical Subalgebras
of A7, .

Let p be a fixed prime in 7, and let (M, tr) be a unital
tracial W~ -probability space. And let

My =Mx, o(Qp ) =M ®, Ny = D2,

be a p-adic dynamical W*—algebra, inducing the p-adic
dynamical W -probability space (/l//p,,,,y/p’,r).

In this section, interested in certain
sub-structures of the p-adic dynamical w” -algebra
My . =y . Define a W™ -subalgebra &' of A/,

we are

by the W*-algebra generated by

()(51. e./l/p:jeZ),

Gy :W*({Zaj }jezjin Ny, (4.1)

Since Zo; are the mutually-orthogonal projections in

NV, satisfying

%o, (4.2)

- — 2 i
= o; —zaj,forall jeZ,
and

Xoj Xoj, =Op.ip Xoy Torall i, o €2,
it is not difficult to obtain the following structure theorem
of the W -subalgebra & of A/,.

Proposition 4.1. Let 63’ be the W*-subalgebra (4.1) of
Ny Then

*—iso
Gy - @z(c'%i) = o (4.3)
je

in /l/p, where “ @ ” means the direct product of

W™ -algebras.
Proof. The structure theorem (4.3) is obtained by the

w
_ of6p.

JEZ
Let va be the W*—subalgebra (4.1) of /l/p. Then one

relation (4.2) of the generators {Zaj }

can construct the W" -subalgebra 6;",” of our p-adic

dynamical W -algebra 27, . by

Gpr=M®, Gyinm, =M, N,, (4.4

where ®_ is the conditional tensor product under the
7 -relation.

Since M, , =M,

p.z»

the W™ -algebra Gy,

is understood as the W™ -subalgebra of My . 100.

of (4.4)

Theorem 4.2, Let 6Xﬁ be the W*—subalgebra (4.4) of
our p-adic dynamical W*—algebra My =Dy 5. Then
*—iso *—iso Q1
ey, = @ (M ®”(<c.%j)) = M®Z (45)
jeZ
Proof. Observe that

Gp=M®, &y

where & is in the sense of (4.1) in A/},
*—is0

- Mo, ® (c- )

”(jeZ JCaJ J

*—is0

= Moo

by (4.3)

*—iso
= ('B (M ®(c (C)
JeZ
*—=iSO M ®‘Z‘
By (4.5), one can understand the W " -subalgebra 6;"],,
is a certain diagonal-like subalgebra of My 7

Definition 4.1. Let pe 7, and let A7, ;. be the p-adic

dynamical w”
W -dynamical system (M,O'(Qp),ﬂ) and let &y, be

-algebra induced by the p-adic

the W™ -subalgebra (4.4) of A4, ,. This W -algebra

6‘6",7[ is called the p(-adic)-dynamical diagonal

W -subalgebra of A7, .
Recall that A7, . =22, ;. has its well-defined linear
functional Ypr of (3.2.9). So, one can naturally restrict

this linear functional on 63’,”. For convenience, we
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denote such a restricted linear functional again by
Yo Thus, a W~ -probability space (6;",”1//,),,,) is
well-determined.

Definition 4.2. Let 63’,,, be the p-dynamical diagonal

W” -subalgebra of a p-adic dynamical W” -algebra
My o = for a prime p. Then the corresponding

P,z
w” -probability space (6;"’,,,1/11[)’,[) is said to be the
p-dynamical diagonal W*—probability space.

Let (GB‘fﬂ,yxp,”) be a p-dynamical diagonal

W*—probability space, and let

def
T = M® 0] =My e(ﬁgﬂ,y/pﬂ), (4.6)

forall meM, jeZ.
Let T j € (GEV’,T,y/p’,,) be in the sense of (4.6). Then,

forany neN,

a.
n
Tmyjz(mm Im

oo

by the 7z -relationon G, , =M ®, &’

Therefore, one can get the following free-distributional
data of free random variables Ty ; of (4.6), for all

0iNd; 0iN.No;
R I i )

4.7

meM, jeZ.
Proposition 4.3. Let Ty, ; be a free random variable in a

diagonal ~ W"  -probability
(62 vps) for meM, jeZ Then

'//p,;z-(an,j)=tr(m(maj)n_lJ£1 ﬁj (4.8)

F_

p-dynamical space

for all neN. Moreover, if (r,..r,)e{L=", for

neN, then
1 1
nrh th |_
V/p,ﬂ' (Tm,ij,j"'Tmrjj)_tn (_J_ J-+1Jy
o P (4.9)
i dj i
; =tr(mlr1(m£2) ()7 () ’j.
Proof. The free-moment formula (4.8) is obtained by (4.7)

and (3.3.3). So, it suffices to prove the joint free-moment
formula (4.9).

Let neN, and (K, ..., ) e{L*". Then

with

¢ I I n n
T T j T :(m®l‘3j ) '"(m®7‘51 )

- (mrl ®;((;1j )...(mr” ®;(g”j j

= [ml’l (mrz )aj (mr3 )ajﬂaj ...(mrn )ajﬂ..naj ]

®Z@jﬂ..ﬂ@jﬂ@j

by the 7z -relationon &y, =M ®, &

(oo o o

ie.,
g I I
Tm1’ ijZ’ j...Tm’] j
o a: o (4.10)
:(mrl(mrz) ] (mrg) J ...(mr”) leﬁjv
in Gy, < M, ;.

Therefore, by (4.10), one has
V. (Tn?, TaviTon )

=t (w2 - (o
-t 2 ) e j[ 1 }J

i p
Therefore, the joint free-moment formula (4.9) holds.
The above free-moment formulas (4.8) and (4.9)

characterize the free-moment of operators T, ; in the

sense of (4.6) in a p-dynamical diagonal W™ -probability
space (G‘Fﬁf”,wp’ﬂ). So, we obtain the following
generalized free-distributional data.

Theorem 4.4. Let T :ZL\':le be a free random

k- Jk
variable in a p-dynamical diagonal W *-probability space
(va,;z:'//p,;z)v where Ty, j arein the sense of (4.6), for

mgeM, jeZ, forall k=1,.. N, for NeN. Then

el

=z.“=1t{mu" ((ml” J! ”(pi p;l}

forall (r, .., r,)e{l*", forall neN.

(4.11)

Proof. Let T be given as above in (GX”,WP’”). Then,

forany (1, ..., 1,)e{L*", for neN, one can get that

nTrRTh = L T
T (o )Z{:l . nTmllellelvalz"'Tmln,un
1, In)ed

a .
mlnl (mnzj Iy
il I2
ai Nai
I‘] J|1 J|2
- Z (m|33 j 7 n

é‘jl ﬂ..ﬂajl . =
m(mlrlnj i n-1

n
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a.
mlr] (mlr] ) Il

_ Z (mlr] )ajl noj

{L_{]e{l N ...(m," )511 N-Naj)

n-times

Z0j N.Noj Noj,

since Oy, 0k, = Ji k, Ok, » forall k,ky €7, or by (4.5)
N 9j 0
=X (o) ()

. a
I r]) [
m .
( ! %j
n-many

_N Fop [(m,” )6" ]n_l}an :

and hence, we obtain that

W (TET2T)

st )

Therefore, the free-moment formula (4.11) holds.
The above joint free-moment formula (4.11) characterizes
the free-distributional data of elements of a p-dynamical

diagonal w”* -probability space (6‘5”1,[,://'{3‘,[), under

linearity.
Recall that the Euler totient function ¢ is an arithmetic
function,

¢ N->C
defined by
#(n)|{k eN[L<k <n, and ged(k,n)[ =1}, (4.12)

forall neN.
It is well-known that if _ is the Euler totient function
(4.12), then
1
¢(n):n{ 11 [1——j1,for allneN, (4.13)
peP, p|n p

where “ p|n” means “ pdivides n,” or “ p is a divisor of

29

n.
For instance,

(4.14)

¢(p)=p-1= p[l—%}

by (4.12) and (4.13), for all pe 7.
Now, observe that, if Tin, j is in the sense of (4.6), and
if
(rl,...,rn)e{L*}n,for neN,
then

:tr[mrl(mr2 )aj ...(mr“ )6j J{%—%}
p p
by (4.9) and (4.11)
:tr[mrl(mrz )aj ...(mr” )aj ji](l—%]

p
=tr(mr1(mr2)aj ...(mr” )ajj Jpﬂ(l—%J
=t ( mn mrz % (

_#(p
J

Ol o)

forall me M, jeZ. Similar to (4.15), one can get that
~.\n-1
Wp,”(Trﬂ,j):%tr[m(mol) J (4.15)

forall neN, by (4.8).
Motivated by (4.15) and (4.15)’, we define a new linear

on &y, by

functional 7,

1
Tpr =——Wpr NG .. (4.16)

$(p)

Then the pair (Gg‘f”,rp,”)

is a well-determined
W™ -probability space, where Tp,r 18 In the sense of
(4.16).

Definition 4.3. The W™ -probability space (6;",”,%,”)

of a p-dynamical diagonal W* -algebra G2, and the

P

linear functional 7 , = Wp,r Of (4.16) is called the

1
#(p)
p-dynamical W * -probability space of & ;‘f,[.

By the wvery construction, our p-dynamical
W™ -probability space (Gg”,rp’,,) has the following
free-distributional information.

Theorem 4.5. Let T = Zk _ Tmy.j, be a free random

variable

w
Cret
my € M,

in a p-dynamical W™ -probability space

fp,;z) where T, are in the sense of (4.6) for

Mk Jk
ik €2, for all k=1..,N, for NeN, and

Tp,z 18 in the sense of (4.16). Then

S }z.“_lﬁ”[ml" () ”

(4.17)
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forall (f,...1,) e {L*}", forall neN.
Proof. Let T be given as above in the p-dynamical
W™ -probability space (Gg‘fﬂ,rpﬂ). Then, for any

(R, ) e{L#}", for neN, one can get that

TiT2. T
n n n
- T 12 1N
Z ( Mg Jy Moo iy mlnvllnj

a.
I
mnl(mnz) !
h {12

Oy MO j
1 I/}
= > (ml3) e n
3

Oi M..N0 j t=1
U Nh—1
In

_ ¥ (mr] )511 0jy

Xajl NN j N0

n 0 M..N0
{I ........ | ]6{1 ..... N} (mq) ] I
n—times |

=Sty () ()t e

SEICIR

and hence, we obtain that

T (TIT2.TT)

1
S T Y AR et [
_Z|=1mr m (ml) N

g (22

p’ P
n-1
N 1 n n aJ'I ¢(p)
_Z|:1¢(p)tr m (ml) N

:Z:\':lﬁtr[mln ak le

Therefore, the free-moment formula (4.17) holds.
By the above free-moment formula (4.17), we obtain
the following corollary.

Corollary 4.6. Let Ty, ; be in the sense of (4.6) in the

i
p-dynamical W™ -probability (63””,%’”). Then

rp,ﬂ(Tn?,j)=ﬁtr(m(mai)n1} 4.19)

and

Tpx [lﬂlan,j J = %tr(mrl (mr2 )aj ...(mr” )aj J,
p

1=1

forall (r,...r,)e{L#", forall neN.

Proof. The proof of (4.18) is done by (4.17). Also, the
free-moment formulas of (4.18) can be proven by (4.15)
and (4.15)’; under the definition (4.16).

5. Free Product W' -Probability Spaces of
{(6'0'% ’Tp‘”j} pep

For a prime pe 2, one can have a corresponding

p-dynamical diagonal W™ -algebra 6‘F’JV”p, from a
W * -dynamical system
(M.tr),o(Qp )75 ).

where (M,tr)is a fixed unital tracial W™ -probability

space. By defining a linear functional z,, » ~on 63’%,

7p

one obtains the p-dynamical W * -probability space

w denote W
Gp,ﬂ'p = (prﬂp ,Tp,”p )

For a fixed W™ -probability space (M,tr), assume we
have family &5 of W * -probability spaces 6&”@, for all
g e 2. i.e., in the similar manner with Section 3, suppose

we have W * -probability spaces

w w .
Sp = {Gp’”p = (6p1”p Tpp j ‘pe 7?}, (5.1)

where 7, are in the sense of (3.1.5) for every prime p in

P.
Let Sy be the family (5.1) of prime-dynamical

W * -probability spaces 6p,,,p 's. Now, we consider the

free product W * -probability space &,

denote def
= (6,2’): * X.
XesSp

ie.,

00 8L Ao
& =(E) pepgpv”P pe” T Toap

=(*6W

(5.2)
, X T .
pe? P7p pepr p'ﬂ-pJ
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Definition 5.1. The free product W™ -probability space
& of (5.2) is called the Adelic-dynamical W* -
probability space over (M, tr).

By the very definition (5.2) of the Adelic-dynamical
W™ -probability space & over (M,tr), we obtain the

following structure theorem.
Theorem 5.1. Let 6=(6,r) be our Adelic-dynamical

W™ -probability space over (M,tr). Then & s

* -isomorphic to the conditional tensor product
W * -algebra,
*—iS0
6 = M@,{ * c«;gvj, (5.3)
pe”
where GEV are the W" -subalgebras (4.1) of

/l/p=L°°(Qp), forall pe 2, and
T= KX 14,
pe” P
satisfying that

M®, &' =M ®, &q' =6, . forallge 7.

Proof. Let S be the Adelic-dynamical W™ -probability
space (5.2) over a fixed W™ - probability space (M,tr).
Then, by the very construction (5.2), one obtains that

G= % 6" = *(M@ 6"")
pe” P7p pe” P

#—iS0 w
= M®,| * &y |
”[peﬁ pj
in terms of the linear functional 7= * 7, where
pe? TP
w= *k m,, satisfying,
pe”
w W _ AW
M®, Gy =M ®,rq Gy —Gq’”q,

forall ge 2.
By the structure theorem (5.3), we understand the free

product W *-algebra & and its * -isomorphic W ™ -algebra,

def
Gy =M ®,,[ * 65“) (5.4)

pe”

as the same W " -algebra.
Notation and Assumption For convenience, we denote
the conditional-tensor factor, which is a free product

W * -algebra,

* Gpbyc". (5.5)

pe”

G=6y=M®,&",

where G, is in the sense of (5.4), and " is in the

sense of (5.5).
By the structure theorem (5.3) of the Adelic-dynamical

W™ -probability space & over (M, tr), we understand

G and G\, as the same W™ -algebras, and denote them
by &.

Let G =Gy, be the Adelic-dynamical W ™ -probability
space over (M, tr), and let

N

T= (mn)[ajn)€6,
n=1

(5.6)

where

w . ,
mnl’ajn e(ﬁpn’ﬁpn ,rpnyﬂpn )ln G, (5.6)

with m, eM, j, €Z, for N eN.

We are interested in the cases where a free random
variable T of (5.6) is a free reduced word in &,

equivalently, we are interested in the case where the
prime-sequence

(PL PN € aIt(PN ) for N eN,
from T of (5.6) is alternating (See (5.6)’, and Section 2.4).

By Section 2.4, for a fixed free reduced word T of (5.6),
we have

kequi N Ko N k
T =] ®|m . ) = ®(m . )
n:l( nZaJn el nZaJn
N 61_ k-1
=® | m,| m,"n .
e} n( n j Zajn
equi N o k-1
= H(m(mnjn) 6J-n,
n=1

for all k e N, meanwhile,

(5.7

T _7...T, forallk eN,
5/_/
n—times
as a free “non-reduced” word in &. Remark that only if
Jn # Jp in Z, then the above free non-reduced word 70
of T forms a free reduced word in &.
Here, we are interested in the free-distributional data

{T(T”)} of the free reduced word T of (5.6) in the
n=1

Adelic-dynamical W™
(M, tr).

-probability space & over

N
Theorem 5.2. Let T =H(mn;@j ) be a free reduced
n
n=1

word (5.6) in the Adelicdynamical W™ -probability space
G =(6,7) over a fixed W™ -probability space (M,tr),
where

w H '
MZo; € [Gpnvﬁpn Thn ., ) asin(5.6)
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for n=1,..,N, for N e N. Then there exist ry € Q, such
that
N1
n=]1] NG (5.8)
n=1 Pn
and

e )

forall k e N.
Note that the quantity ry is free from the choice of the

powers k of TK, forall ke N.

Proof. Let T be a free reduced word of & in the sense of
(5.6). Then, by (5.7), one obtains that

N NS
T*=T] mn(mnjn) 25, NG,
n=1

forall k eN. So,

T(Tk)zf[ﬁ_[imn(mjjn )“],ajnJ

n=.

by (4.17) and (4.18)

(H [ f1s{m(oie )

forall k eN.
The above free-moment formula (5.8) shows that, under
certain rational-scalar-multiples, the free-distributional

data of T are determined by the free-distributional data

on a fixed W™ -probability space (M,tr), where T is
free reduced word in the sense of (5.6) whose factors

satisfy (5.6)’.
Now, let
> :zrlll(mnlajn )66:(6’1)! (5.9)
with
MaZoj, e(Gpnﬂpn Tonpy ) (5.9
for n=1,...,N, for NeN.

Suppose S of (5.9) is a free sum in & . Equivalently,
assume that the primes

{pl F’N}e

from the operator S of (5.9), satisfying (5.9),
are mutually-distinct from each other in 2. Since the

primes py,..., py are mutually-distinct from each other,

of S are contained in the
Pn.7pp, of (5.9), for all

n=1..,N, and hence, they are free from each other in

6.
Now, recall that

kequi N k N k
S" = | ®@m, 5. =®(m .
n=1 nlaln n:l( nl@Jn )
k-1
a.
=® m, ) .
n—( ( " j ]%Jn

eq:uiZN o majn k-1
n=t| Mn{ M lajn,

forall k e N, by Section 2.4. Meanwhile,

My Za. | My . ,
k[( n,llajilj ( Niy Za“k D
where the summands

[(mnil oy, o 20y, j}

are free non-reduced words in &, for all

(igsoomiic) € {1 N,

for all k e N. (See Section 2.4.)
We are interested in the free-distributional data of

{Sk}:) ) for afreesum S of (5.9) in &.

Theorem 5.3. Let S be a free sum (5.9) in the

Adelic-dynamical W™ -probability space &, satisfying
(5.9)°. Then

r(s¥)=2n [ Jiﬂtr{mn(m Jn jHB, (5.11)

forall k eN.
Proof. By (5.10), if S of (5.9) is a free word in &, then
one has that

K N 8] k-1
S :Zn:1 Mn (mn n) Xoj,

in &, forall keN. Thus,

all  summands M %o
n

mutually-distinct free blocks &

(5.10)

for all k e N.
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6. Adelic-Dynamical W -Probability
Spaces over Group W -Probability
Spaces

In this section, let's apply the main results of Sections 4
and 5 to certain special cases. In particular, we are
interested in the cases where fixed unital tracial

W * -probability spaces (M, tr) are induced by countable

discrete groups. In the following, all groups G are
automatically assumed to be countable discrete groups.
Let G be a group. Then one can construct the
corresponding group Hilbert space,
Hg = 12 (G), the 1%-space generated by G,  (6.1)

equipped with its orthonormal basis Bg ,

Bg ={&y:9€G},
satisfying
<§91 1592 >G =Jgy,07
where (,); means the 12 -inner product of the 1% -space
Hg of (6.1).

Then the group G acts on Hg via an action u,

satisfying that
u(g)(&yq ) forall g, g'€G. 6.2)

For convenience, we denote u(g) by ug, for all
g € G. Then these images of the action u satisfy

Ug,Ug, =Ugq, forall g;, g, G, (6.3)
and
Ug =u 1, forall g €G,
where g_1 mean the inverses of g.
So, one can realize that
£ k3
UgUy =U g =Us. =U _; =Ugly, (6.4)
979 ~Tggl T e T gLy T T9Tg

for all geG, by (6.2) and (6.3), where eg is the
group-identity of G, and hence Ueg is the identity
operator 1HG on the Hilbert space Hg of (6.1).

The above relation (6.4) guarantees that uy are unitary

operators on Hg, satisfying
* -1
Ug =ug, forallgeG,

where u§1

So, we call the action u of G acting on Hg, the
left-regular unitary representation. Also, the Hilbert-space
representation (Hg,u) of a group G is also called the

left-regular unitary representation of G.

mean the inverses of uy on Hg.

Define now a W™ -subalgebra Mg of the operator
algebra B(Hg ) by

def _Ww W
Mg = C[u(G)] =C[ugeB(Hg):geG] (6.5
where Y mean the W *-topology closures of subsets Y
of B(Hg).

We call the W" -subalgebra Mg of (6.5), the group
W " -algebra of G (in B(HG)). By the very definition
(6.5) of Mg, if me Mg, then

m= " tyuy withty €C,
geG
where ¥ means a finite, or an infinite (limits of finite)
sum(s under W * -topology).

Thus, on the group W™ -algebra, we define the
canonical trace trg by

tr({z tgugJ:teG.

geG

(6.6)

So, one can understand the canonical tracial values
mean the coefficients of the ue -terms of elements of

Mg.
Remark that
trG (1HG ) = trG (UeG ) =1,
and hence, the linear functional trg of (6.6) is a unital trace.
Definition 6.1. Let Mg be the group W * -algebra (6.5) of
G in B(Hg), and let trg be the canonical trace (6.6) on
Mg. Then the unital tracial W™ -probability space

(Mg, trg ) is said to be the group W *-probability space
of G.
Let G be a given group, and let (Mg,trg) be the

corresponding group W™ -probability space of G. Then,
by our general cases in Sections 3, 4 and 5, one can

construct the W * -dynamical systems
((MG!”G)’O-(QD)’”D)’

and the corresponding crossed product W * -algebras
*—iS0

G G
Mp,;zp =Mg %z, o-(QP) = Mgy, Np =2

pvﬂ-p !
forall pe 7.
Thus, one obtains the p-dynamical diagonal subalgebras
G _ G
Gp,”p =Mg ®,,p Gy

where GS are the p-adic diagonal W™ -subalgebra of
Ny, forall pe 7.



50 Turkish Journal of Analysis and Number Theory

So, as in Section 5, we have the system

denote
G _ G G .
{613,7:,) = (6p,7rp ,prﬁp ) ‘pe P} (6.7)

of W™ -probability spaces Gp,ﬂ'p S.

of (6.7), we can have the

From the family {6G }
P.7p
pe”

corresponding Adelic-dynamical W™ -probability space
c°,

denote def
6% = (GG,TG)= *(GG 78 j (6.9)
per\ P7p  P7p
i.e.,
&%= % &C ,anerz * C

per P7p per P7p

Let T = Ug)(aj € 65% be a generating element of the

Adelic-dynamical W * -probability space G, for g eG,
and j eZ, where g are in the sense of (6.2). Then one
obtains that

G _ G
oty e )

1 1
= pj+1trG (Ug)=5eG’g ( pj+1J‘

_ 566,9

G
T (UgZaj)—F, (69)

by (4.17) and (5.8), for all geG, and jeZ, for all
p € 7, where eg is the group-identity of G.

Thus, one can obtain the following generalized result of
(6.9).
Theorem 6.1. Let ug, Xaj, be free random variables of the
Adelic-dynamical W * -probability space &°© =(6G,TG)

of (6.8), for a fixed group G, for g, €G,
1=1..,N, for N e N. Assume that

jl €7, for

G .G _
Ug, 2o, egplv”m inG&~, forl=1..,N. (6.10)

Let (py,..., py) be the N-tuple in primes obtained from

(6.10). If this N-tuple is an alternating sequence,
equivalently, if

(P pN)eaIt(PN )

and if

0] _ :
uglJI =U 0 in Mg, for some 9’ inG,
|

forall 1 =1,...,N, then we have that

n
ol [T . ~(ii+1)
T Hugllﬁn =1]s on-1Pi ,(6.11)
I=1 I=1 eeyg|(g|)

forall neN.
Proof. By (6.10), we have

- G -
Tj =Ug 25 €6p|,ﬂ'p| forl=1..,N,

in the Adelic-dynamical W™ -probability space GC of a
group G, for N eN. Assume that the prime-sequence

(Py.- Py ) is @n alternating N-tuple in 2, and suppose

6.
ul =Uo inMg, forsome g° €G,  (6.12)

] |

forall 1 =1,...,N.
By the alternating property of (py,...py). the
operator

N
T=]Im (6.13)
1=1
forms a free reduced word in &€, satisfying that
equi/ N \' N equi N
" =|®T | =0T" = []T", (6.14)
I=1 1=1 11

forall neN.
Thus, by (6.14), one can get that

()11, (1)

by (6.14)
N n-1
_T1.6 0]
Y UEN [ugl (ug| ) Yojy J
1=1
INI 1 n-1
Lo
) plJ|+1 | 9
by (6.12)

i

i na-
R eeyg|(9|°)

Remark here that the existence of g €G for g, €G,

in the assumption (6.12), is guaranteed by the very
definition of the semigroup-action Ty of the semigroup

a(Qp), and the structure theorem (5.3), which can
be re-expressed by (5.4). i.e.,

a .
I _ i G i oG
Ugy =7p (a” )(ugI )e Mg ®, GPI . inG~,
as a * -homomorphic image, and hence, there does exist

o *—iS0
g G(MG@%C'%J—I) = Mg,
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dj . .
such that Ugo :ugl" . Therefore, the condition (6.12) in
I
the above theorem is meaningful.

Let T be a free reduced word in G© in the sense of
(6.13) above. Notice the difference between T" and
T(n), as we discussed in Section 2.4, i.e.,

equi(" N N equi N
" = @T | =eT" = [[1in&°,
1=1
I=1

meanwhile,

as a “non-reduced” word, for all neN. Thus, one can
verify that

C (T” ) s (T(n)), in general,

whenever n=1 in N.
By the free-moment formula (6.11), one obtains the
following corollary.

Corollary 6.2. Let UgZaj eGSﬁp in the Adelic-dynamical
W * -probability space G© :(GG,TG) of a group G,

for geG, and jeZ, If ugj =Uy. In Mg, for some

90
0o €G, then
G " ~(i+1)
. [(ug;@j ) ]_5ec;,9981 p U (6.15)
forall neN.
Note that, in the above corollary case, one has
n (n)
(Uglaj ) :(Ug,l’aj ) ,forallneN,
and hence, we automatically obtain that
(n) n
- ((”9;‘61 )7 =8| vy
(6.16)
_5 B —(j+1)'
o000 1P

by (6.15), for all ne N.
Indeed, the formula (6.16) holds, because UgZaj is

chosen in a single free block Gg’ﬁp of 6°.
However, one may take

_ G . ~G
T| —Ug}(6j EC‘?vp‘”p inG>,
for 1=1..,N, for N e N\{1}, where

(pl,...,pN)eaIt(PN).

Then, even though Ty,..., Ty are identical to UgZa;»

the free reduced word

T=TT,..Ty €G°

satisfy that
G N N %G9
‘ (T):I 1Tp|,ﬂp| (T|):|1_{ pj+1
N - (6.17)
—(j+1
= 6ag g [H ) ( )J,
I=1
by (6.11).
Corollary 6.3. Let T, =UgZaj 66;; 7 in 6, for all
I)

[
I=1..,N, for NeN\{1}, for a fixed geG, and

N

jez, and let T=]]T in &C. If the corresponding
1=1

prime-sequence satisfies

(P pN)eaIt(PN )

then

(6.18)

G N (i)
o (T) =0 | [ 1M :
1=1
Proof. The proof of (6.18) is done by (6.11) and (6.17).
Now, let's concentrate on free blocks
G G
Gp’ﬁp =Mg ®,,p Gp.forpe”?

of our Adelic-dynamical W™ -probability space G° of a
group G.

Definition 6.2. Let 6r?7rp be a free block of the
Adelic-dynamical W * -probability space 6C of a group
G, for a fixed pe 2. We say that this fixed free block
foﬁp is ﬁp—independentin S&C, if

u (6.19)

Py
|- _ _
o' =7p(9))(ug ) =ug,
forall geG, forall jeZ.

By the very definition (6.19), one can realize that

if a free block GS% of the Adelic-dynamical

W* -probability space 6% of a group G is
7, -independent, then the semigroup-action 7, not only

induces a = -isomorphism from Mg to Mg ®¢

(C'Zaj)' for all jeZ, but also forms the identity

morphism from Mg to Mg ®¢ (C'laj), forall jeZ.
Therefore, one can characterize the Ty -independence

(6.19) of a free block Gsﬂp of G© as follows.
Theorem 6.4. Let ngp be a free block of the

Adelic-dynamical W * -probability space GC of a group
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G, for a fixed pe 2. Then 6:)3% is 7, -independent in

the sense of (6.19), if and only if

G def G*—iso G
6p,7zp = Mg ®7zp Gy = Mg®c Gy, (6.20)
in 6°.

Proof. (=) By the discussions in the very above

paragraphs, if a free block & Sﬂp is 7, -independent, then

(&) Conversely, if a free block GSHD of 6% is

*-isomorphic to Mg ®¢ 6?, then the semigroup-action

Ty of the sub-semigroup <{aj}jez>, generated by

{aj}jez of the semigroup a(Qp) satisfies (6.19). i.e.,

for all jeZ, the action =z, forms the identity

* -isomorphism from

p

MG onto MG ®(C (CZ@J )

Therefore, the above *-isomorphic relation holds, then
6;3% is 7, -independent in the Adelic-dynamical

W * -probability space G°©.
Then above characterization (6.20) shows that a free

block Gg’ﬁp of % is 7 -independent, if and only if

*—IS0

G _ G
Spry = Mc®c 67,

equivalently, the conditionality on tensor product can be
ignored.

Theorem 6.5. Let G (6 G,rG) be the Adelic-dynamical
W * -probability space of a group G, and let 6pl . be
some free blocks of G©, for 1 =1,...,N, for N e N. Let

- G -
T =Ug erI o for1=1,...,N,

: G
where g, €G, and jeZ If 7y are
Ty -independent in the sense of (6.19), for all
I=1..,N, in 6%, andif

(pl,...,pN)eaIt(PN),
then we obtain
N n
ST H5 o (6.21)
I=1 11 % gI
forall neN.
Proof. By the assumption that the prime-sequence

(pl PN ) is an alternating sequence in 2, the operator

T is a free reduced word in G©, satisfying that

N
"=TI%"in GC forallneN.
1=1
So, for any neN, one has that
N

N n N 5j n-1
T zll_{(ugllajl ) :HUgl (Ugl ) Zajl .

However, by the Ty mdependence (6.19) of 6pl .

forall 1 =1,...,N, one can refine that

N N
Tn= un la :Hu nZa ,

) g~ 1 9 i
forall neN, by (6.20).

Therefore, we have that
G (+n G N N G
(T")= H“gp“jl :prl,nm (”gp“le

eG g|
_H ji+1

=1 IO

forall neN.
So, by (6.15), (6.16) and (6.21), one can get the
following corollary.

G G
Corollary 6.6. Let ug;(@j EGp,np in 67, for pe 7,
where geG, and jeZ. Assume that the free block

C‘vfﬂp is 7, -independent in &C. Then

(oo )= fo2 )

—(j+1
= §e nb (J+ ),
G 9 (6.22)
forall neN.
Proof.

_ G G :
Let T—ugZajEGpﬁp, where GMD is

7, -independent in GC. Then
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\nh-1
T =1 =y, (ugl) Zoj»

for all neN, because T is contained in a single free
block € in G©. Thus,
pvﬁp

© (T”):rG (T(n)),forall neN,

as we discussed in (6.16).
: G
By the 7, -independence (6.19) of GMp ,

a.
ug) =ug,forallg G,

by (6.20).
So, one obtains that

S on
G(+n)__G _ .G _ .9
T (T )—r (Ugn}(lgj)—fp'ﬂ.p(ugn)(lgj)— pj+1 '

forall neN.

Therefore, the free-moment formula (6.22) holds.

We finish this section with a special case where a given
group G is the free group F, with n-generators. Recall

that the free group F, is a non-abelian group generated by

n

its n-many generators {Xi}izl’

with no relators (or
relations) on it, i.e.,

F, :<{xl,x2,...,xn}>,

for all ne N. In particular, we are interested in the cases
where n>1. We cannot help emphasizing the importance
of free groups not only in algebra, and combinatorics, but
also in operator algebra theory (e.g., see [11] and [14]).

In the rest of this section, let F, be the free group with

n-generators {xi}i”:l, for ne N\{1}, and

&0 =(6<n) ) j

P-7p Pp’ P7p

the p-adic dynamical W™ -probability spaces, for all
pe 2, and let

& —(s,7)

be the corresponding Adelic-dynamical W™ -probability
space.
We concentrate on the generating operators

def

p_ (WRNSPNQ)
TJ = Uxilaj EGD,ﬂ'p in&G y

(6.23)

forall pe P, jeZ, forall i=1..,n.

Lemma 6.7. Let Tif’j be in the sense of (6.23) in the
Adelic-dynamical W™ -probability space (‘3(”) of the
given free group F,, for pe 7, jeZz, fori=1..,n. If

& s z_ -independentin &), then
P.Tp p

r(”)((Tip )kj=o, for all k €N, (6.24)

g

Proof. By (6.21), or (6.22), one can get that

Otk
A" [(Tlpj )k j = T(r:z)rp ((Tlpl )k j - pj+1 ’

under the Ty -independence (6.19) of 6gn;p in 6(”), for

all k e N, where e, means the group-identity of F,.
By the very construction of the free group F,,if x;is a

generator of F,, then xik #e€,,and hence, §

=0, for
en,xk

i
all k e N. Therefore, the vanishing free-moment formula
(6.24) holds.

More generally, one can get the following result.
Lemma 6.8. Let Ti|p|j| be in the sense of (6.23) in 6(”),
for ppe”, j €Z, for iy =1..,n, for all I =1,...,N, for

6(n) are

blocks
Py

N eN. Suppose the free

7 -independent in &, forall 1=1,..,N. Let

T—ﬁTp' cs
_H il '

(py,--s pN)eaIt(P”),

then we have

A" (Tk ) =0, for all k e N, (6.25)

Proof. By assumption, the operator T is a free reduced
word in . so,

by (6.24), under the 7, -independence, for all 1 =1,...,N.
Observe that:

Lemma 6.9. Let T :Tif’j =Uy Zj € ng;)rp be in the sense

of (6.23) in the Adelicdynamical W™ -probability space
6(”) of the given free group F,, for p e 7Z. Assume that

the free block 6&"7)% is 7, -independent in &M Letw

be an operator of 6("), which is either
S S
W=<TT*) ,orW=(T*T) ,

for some s eN. Then
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") (Wk): p U forallkeN,  (6.26)
forall i=1,...,n.

Proof. Let T =T;F; = Uy 25 In a fixed free block 6&”7)%

of the Adelic-dynamical W™ -probability space 6(”), for
p e 2. Then the adjoint T™ is also contained in ngi)rp,
and hence,

T 17T e ina™,

forall i=1,...,n. Thus, forany seN,
S S
(T7) . (T°T) c6() in e, too,

forall i=1...,n.
Observe that

*
T = (uxi 7(61' )(Uxi—llaj j

a.

— J —

- uxi (ux-_l Jl’aj - uxi uxfllaj
1

=uXiXi—17(aj ~Yen 2o
in 6gn;);p inside G(n), for all i=1..,n, by the

7, -independence of ng,)rp in a(M. Similarly, we have

TT =Ue, %o eﬁgzp C6(n),

i.e., one obtains that

TT" = Ugg Zo; =T*Tin c«;g’])[p inside 5", (6.27)

By (6.27), let's concentrate on TT*. Forany s e N,

%\S S .
(TT ) :(ueGlaj) :uecsazﬁj :ueG)(aj =TT ,(6.28)

and similarly,
(T7) =TT, ins,
by (6.27), under the | -independence of Gg?ip in
s,
So, by (6.28), we have that if Wea(™ is either
W =(TT*)", or w =(T*T)", forsome s <N, then

W=TT*=TTinc" |
P.7p

by (6.27).
S S
Thus, if either W :(TT*) or W :(T*T) , then

() (Wk ) _ . [(TT*)k ] Q) [(T *T)kj
=) ((”ee %o )kj oy [u"(k; 0 j

(n) 1

Tpp (ueG 20 ): N

for all keN, for all i=1,..,n Therefore, the free-
distributional data (6.26) is obtained.

Motivated by (6.26), we obtain
generalized result.

the following

. n .
Proposition 6.10. Let T =Tif’j =Uy 7| EGEJ,i)rp be in the
sense of (6.23) in the Adelic-dynamical W™ -probability
space 6(”) of the given free group F,, for pe?,

and neN. Assume that the free block ng;)rp is
7, -independent in e, Let

v=(R,.ty ) €L, for N eN\{1},
and let
#; (v) =the number of 1'sinr,
and

. (v) =the number of *'sint.

#
If # (v)=#.(¢) in N, then

N k .
A {H(T")J =p U forallkeN, (6.29)

1=1

forall i=1,...,n.

Proof. As we discussed in the proof of (6.26), if T is given
as above, then

N
w=T]T" eeg‘)[p inc(",
1=1

and hence, WX are contained in the same free

block ng;)rp in &, for all keN. Under the

. (n) .
TTp -independence of Gp’”p if

#(v)=#.(v)inN,
then
W =g 75, in &',
satisfying
wk =w, forall k e N.
Therefore, one has that

AWk =D (w)=2" (w)=

p.7p

for all k e N.
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By the above three lemmas and proposition, we
obtain the following free-distributional data on the

Adelic-dynamical W™ -probability space 6(”) of the
given free group F,.

Theorem 6.11. Let 6(n) be the Adelic-dynamical
W* -probability space of a given free group F,,

for ne N\{1}, and let Tif’j be in the sense of (6.23) in

@(”), contained in the free block GEn)Ip, fori=1..,n.

block & s

Assume that this free
Py

7, -independent in c", Let

t=(r1,r2...,rN)€{l,*}N , for N eN.
Also, let
#; (v) =the number of 1'sinr,

and
#, (v) =the number of *'sint.
Then we obtain that

Tm)U%hﬁkaz{pUH)”#“qz#Jﬂwam

=1 0 otherwise,

forall keN, forall i=1,...,n.
Proof. Let Tif)j = Uy 2o be in the sense of (6.23) in

block &"

of our
P.7p

the 7, -independent free

Adelic-dynamical W™ -probability space 6(”) of the free
group F,, for i=1..,n. Let

t=(l’1,...,l’N)e{L*}N , for NeN.
and let
N n
T, :H(Ti,pj) ce ina.
1=1
As we discussed in the proof of (6.26), indeed, the

operator T, is contained in the free block ngi)rp of

(n)
[CARE
Assume first # (v) = #, (t), say # (¢v)>#.(t). Then

Te =0 i(e)ha(0) 205
and hence,
(1) =0, forall ke N,

by (6.24) and (6.25).
Similarly, one can verify that if # (¢v)=4#,(t), then

V(1) =0, forallkeN.

Suppose now that #; (t) <#,.(t). Then, by (6.29), one
obtains that

f(”)(Ttk)z.i, for all k € N,
pj+l
The above free-moment formula (6.30) characterizes

the free distributions of individual generating elements
Ux; 20 of the Adelic-dynamical W™ -algebra & of the

free group F,, for all i=1,...,n, for all jeZ, whenever

a free block 6(") is Tp -independent in SG(n), for

p!”p
pe?.

By the above free-distributional data (6.30), we obtain
the following result.

Theorem 6.12. Let Ty =T,", eﬁg')ﬂp
: Py

be in the sense of
(6.23) in the Adelicdynamical W™ -probability space
& of a free group Ry, for ne N\{1}, for I =1.., N,

for N e N. Suppose the corresponding prime-sequence

(Pp-mPn)E aIt(PN )
is an alternating sequence in 2, and assume that the free

blocks & E,T)

are 7, -independent in & for all
Py '

where

Y Z(n,l, 20l g )e 1,4

forall 1 =1,...,N.
Then we obtain that

A" (Tk)

— lﬁlp;(”-ﬂ) if #1(t):#*(t),V|=l,_,_,N (6.31)
BRREt

0 otherwise

forall k e N.
)
Proof. Under hypothesis, the factors l_ITln's of T are
s=1
contained in the free blocks Gl(or;)ﬂp of 6("), for all
7P|

1=1...,N, ie.,

)
[ el foralll=1..,N.
P17y
=1
By the assumption that (pl pN) is an alternating

sequence in 2, the operator T is a free reduced word in
(" satisfying that
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k
N (1
TE=TITIT"s | foralik e,
1=1\ s=1
Thus, one has that
k

N n f
) ey [T |

T
11 17 p
with
f) k

HTln’s

s=1 0

oy it g (e ) =, (x)),

otherwise,

()

PI7py

for all ke, by (6.30), under the T -independence

n
(6.19) of 5&‘)% in &, forall 1 =L N,
Pl

Therefore, we have that

T

N
(M) (<K HWUM) if # (v))=#(c1), VI=1...,N
(T ): I=1
0 otherwise,

forall k eN.
Therefore, the free-moment formula (6.31) holds true.
The above theorem characterizes the free distributions

of generating elements Ti"OJ- 's of 6(n) in terms of the
joint free-moment formula (6.31).
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