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1. Introduction

A function f:[a,b)]c R—>R is said to be convex

function if the inequality
S+ A=0y)<if(x) + (-0 f(¥)

holds for all x,ye[a,b] and te[0,1].

One of the most famous inequality for convex functions
is so called Hermite-Hadamard’s inequality as follows:
Let f:IcR —>R be a convex function defined on the

interval I of real numbers and a.bel with a <b. Then:

a+b 1 b fa)+ f(b)
f( b jgmlf(x)dXST (12)

(1.1

Fejér [22] gave a generalization of the inequalities (1.2)
as the following:

If f:[a,b]—)R is a

g :[a,b] > R is nonnegative, integrable and symmetric to

convex function, and

a+h then

a

(@)1 (8) o
<=

For some results which generalize, improve, and extend
the inequalities (1.3), see ([16-21]).

In [23], Hudzik and Maligrada considered among others
the class of functions which are s-convex in the second
sense.

f(a;erJ‘bg(x)dxS%J.bf(x)g(x)dx

(1.3)
g(x)dx

a

Definition 1. 4 function f :[0,0)— R is said to be s-

convex in the second sense if
FAx+A=2) ) <2° f(x)+A=2)° f(»)

for all x,ye[0,), A4 €[0,1] and for some fixed s €(0,1].

It can be easily seen that s = 1, s-convexity reduces to
ordinary convexity of functions defined on [0,0).

In [24], Dragomir and Fitzpatrick proved Hermite-
Hadamard’s inequality which holds for s-convex functions
in the second sense.

Theorem 1. Suppose that f- [0,00—[0,0) is an s-
convex functions in the second sense, where s € (0,1), and
let a, be[0,0, a < b. If feL[a,b], then the following
inequalities hold.:

o1 f(f%bj < ﬁ [ 7 (x)ar <

(1.4)

Ha /) ¢ 5)

+1
We give some necessary definitions and mathematical
preliminaries of fractional calculus theory which are used

throught this paper.
Definition 2. Let fe/ab]. The Riemann-Liouville

integrals J2 f and Ji f of order a > 0 with a >0 are
defined by

JE f(x) =%0!)J.:(x—t)a_l f(t)dt,x>a (1.6)

and

T f(x) = [ (=2 f(1)dex<b
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respectively where T'(a)= L:O e u Here is

oS (x)= TS (x)= 1 (x).

In the case of a= 1, the fractional integral reduces to the
classical integral.

Let us consider the following special functions:

(1) The Beta function:

B(a,b)= % - j; 7 (1-0)" ar,
a,b>0

(2) The incomplete Beta function:
X a-1 b-1
Be(ab)=| 1 (1-1)" d1,0<x<La,b>0

In [13], Sarikaya et. al. represented Hermite-
Hadamard’s inequality in fractional integral forms as
follows.

Theorem 2. Let f:[a,b]—)R be positive function
with 0 <a <bandf € L[a,b].

If fis a convex function on [a,b], then the following
inequalities for fractional integrals hold

b\ @)y o e
(42)< L 01 )

_J(a)+ ()
2

1.7

with a > 0.

In [13], Sarikaya et. al. proved the following lemma.

Lemma 1. Let f:[a,b] —> R be a differentiable
mapping on (a,b) with a < b. If f° €L[a,b] then the
following equality for fractional integrals holds:

fla)+ /() _T(a+l)r 4 «
— J f(b)+Ji f(a)

2 2(b—a)a[ “r }
_b-a

> Jol[(l‘t)a _fan'(la+(l—t)b)dt

The following Hermite-Hadamard type inequality was
proved using the above lemma.

Theorem 3. [13] Let f:[a,b] >R be a differentiable

mapping on (a,b) with a < b. If |’| is convex on [a,b] then
the following inequality for fractional integrals holds:

f(a)+ /(b)) T(a+1)
2 2(b—a)a
b—a

st

Properties concerning this operator and more and more
Hermite-Hadamard type inequalities involving fractional
integrals for different classes of functions can be found
([1-15).

Now, let us give the following lemma which we will
use the proof.

Lemma 2. For 0 < a <1 and 0 <a < b, we have

[t (b)+ I8 1 (a)]

‘aa —ba‘ S(b—a)a

Iscan [17] established following lemmas and theorems
connected with the right-hand side of Hermite-Hadamard-
Fejer type integral inequality for the fractional integrals.

Lemma 3. If g:[a,b] >R is integrable and

. a+b .
symmetric to with a < b, then

1
Tia(b) =i g (@)= | g (8)+ i g (@)
with a> 0.
Theorem 4. Let f: [a,b] — R be convex function with

a < b and feLlab]. If g:[a,b]—)R is nonnegative,

integrable and symmetric to (a + b)/2, then the following
inequalities for fractional integrals hold

f[a;bj[Jﬁig(b)Hz?g(aﬂ

<[z () (8)+ 5 (f2)(a)

JVTON e (0) st ()]

with o> 0.

Lemma 4. Let f:[a,b]—)R be a differentiable
mapping on (ab) with a < b and fe€L[ab]. If
g:[a,b]—)R is integrable and symmetric to (a + b)/2
then the following equality for fractional integral holds

e L GR)

2
-8 (2)(B)+ 5 (f2)(a)]

of (=) g (s)ds

1
=— . f(r)at
F(a)Jﬂ _L (s—a)a_lg(S)ds

with a> 0.

Theorem 5. Let f:1cR—>R be a differentiable
mapping on 1° and " €L[a,b] with a < b. If |f’| is convex
on [a,b] and g:[a,b] — R is continuous and symmetric

to (a + b)/2, then the following inequality for fractional
integral holds

[M][Jﬁg(b)ﬂﬁ_g(a)}

2
(V8 () (0)+ 5 (fe) )] 1.9
e (e IGCRACH
with o> 0.

Theorem 6. Let f:1cR—>R be a differentiable
mapping on 1° and f* €L[a,b] witha < b: If |f’|, g > 1, is
convex on [a,b] and g:[a,b]—)R is continuous and

symmetric to (a + b)/2, then the following inequality for
fractional integral holds
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[MJP “.g(b)+Jf g (a)]
-6 () (0)+ TE- () a)

2

(
o 2= e, (1
(b-a)" (a+1)T (a+1)(1 2aj

{|f'(a)|q +|f,(b)|q]/q
2

where a> 0 and 1/p + 1/g = 1.

Theorem 7. Let f:IcR—>R be a differentiable
mapping on 1° and f° €L[a,b] with a < b. If ||, ¢ > 1, is
convex on [a,b] and g: [a,b] — R is continuous and

symmetric to (a + b)/2, then the following inequality for
fractional integral holds

(1.9

(@)
[MJ[J;ﬂg(b)JrJfg(aﬂ
[ () (0)+ 5 (fe) @)
3 277 g, (b—a)*"! (I_L] (1.10)
(@) T (@) 27 |
{If%a)r’ Arer J

2
with a> 0.

(i)

(M]{Jﬁg(b)h’?—g(“ﬂ

-[ e (f)(b)+ 5 (fe)(a)] (1.11)

1/
el (-ay (|7 o))
(ap+l) /"r(a+1) 2

for0< a<1wherel/p+1/q=1

The main of this paper is to establish some new
inequalities related to the left-hand side of the Hermete-
Hadamard-Fejer type inequalities for s-convex functions
in the second sense via Riemann-Liouville fractional
integrals.

2. Main Results

Theorem 8. Let f:1 [0,00) — R be a differentiable
mapping on I° and [’ €L[a,b] with a < b. If || is s-
convex on [ab] for some fixed s €(0,1], and
g:[a,b]—)R is continious and symmetric to (a + b)/2,

then the following inequality for fractional integral holds

[MJP “.g(b)+J5 g (a)]

[ (fe) (b)+ I (fe)(a) ]
S )
x(l—(a+s+l)[31/2 (s+La+1)=By,(a+ls +1)J)

< (2.1)

with o> 0.
Proof. From Lemma 4 we have

(MJ[mg(b)uﬁ_g(a)]
-6 (2)(B)+ 5 (f2)(a)]
(1 pll- el
T (e a) g (s5)ds

Since [f’] is s-convex on [a,b] for some fixed se(0,1],
we know that for t €[a,b]

(’)|:‘f'(:__;a+212b}‘
S(Z - tj U ’(a)l{f;jjs 7))

and since g:[a,b] >R is symmetric to (a + b)/2 we

write

[P(s—a)y " g(s)ds =" (b5 g(a+b-s)ds
[ -5y g (s)as

then we have
[[(p=s)" g(s)as= [ (s—a)" " g(s)ds
L7 e sls)as

[ oo et a2
1 - g (s)as te[a;b b}

By virtue of (2.2), (2.3) and (2.4), we get

(f( a)+/(b)
Ja

(2.2

|7(1))d.

(2.3)

(2.4)

—j[Jﬁg )+Jig(a)]
_|: a+

(b
(2)(b)+ 5 (fe)(a) ]
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a+b|:(b_t ’ _(t_a)a]
I (a1 )
ﬁ o (=a) (6=
+(t_a)a|f‘(b)|
el (p-a)™" [1_(a+s+l)ﬁg(S(:gl:f:i)l)D
(a+s+D)T(a+1) " ’
(17 ()| (8)))
where

[2 |- ~(=a) |(r-ay @
:J‘fi,[(t—a)“ —(b—t)“](b—t)“ dt

_(b—a)y ( 1

a+s+1 \ parstl

(2.5)

+(a+s+1)B,, (s+1,a+1))

and

a+b

[ (-0 ~(-a) |(b-1) @
= Jan[ (=) = (=) |(1-a)' @ (2.6)

b a+s+l
_(b-9) (l—zaim—(a+s+1)Bl/2(a+1,s+1)j

a+s+1

Remark 1. In Theorem 8, if we take s = 1, then the
inequality (2.1) becomes inequality (1.8) of Theorem 5.
Theorem 9. Let [ :1 c[0,0) >R be a differentiable

mapping on lo and f° €Lfa,b] with a < b. If |’|%, ¢ > 1, is
s-convex on [a,b] for some fixed se(0,1], and
g:[a,b]—)R is continious and symmetric to (a + b)/2,

then the following inequality for fractional integral holds

[MJ[mg(b)uﬁg(aﬂ

2

(6 () (0) T () )

B R
(a+ 1)1_1/q (a+s+ l)l/q [(a+1)

(l_z%j“q[v'(a)r’;|f-<b>r'}”"

x(l—(a+s+1)r”2(Hl’aH) )D " e

—B1/2 (a+1,s+1

where o > 0.
Proof. Using Lemma 4, Holder’s inequality, (2.4) and
the s-convexity of |f’|7, it follows that

e )
[, () (8) 5 (fe)(@)]
< r(la) (Lb .[;Hh_t(b =) g(s)ds

(jb [ (b-5)"" g(s)ds

ath a+b t a-1
BRI CREE
a) +J'a;b( LHLH‘(Z)—S)M_1 (s)

X L“;b('[tam-z
+jm( [,

) 2 g (b-a )a+l‘: L} 1-l/g
(b-a) ' T(a+1)| a+l 2%

oo -0 ]
E (b-1)"—(t-a) dt
bl JL(r—aflf'(b)l‘f

+j&[(z —a)" —(b-1)" J{(b_l)s l'f'(a)qu]dt

H(i=a) |1 (2)

where it is easily seen that

J.:;’b(jtaw—tkb a S)|a71
e (L, o=

Hence, if we use (2.5) and (2.6) in (2.8), we have

[MJ[] “.g(b)+Jf g (a)]

2

(8 () (0)+ T () )

+1

1-1/¢
i)

(0] ae

)
ds )dt

ds)dt

1-1/q

IN

1/q

s) ds)|f'(t)|q dt

(b-s)" g(

(b —S)OH

2(s) ds)| £ di

(2.8

g(s)dsjdt
g(s)ds)dt

. ol -of
(a+ I)H/q (a+s+ l)l/q [(a+1)

[1—2%}1/(] [|f'(a)|q J2r|f'(b)|f/ T/q

[itwsenfPtiee I

_B1/2 (0H-l,s+l
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Remark 2. In Theorem 9, if we take s = 1, then the
inequality (2.7) becomes inequality (1.9) of Theorem 6.

Theorem 10. Let f:I1c[0,0)>R be a

differentiable mapping on 1° and f° €L[a,b] with a < b. If
1% g > 1, is s-convex on [a,b] for some fixed se(0,1],
and g:[a,b]—)R is continious and symmetric to (a +

b)/2, then the following inequality for fractional integral
holds

(i)
(MJ[Jﬁg(b) + J;f‘_g(a)}

2
- (o) (B)+ T (fe) (a)

_ 27 ls],, (b-a)*”
(ap+1) PT(a+1)

[[1_2;p D |f‘<a>|qs :|lf'<b>|q

with o>0.

(i)
(00050
8 ) (0) T () )

lell, (6-a)*" [ |f'(a
(ap +l)l/p [(a+1)

(2.9

(2.10)
1/q

|+ @)

s+1

<

for0<a< 1, wherel/p+ 1/q=1.
Proof. (i) Using Lemma 4, Holder’s inequality, the
inequality (2.4) and the s-convexity of |f|%, it follows that

(MJ[J?+g(b)+J}?—g(aﬂ

2

| i () (b)+ 5 () (a)
- r(la{ff U

a+b Up

2 (-0 ~(c-a)* | a
“T(a+) Haw[(-a) ~(b-0)" | @

x[f:[(f:;jsv'(a)y+[Zizjs|f'(b)|q}dt]
el (b | Je[ =)= T a
I(a+1) +J‘1[ (1-1) }pdt

@ roe])

s+1

1 1/p

el (b-a)! IE[O-O”-f”de
F(a+1) +J‘ [ ]dt

1/
@+ x| |
* s+1
el (b-a)"
= T (a)

[ap2+l [1 _ 2ip Dl/p |f'(a)|qsi|lf'(b)|q

Here we use

[(a-n“
fort €[0,1/2] and

%1 <(1-0)%*P —2P

1= <P —(1-0)**
for t €[1/2,1], which follows from
(4-B)T <47 -

for any A > B > 0 and ¢ > 1. Hence the inequality (2.9) is
proved.

(i1) The inequality (2.10) is easily proved using (2.11)
and Lemma 2.

Remark 3. In Theorem 10, if we take s = 1, then
inequalities (2.9) and (2.10) becomes inequalities (1.10)
and (1.11) of Theorem 7.
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