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1. Introduction

Let T: X — X be a mapping. A point x € X is called
a fixed point of 7 if x=7x. Let x, be an arbitrary

chosen point in X. Define a sequence {xn} in X by a
simple iterative method given by x, . =Tx,, where
ne{0,1,2,3,...}. Such a sequence is called a picard

iterative sequence and its convergence plays a very
important role in proving existence of fixed point of a
mapping 7. A self mapping 7 on a metric space X is
said to be a Banach contraction mapping if,

d(Tx,Ty)<kd(x,y) holds for all x,yeX where

0<k <1. Recently, many results appeared in literature
related to fixed point results in complete metric spaces
endowed with a partial ordering. Ran and Reurings [21]
proved an analogue of Banach’s fixed point theorem in
metric space endowed with partial order and gave
applications to matrix equations. Subsequently, Nieto et.
al. [16] extended the results of [21] for non decreasing
mappings and applied this result to obtain a unique
solution for a st order ordinary differential equation with
periodic boundary conditions. Mustafa and Sims in [18]
introduce the notion of a generalized metric space as a
generalization of the usual metric space. Mustafa and
others studied fixed point theorems for mappings
satisfying different contractive conditions. Further useful
results can be seen in [3,12,13,14,19,20,27,28]. Recently,
Arshad et. al. [4] proved a result concerning the existence
of fixed points of a mapping satisfying a contractive
condition on closed ball in a complete dislocated metric
space. For further results on closed ball we refer the reader

to see [5,6,7,24,25,26]. The dominated mapping [2] which
satis.es the condition fx <x occurs very naturally in

several practical problems. For example x denotes the
total quantity of food produced over a certain period of

time and f'(x) gives the quantity of food consumed over
the same period in a certain town, then we must have fx < x.

In this paper we have obtained fixed point results for
dominated self-mappings in an ordered complete dislocated
symmetric G,metric space on a closed ball satisfying
Hardy Roger type contractive condition. In the process we
extend and improve several recent and classical fixed
point results. We have used weaker contractive condition
and weaker restrictions to obtain unique fixed point. Our
results do not exists even yet in metric spaces. An
example is given to show the validity of our result.
Definition 1.1. Let X be a nonempty set and let

Gy :XxXxX—>R" be a function satisfying the
following axioms

1 If G, (x,y,z) =Gy (y,z,x) =Gy (Z,x,y) =0, then
xX=y=z,

(i) Gy(x,»,2)<Gy(x,a,a)+Gy(a,y,z) for all
x,y,z,a € X (rectangle inequality).

Then the pair (X,Gy,) is called the dislocated quasi
G, -metric space. It is clear that if

Gy (x,,2)=Gy(»,2,x) =Gy (z,x,y)=0 then from (i)
x=y=z Butif x=y =z then G, (x,y,z) may not be 0:
It is observed that if G, (x,y,z) =Gy (y,z,x) =Gy (z,x,y)
for all x,y,ze X, then (X , Gd) becomes a dislocated

G, -metric space.
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Definition 1.2. If X be a set of non-negative real numbers,
then Gy (x,y,z)=y+max{x,y,z} defines a dislocated

quasi metric G on X.
Definition 1.3. A G, -metric space (X,G,) is called

symmetric if G, (x,y,y) =Gy (y,x,x) forall x,y e X.
Definition 1.4. Let (X,G,) be a G, -metric space, and
let {xn} be a sequence of points in X, a point x in X is
said to be the limit of the sequence {x,} if
lim,, , 50 G4 (X,%,,%,,) =0, and one says that sequence
{x,} is G, -convergent to x. Thus, if x, >x in a
G, -metric space (X .Gy ), then for any e> 0, there exist
N eN such that G, (x,x,,x,,) <€, forall n,m>N.
Definition 1.5. Let (X,G,) be a G; — metric space. A
sequence {xn} is called G, -Cauchy sequence if, for each
e>0 there exists a positive integer n eN such that
Gy (xn X
G (X%,
Definition 1.6. A G;-metric space (X,G,) is said to be

* . .
xl)<e for all nilm>n; ie if

,xl)—>0 as n,m,l — .

G, -complete if every G, -Cauchy sequence in (X,G,)
is G, -convergent in X.
Lemma 1.7. Let (X,G, )be a G, -metric space, then the

following are equivalent:
(1) {xn} is Gd convergent to x.

(i) G4 (x,,%,,x) >0 as n— .

(i) Gy (x,,x,x) >0 as n— oo,

(iv) G4 (x,,%,,x) >0 as mn — oo.
Definition 1.8. Let (X,G,;) be a G, -metric space then
for xgo € X, r>0, the G,-ball with centre x; and radius
r s,

B(xo,r)z{yeX:Gd (xO,y,y)<r}.

Definition 1.9. Let (.X,<) be a partial ordered set. Then
x,y € X are called comparable if x <y or y<x holds.
Definition 1.10. [2] Let (X ,-_<) be a partially ordered set.

A self mapping f on X is called dominated if fx<x
for each x in X.
Example 1.11. [2] Let X =[0,1] be endowed with usual

ordering and f: X — X be defined by fx=x" for some

neN. Since fx=x" <x for all xe X, therefore f is a
dominated map.

2. Main Result

Theorem 2.1: Let (X ,j,Gd) be an ordered complete
dislocated symmetric G; metric space, x; € X, r>0,

and S: X — X be a dominated mapping. Suppose there

exists a, and y such that 0<a+3F+10y <1 and for

all comparable elements x,y and z in B(xg,r).

G, (Sx, Sy,Sz) <aGy, (x, y,z)

+/7’[Gd (x, Sx, Sx)+ G, (y, Sy,Sy)+ G, (z, Sz, Sz):l (2.1
G, (x, Sy, Sy) +Gy (x, Sz,SZ) +Gy (y, Sx, Sx)
+Gy (y, SZ,Sz)+ Gy (z,8x, Sx)+ Gy (2.5, Sy)

and
Gy (%0, Sx9.8x9) < (1- 1) 7. (2.2)
where A = M.
1-28-4y

If for a nonincreasing sequence {x,} in B(x,r),

{xn} —u implies that u < x,, then there exists a point

X in B(xg,r) such that G, (x*,x*,x*) =0 and
X =8¢,

Proof. Consider a picard sequence x,,; = Sx,, with initial
guess xp . As x,,; =Sx, <x, for all ne{0}UN. Now
by using inequality (2.2) we have,

Gd (Xo,xl,xl)S r,

it implies that x; € m. Now by using inequality (2.1)
we have,
Gy (x1,%7,% ) < aGy (xo,xl,xl)
G (xq.8x9,Sxg )+ Gy (x1, 8%, 8% )
+p +Gy, (xl,le,le)
G (xg,8x;, 8% )+ Gy (x, Sxp,Sx))
+7| +Gy (x1,8x9,8x0 )+ Gy (1, Sxp, 8% )
+Gy (x1,8x0,Sx0 )+ Gy (x1, 8%, Sxp)

Gy (%1, %2,%)

S(O!"'ﬂ)Gd (xo,xl,x1)+2,3Gd (XI,XZ,)Cz)
2Gd (Xo,XZ,Xz)'f'zGd (xl,xl,xl)
+2Gd (xl,xz,xz) .

Gy (%1, %2,%)

<(a+PB)Gy(xg.x1,x)+2BG, (x1,%7,%7)
2G, (xo,xl,x1)+2Gd (xl,x2,x2)

+y| +2G, (xl,xo,x0)+2Gd (xo,xl,xl)
+2Gy (%1, X2,%7)

Gy (xl,xz,xz)

S(C{+ﬂ+47)Gd (xo,xl,x1)+2ﬁGd (XI,X2,X2)

+4}/Gd (xl,xz,xz)-i-Z)/Gd (xo,xl,xl)
(1-28-4y)Gy (x,x3,%)
<(a+B+6y)Gy(xp.x1,x;)
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Gd (xl’x2,x2)s(1a_+2i+iyj(;d (xo,xl,xl) Gd (XO’xj+1’x./+l)
7/ SGd (xo,xl,xl)-‘er (XI,XZ,Xz)
Gy (x1,%0,%7) < AGy (%05 X1, % ). (2.3) +..4+Gy (xj,xj+1,xj+1)

Now by using (2.2) and (2.3) we get, £(1+i+12 +...+ﬁj)Gd (2051, %1)
Gy (%0 %2, %2) 1— 2/
SGd(xO,xl,xl)-i-Gd(xl,xz,xz) ( JGd xO’xl’xl)
ng (xo,xl,x1)+/1Gd (xo,xl,xl) - i/“']

S(l‘{‘ﬂ)Gd (xo,xl,xl) [ 1— J 1 A r—( l]Jrl)

S(l—/iz)rﬁr,
Gy ()COsxj+lsxj+l)S
it implies that x, € B(xo,r). Let x3,...,x; € B(xp,r) for

some j € N. Now by using inequality (2.1) we have, which  further implies  x;,; € B(xg.r). Hence by

induction x, € B(xq,r) for all neN. Using inequality

Gd (X2,X3,X3)£aGd (xl,xz,x2) (2 S)We get

Gd (xl,le,Sx1)+ Gd (XZ,SXZ,SXZ)
+Gy (x7,8%5,5%) G (Xs X X )

Gd (xl,sz,Sx2)+ Gd (xl’sz’sz) < Gd (xn’xn+laxn+l)+"'+ Gd (xn+i71’xn+i’xn+i)

+y +Gd (X2,SXI,SXI)+Gd (X2,SX2,SX2) . Gd( Xns n+l’xn+l)
+Gd (Xz,le,le)-l- Gd (X2,SX2,SX2) <" Gd (xo,xl,x1)+..+/1"+i_lGd (xo,xl,xl)
Gy (x2.%3,33) < @Gy (31,32, %7 ) Gt (X X X )
+ﬂ|: xls'xZa'xZ +2Gd (x23x33x3):| S(ﬂn‘l‘ﬂnJrl"r.."r/anriil)Gd (xo,xl,xl)

2Gd X1,X3,X3 +Gd(x2,x2>x2) Gd(x X X )
n>¥n+i>n+i

7| +Gy (x2.%3.33)+ Gy (x2,%2,%7) |- gﬂ”(1+/1+_,,+,1"_1)Gd (o)
A
A"

+Gd )C2,)C3,X3

IA

Gd X2,X3,)C3 a+ﬁ)Gd(x1,x2,x2)
+2ﬂGd ()Cz,)C3,X3)+2]/Gd (XI,X3,)C3)
+2]/Gd (Xz,Xz,Xz)‘f‘Z}/Gd (X2,X3,X3).

nl_
1

IA

_—/'LJGd (XO,XI,XI)
A

|
e

Gy (xp,x3,x3) < (a+ B) Gy (x1,%2,%7)

=i" (l—ﬂ.i)r—>0asn — o,
+2IBGd (X2,X3,X3)+2}/de (xl,xz,x2)

+2yGy (x9,%3,%3) 427Gy (x9, %1, %) Hence the sequence {x,} is Cauchy sequence in
127Gy (x1,%0,%7 ) +27Gy (3, %3,%3) (B (x0.7).Gy ) Therefore, there exists a point
(1—2/}—47/)Gd(x2,x3,x3) x*eB(xO,r) such that

<(a+B+6y)Gy(x1,xp,%) y G( i *)
im G (x,,x ,x

a+B+6y e (2.6)
Gy (x2.x3,%3) < (ijd (x1,%2,%2) = lim G, (x x ,xn) 0.
n—>
<
= ﬂGd (xl,xz,xz) NOW,
Gy ()Czex3,x3)S AZGd (x09x1’xl)' (2.4) G, (x*,Sx*,Sx*)

Similarly we get,

. <Gy (x*,xn,xn)+Gd (an_l,Sx*,Sx*).
Gd(xj,xjﬂ,xjH)SAJGd(xo,xl,xl). (2.5)

By assumption X <x, <x,_;, therefore
By using (2.3), (2.4) and (2.5) we get,
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G, (x*,Sx*,Sx*)
<Gy (x*,xn,xn)+aGd (xn_l,x*,x*)

G, (xn_l S 8%,_1,8%,_4 ) +Gy (x*, Sx*, Sx*)
+p

+Gy (x*,Sx*,Sx*)

G, (xn_l ,Sx*,Sx*)+ Gy (% ,Sx*,Sx*)
47| 4G (%5505, )+ Gy (75", 5
4Gy (¥, 85,055, ) +Gy [+, 57, 507)
G, (x*,Sx*,Sx*)
<G, (x*,xn,xn)+aGd (xn_l,x*,x*)
+,B[Gd (Xp1235%, ) +2G, (x*,Sx*,Sx*)}
2G, (xn_l,Sx*,Sx*)JrZGd (x*,xn,xn)

7 +2G, (x*,Sx*,Sx*)

G, (x*,Sx*,Sx*)

<Gy (x*,xn,xn)+aGd (xn,l,x*,x*)

o5 G, (xn_l,x*,x*)+Gd (x*,xn,xn)
2G, (x*,Sx*,Sx*)
2Gy (xn,l,x*,x*)+2Gd (x*,Sx*,Sx*)

+7 * * * *
+2G, (x ,xn,xn)+2Gd (x ,Sx 8% )

G, (x*,Sx*,Sx*)
<Gy (x50, )+ (@ + B+27)Gy (xn_l,x*,x*)
+2G, (x*,sx*,sx*)+ﬂcd (", %0,
+4yG, (x*,Sx*,Sx*)+ 2yG, (x*,xn,xn)
G, (x*,Sx*,Sx*)
<Gy (" 503, )+ (@ + B+27) Gy (xn_l,x*,x*)
+(28+47)G, (x*,Sx*,Sx*)+ﬂGd (+" %%
+2yG, (x*,xn,xn)
(1-28-47)Gy (x",5x",5x")
(14 B+27) Gy (x" 5,0, |
+(a+B+27)Gy (xn_l,x*,x*).
Taking lim

on both sides and by using (2.6) we have,

n—>0

(1-28-47) Gy (x",5x",5x")
<(0)+(a+pB+2y)(0)+(B+27)(0)
G, (x*,Sx*,Sx*)SO.
Also,

G, (Sx*,x*,x*) =Gy (x*,Sx*,Sx*)SO.

Hence, S =x

If we take =y =0 in inequality then we obtain the
following corollary.
Corollary 2.2. Let (X,<,G;) be an ordered complete

dislocated symmetric G; metric space, and S: X > X
be a dominated mapping and x; be any arbitrary point in
X. Suppose there exists o €[0,1) with,
G, (Sx, Sy,Sz) <aGy (x,y,z),
forall x,y and z € m
and
G, (Sx, Sy,Sz) < (1 - a)r.
If for a nonincreasing sequence {xn} — u implies that
u < x,. Then there exists a point X in m such that
x =8 and Gy (x*,x*,x*)zo. Moreover if for any
three points x,y and z in m such that there exists

a point ve B(xg,r) such that v<x,v<y and v<z, that

is, every three of elements in B(xo,r) has a lower bound,

then the point xis unique.

Similarly if we take @ =y =0 in inequality then we
obtain the following corollary.
Corollary 2.3. Let (X =y Gd) be an ordered complete

dislocated symmetric G; -metric space S: X — X be a
mapping and x, be an arbitrary point in X. Suppose

there exists f € [0,%) with

Gy (Sx, Sy, Sz)
<b[ Gy (x,8x,8x)+ Gy (y,5,5)+ Gy (2,52,52) |

for all elements x, y,z € B(xy,”) and
Gd (XO,SXO,SXO) < (1—(1))1",

o B

1-28°

{xn} —u implies that u < x,,. Then there exists a point

where If for nonincreasing sequence

X in B(xpr) such that x =S  and
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If we take =0 in inequality then we obtain the
following Corollary.
Corollary 2.4. Let (X,<,G;) be an ordered complete

dislocated symmetric G; metric space, xy € X, r>0,

and S: X — X be a dominated mapping. Suppose there

exists «, /8 and for all elements x,y and z in B(xy,r).
G, (Sx, Sy, Sz) <aGy (x,y,z)
+ﬂ[Gd (x, Sx, Sx) +Gy (y, Sy,Sy) +Gy (z, SZ,SZ)]

where /1=10‘+2/3 and a+3f6 <1 and

Gy (x9,Sx0,8x9) < (1=2)r.

If for a nonincreasing sequence {xn} in m,
{xn} — u implies that u < x,, there exists a point x"in
m such that G, (x*,x*,x*) =0 and x" =8x".
Example 2.5. Let X =R" U{0} be endowed with usual

order and G; : X x X xX — X be a complete dislocated

symmetric G; metric space defined by,

X yz
G b ’
7 (x,0.2)= max{2 > 2}

Then (X,Gy) is a complete dislocated symmetric G
metric space. Let S: X — X be defined by,

ifxe[0,3]
Sx = | .
x= if xe(3,0)

Clearly, S is a dominated mapping. Take x, :%,

Also if x,y and ze(3,0). We assume that x=4,
y=4, z=4, then

G, (Sx,Sy,Sz) =Gy (4—%,4_%’4_lj

7

=max{3,3,3} =3> émax{2,2,2}
+%[max{2,3,3} +max {2,3,3} + max {2,3,3}]

Gy (x, Sx, Sx)+ Gy (y,Sy, S)’)} 11

=aG,(x,y, b it
¢ d(xyz)-i— L—Gd (Z,SZ,SZ)

5

So the contractive condition does not holds in X. Now
xg,r) then,

if x,y and z e B(

Xy z Xy z

G Sx,S ,SZ =G —,—,— |=max<{—,—,—

4 (8555.5) d(444) {888}
G, (Sx, Sy,Sz) max f’Z’ Slmax f,l,i
8 5 2 2

( 8 2
l max —,—,= +max Z,Z,Z + max
5 2 88

Gd(Sx,Sy,Sz):max f,z,z Slmax f)ljf
8 8) 5 222

G, (x, Sx, Sx) +Gy (y, Sy,Sy)}

=aG;(x,y,z)+b
a d(xyz) |:+Gd(Z,SZ,SZ)

Hence it satisfies all the requirements of Corollary 2.4
and 0 is the fixed point of S.

Theorem 2.6: Let (X,<,G;) be an ordered complete
dislocated symmetric G; metric space, and S: X — X
be a dominated map and x; be an arbitrary point in X.

Suppose there exists A €[0,1) with,

G, (Sx,Sy,Sz)
G, (x, Sx, Sx) +Gy (y, Sy, Sy)
+Gy (z, SZ,SZ)

G, (x, Sy, Sy) +Gy (z, Sz, Sz) +Gy (y, Sx, Sx)
+Gy (y,Sz,Sz)+ G, (Z,Sx, Sx) +Gy (z, Sy, Sy) '

<aGy (x,y,z)+,3|: :l 2.7

for all comparable elements x,y and z in X. If, for a
nonincreasing sequence {x,} in X, {x,}—>u implies
that u < {xn}, then there exists a point X in X such that
x =8 and S (x*,x*,x*):o. Moreover, x s unique,
for every triple of elements x,y and z in X if there exist
apoint ve X suchthat v<x, v<y and v<x.

Proof. From the proof of Theorem 2.1, we can find X

such that x = Sx. Now if x and y are not comparable

then there exists a point v e X which is a lower bound of

both x and y that is v-_<x* and v=<y. As

S"v< 8"y < §""2y...< v, then by inequality 2.7, we have
Gy (5™, 5™ v,5™1v) = G, (S(S”‘IV,S”V,S"V))
<aGy(s" M, S”v,S”v)

Gy ($"7v,5",5™)
+4] +G, (S”v,s”“v,sn“v)

+G, (S"v, S”“v,s’”lv)
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Gd (Snflv Sn+1v Sl’l+1v) + Gd (S}’lflv S}’l+lv Sl’l+1v)
+7]+G, (SnV,Snv,Snv)-i- G, (S”v, S”“v,S””v)

+Gy (Snv,S"v,S”v)+ Gy (S”v, S”Hv,S"Hv)

Gy (S"v, S"Hv,S”Jrlv) <aGy (S"flv,S"v, S"v)
+/3[Gd (5771w, 5™, 5™)+26, (S"V,S”+1v,S"+1v)]

2G, (5" v, 8"y, 57 ) 2, (5", S"V,S"vq
+¥

+2G, (S”V,S"+1v, S”“v)

G, (S"V,S”+1v, S"”v)
<(a+p)Gy, (S”_IV,S”V,S"V)
428Gy (8", 8™ 1,5V} 427Gy (87, 5™, 5™

427Gy (8™, 8™, 5™+ 427Gy (8™, 8™, 5™ ).

G, (Snv,S"+lv, S”“v)

<(a+p)Gy (5" 1v.8"v,5™)

$28G, (8™, S"”v,s"“v) +27Gy (S™, S”v,S"v)
+2yG, (S”V,S"“v,s”“v) +2yG, (S”V,S"‘lv,sn‘lv)

e (S"_lv,S"v,S"v)+ 2/G, (S”V,S"“v,sn“v)

Gd (Snv,Sn+1V, Sn+1v)
<(a+p+47)G, (S”_lv,S”v, S"v)
+24G, (S"V,S"+lv, S””v) +2yG, (S”v, S””v,s"”v)

126, (S"“v, S"V,S"v) +2yG, (S”v, sy, S””v)

(1-2-47)Gy (5™v,5™ v, 5™ 1v)

<(a+ B+67) Gy (S"7,5"v, ™)
G, (S"v,S"“v,S"“v)

ALY (S”“V,S"v,s"v)
1-25—4y

G, (S"v,s”“v,s"“v) <G, (S"‘lv,s"v,s"v).
Which implies that,
G, (SnV’SnHV’SnHv)
<2G, (577 1,5" 2y, 572 (2.8)
<..<2"'Gy (v, Sv, Sv) —>0asn— oo.

— — *
As S"v< 8" W< 8" ?y<..<v=<x, then,

Gy (557,5™,5™)=G, (Sx*,S(S”‘lv),S(S”‘lv))
<aG, (x*, §" 7,5 )
Gy(x",8x", 8¢ )+ G, (8" v, 8", 8"y
+ﬂLG£ (S"‘v,s”v),s”v)( )]
G, (x*,S"v,S"v)+ G, (x*,S”v, S"v)
+7]+G, (S”“v, Sx*,Sx*)+ G, (S"_lv,S”v,S”v) .
4Gy (877,857,557 )+ Gy (87,5, 5™
G, (Sx*,s"v,S”v)
<aG, (x*,S”_lv,Sn_lv)
G, (Sx*,s”v, S”v)+ Gy (S"v, 50", 8¢
+ﬂLzGd (S"_lv,Snv, S”v) ]
26, (87,5, 5")+2G, (8" ~1v, 52”5
7 +2G, (S”“v, Snv,S"v) }

G, (Sx*, S”v,s”v) <aG, (Sx*,snflv,s"*lv)

+p

Gy (s,5"v,5™)+ G, (Sx*,S”v,S"v)}
2G4 (5™, S"v,S”v)

2G, (Sx*,s”v,s"v) +2G, (Sx*,S"_lv,S”_lv)
ﬂ/LzGd (S”‘IV,S”V,S"V) }
(1-28-27)Gy (8", 8™v,5"v)
<(a+27)Gy ($¢7,5" v, 5" )

+(28+2y)G, (S"_lv, S”V,S"v).
G, (Sx*,s”v,S”v)

<[t Gy (Sx*,Snflv,Snflv) (2.9)
1—25-2y

S| 22y Gd(S”_lv,S”v,S"v).
1-25-2y

Now let,

G, (Sx*,s"*lv, S’HV)

ey (Sx*’S(Sn—ZV)’S(Sn—2V))

<aG, ( 52, Sn—Zv)

+ﬂ{Gd (x*,Sx*,Sx* ) +Gy (SnZV,Snlv,S”IV)]

4Gy (577 2v,8" 57|
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G, (x*,S”*IV,S”*IV) +Gy (x*,S’Hv, S"*lv)
+7]+G, (S”*zv, S, s ) +Gy (S”*ZV,S”*IV,S”*IV) .
+G, (S”*zv, S, s ) +Gy (S”*%,S”*%,S”*lv)
Gy ($",5"v,5" ) < G, (Sx*,S"_zv,S"_zv)
Gy (Sx",8" v, 5" v)+ Gy (5771w, 8", 57

+
ﬁ n-2 n—1 n—1
2GS v, ST, STy

2G, (Sx*,S”_lv,S"_lv) +26, (S”_zv, s, 5x")
7 126, (S”_zv, §" 7,5 )

G, (Sx*, ", 5" ) < Gy (Sx*,S"_Zv, S”_zv)
G, (Sx*,s"*lv, S”*lv) +Gy (Sx*,snflv,snflv)

+p
+2G, (S"_ZV,S"_lv,S"_lv)

26, (Sx*,S"_]v, S"_lv) +2G, (Sx*, S"_ZV,S"_ZV)

+7
+2G, (S"_ZV,S"_IV, ")

(1-28-27) Gy Sx",8"v,5" )
<(a+27)Gy (S¢7,5" 5" )
+(2B+27) Gy (8", 5" v)
G, (Sx*,S"_lv, ")
. (LZV
1-28-2y

| 2P G, (572 s s ),
1-28-2y

Using inequality (2.10) we get
G, (Sx*,s"v,snv)

+2 * _ _
(ujgd(sx 572057
<( a+2y j 1-24-2y

1-24-2 2 2 _ _ _
ﬁ 4 " ﬁ+ /4 Gd (Sn 2V,Sn IV,Sn IV)
1-28-2y

o 2BE2 g (S"_lv,Snv,Snv)
1-25-2y

G, (Sx*,S"v,S"v)

de(Sx*,S”_zv,S"_zv) (2.10)

< a+2y
“1-28-2y

{ a+2y j( 2B+2y JGd(Sn_zv,Sn_lv,Sn_lv)

]2 G, (Sx*,S"_zv,S"_zv)

1-28-2y \1-28-2y

|2 g (S”*IV,S”V,S”V).
1-28-2y

Continuing in this way we get

G, (Sx*,s”v,snv)

A

(LzyjnG (Sx* vv)
“\1-2p-2y) 4\7 7

n—1
{ a+2y j (2ﬂ+27/ de(v,Sv,Sv)+... (2.11)
1-28-2y 1-28-2y

2 2 2 _ _ _
4 a+zy ﬂ+ 4 Gd (Sn 2V,Sn IV,Sn lv)
1-28-2y \1-28-2y

L2 g (S”_lv,S”v,S"v).
1-25-2y

On taking limit # — oo and by using (2.8) we get,

Gy (Sx*,S”v,S"v) —0asn— o
Also
Gy (S”V,Sx*,Sx*) =Gy (Sx*,S"v,S"v) —>0asn—» oo
Similarly

Gy (S"v,Sy,Sy) =Gy (Sy,S”v,S"v) —>0asn— o,

Now,
G, (x*, y, y) =G, (Sx*,Sy, Sy)
G, (x*, y, y) <G, (Sx*,s”v,s"v)+ G, (S"v, Sy, Sy)
Gd(x*,y,y)—>0asn—>oo.
Also

Gd(x*,y,y):Gd(x*,y,y)—>0asn—)oo,

B3
Hence x =y.
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