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Abstract The Fibonacci and Lucas sequences are well-known examples of second order recurrence sequences.
The Fibonacci sequence, Lucas numbers and their generalization have many interesting properties and applications
to almost every field. Fibonacci sequence is defined by the recurrence formula F, = F,;+F,, n>2 and
Fy=0,F =1, where E, isa n" number of sequence. Many authors have defined Fibonacci pattern based sequences

which are popularized and known as Fibonacci-Like sequences. In this paper, Generalized Fibonacci-Like sequence
is introduced and defined by the recurrence relation M, =M, _+M, 5, n>2withMy =2, M| =s+1, where s

being a fixed integers. Some identities of Generalized Fibonacci-Like sequence are presented by Binet’s formula.
Also some determinant identities are discussed.
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1. Introduction

Fibonacci numbers Fn and Lucas numbers Ln have
delighted mathematicians and amateurs alike for centuries
with their beauty and their propensity to pop up in quite
unexpected places [3], [13] and [14]. It is well known that
Fibonacci and Lucas numbers play an important role in
many subjects such as algebra, geometry, and number
theory. Their various elegant properties and wide
applications have been studied by many authors.

The Fibonacci and Lucas sequences are examples of
second order recursive sequences. The Fibonacci sequence
[4] is defined by the recurrence relation:

F,=F, | +F, ,,n>2, with [, =0, ; =1. (1.1)

The similar interpretation also exists for Lucas
sequence. Lucas sequence [4] is defined by the recurrence
relation:

Ln :Ll’l—l +LI1—2’ n 22 WlthLO :2, Ll :1. (12)

Authors [1], [2] and [8] to [14] have been generalized
second order recurrence sequences by preserving the
recurrence relation and altering the first two terms of the
sequence or preserving the first two terms of sequence and
altering the recurrence relation slightly.

Horadam [1] introduced and studied properties of a

generalized Fibonacci sequence {H,} and defined

generalized Fibonacci sequence {H,} by the recurrence

relation:

H,,»=H, +H, Hy=qand H; = p, n>0, (1.3)

where p, g are arbitrary integers.

Horadam [2] introduced and studied properties of
another generalized Fibonacci sequence {wn} and defined
generalized Fibonacci sequence {w,,} by the recurrence

relation:

{w}={wa(a, bip, @)} wo =a, w; =b,
—qWy—2 (n 22)»

(1.4)
Wy = PWy

where a, b, p and g are arbitrary integers.

Waddill and Sacks [10] extended the Fibonacci
numbers recurrence relation and defined the sequence
{P,} by recurrence relation:

By=F_1+B_,+F, 3, n23, (1.5)

where Ry, A and P, are not all zero given arbitrary
algebraic integers.

Jaiswal [8] introduced and studied properties of
generalized Fibonacci sequence {7}, } and defined it by

T (1.6)

w1 =1, +T, 4, T=aand T, =b, n>1.

Falcon and Plaza [12] introduced k™ Fibonacci

sequence {Fk, n} v and studied its properties. For any

ne
positive integerk >1, k" Fibonacci sequence is defined
by
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Fk OZOFklzl

1.7
ka n +Fk n-1-7 >1.

and Fk n+l>—

Many authors have been defined Fibonacci pattern
based sequences which are known as Fibonacci-like
sequences. The Fibonacci-Like sequence [4] is defined by
recurrence relation,

S, =8, 1+S, 5, n>2with Sy =2, §; =2. (1.8)

The associated initial conditions S, and S; are the sum

of initial conditions of Fibonacci and Lucas sequence
respectively.
ie. Sy =Fy+Lyand S
Fibonacci-Like
recurrence relation,

H,=2H, ;+H, ,forn>2 with Hy=2,H; =1.(1.9)

:Fi-’rLl.

sequence [6] is defined by the

In this paper, Generalized Fibonacci-Like sequence is
introduced. The Binet’s formula is presented and
established some identities of Generalized Fibonacci-
Like sequence. Also determinants identities are
discussed.

2. Generalized Fibonacci-Like Sequence

Generalized Fibonacci-Like sequence is introduced and
defined by the recurrence relation
Ml’l :Mn—l +Mn_2,l’l > 2 Wltl’l MO :2, Ml :S"rl, (21)

where s being a fixed integers. The first few terms are as
follows:

My =2,

M, =s+1,
M, =5+3,
My =2s+4,
My =3s+7,
Ms=5s+11,
Mg =8s5+18,

By =135+29 and so on.

The characteristic equation of recurrence relation (2.1)

is #2 —¢—1=0. which has two real roots

1+f dﬂ_l \f

(2.2

Also, afp=—1, a+f =1, a—ﬂ=ﬁ, o +p* =3
Generating function of generalized Fibonacci-Like
sequence is

2+(s—1)t

—M(f) = :
1—t—¢2

(2.3)

o0
> M,
n=0

Binet’s formula of Generalized Fibonacci-Like sequence
is defined by

Mn=cla"+czﬁ”=c{1+2‘/—J +cz[ f} (2.4)

+5 J5-

S S
Here, C; = and C, =
NG s
2 2
GGy =5—“2=5—S, Cf+Cra=—s+1,
(a—=p) 5

Cla+Cyf=s+1,C % +Cya’ =3, (2.5)

C1+C2 :Mo :2.

3. Identities of Generalized Fibonacci-
Like Sequence

Now some identities of Generalized Fibonacci-Like
sequence are present using generating function and
Binet’s formula. Authors [6,7] have been described such

type identities.
Theorem (3.1). (Explicit Sum Formula) Let A, be the

" term of generalized Fibonacci-Like sequence. Then
g 2]
2 2

Mn=22(n;kJ i(s-1) Y ("_11{{_1) (3.1)

k=0 k=0
Proof. By generating function (2.3), we have
Z M =M (6) = 2+(s— l)l
n=0 l—t—t
5.1
={2+(s—l)t}|:l—(t+t )}
2\1 X .
(t+72) =2+ (-3 " (1+1)

0 n=0

(}
Ok
nOkO

(Replace n by n+ k)

={2+(s— l)t}( —t—tz)_l

M8

= {2+(s—1)t}

S
Il

n

Ms
M=

= {2+(s—l)t}

Il
(=]

k

n

8

(2+(s—1)t} "k

2+(S 1)l ZZ'& n+2k
nOkO

I’l

={2+(s-Dy} Z Zl_u

n=0k=0
(Replace n by n—2k)

(- . [ﬂ

n u +1
=2 —— "+ (s—1) .

Equating the coefficient of ¢ we obtain

H ]

M ) s (n—kj+( DS (n—k—l]
= s— A
Tok=ol k k=0 \ Kk
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For s=1 in above identity, explicit formulas can be
obtained for Fibonacci sequence.
Theorem (3.2). (Sum of First » terms) Sum of first »
terms of Generalized Fibonacci-Like sequence is

n
ZM/(:MH+2_S_1' (32)
k=0

Proof. By Binet’s formula (2.4), we have

S =Y (Gt +opt |
k=0

k=0

(G +Cy) - (G +Ca)
~(Ca" +C M +ap(Ca T+
1-(a+p)+apf

Using subsequent results of Binet’s formula, we get

n
Y My =M, +M,-s-1=M, ,—s-1.
k=0

Theorem (3.3). (Sum of First n» terms with odd
indices): Sum of first n terms (with odd indices) of
Generalized Fibonacci-Like sequence is

n
D Moy =My, — My, —2. (3.3)

k=1
Proof. By Binet’s formula (2.4), we have

n n
21 2%-1
D By = Z[Cﬂ +Gp }
=1

k=1

=C [a+a3 +a5+....+a2”_1}+

C, [/3+/)’3 + +....+/)’2"_1]

_2n _n2n
:—C]O{l a2}+czﬂ{ll_ﬂﬁz}

l-a

(¥ 10 P~ (Ca + o B)
+af(C\f+Cra)—a’ B2 (Cla® ™ + ¢ g7

o+ B -’ B -1

Using subsequent results of Binet’s formula, we get

n
D Moy =My~ My 2.
k=1
Theorem (3.4). (Sum of First » terms with even
indices) Sum of first » terms (with even indices) of
generalized Fibonacci-Like sequence is given by
n
ZMZk :Mzn—Mzn_z‘l‘l. (34)
k=0

Proof. By Binet’s formula (2.4), we have

(G +C 2~ (G +Cy)
HO B+ Cra?)-a? 2 (Ca? 2 + 7 2)

2+ BB -1

Using subsequent results of Binet’s formula, we get
n
D Mo =My, — My, 5 +1.
k=0
Theorem (3.5). (Catalan’s Identity) Let M, be the
n™ term of Generalized Fibonacci-Like sequence. Then
2
Mn - Mn+rMn7r
(_l)nfr

s2 =5

(3.5)

[(s+l)M,—2Mr+l}2,n>r21.

Proof. By Binet’s formula (2.4), we have
2
Mn - Mn+rMn—r
= (Ga" + ")
_(Cla}’H—V + Czﬁ}’H—V )(Clan_r + Czﬁ}’l—}’)

=CGy(ap)" 2-a" B —a”" B)
— C1C2 (aﬂ)n—r(zarﬁr _a2r _ﬁ2l’)
=-CiCy(ap)" ™ ("~ ).
Using subsequent results of Binet’s formula, we get
2 2 wr (@ =)
M;-M, M, =|s"=5|-)""———.
(9 (@-B)°

Since a’ - = (s+1)M, ~2M,.,

a=f  (s+1)°=2(s+1)-4
_ (S+1)M}"_2M}’+1

s2—5 '
we obtain

2
Mn - Mn+rMn—r
(_l)n—r

= [(s+1)M, =2M, ' n>r>1.

Corollary (3.5.1). (Cassini’s Identity) Let M, be the

n™ term of Generalized Fibonacci-Like sequence. Then

M2-M, M, =D)""s*=5),n=1. (3.6)

Taking r=1 in the Catalan’s identity (3.5), the
required identity is obtained.
Theorem (3.6). (d’Ocagne’s Identity) Let M, be the

n™ term of generalized Fibonacci-Like sequence. Then
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MmMn+l - Mm+1Mn
(3.7
=(=D"[(s+1)M,,_, =2M,,_, 1 ], m>n=0.
Proof. By Binet’s formula (2.4), we have
MmMnH - Mm+1Mn
= (G +C "G + G
—(Ga" M+ G "N + G )
_ CICZ (amﬂnﬂ " an+lﬂm _anIBerl _am+1ﬂn)
MmMrH—l _Mm+an
=Gy @) B@" " - " = a@” " = B

=-GCy(ap)" (a= ™" = ™).

Using subsequent results of Binet’s formula, we get

a’”-" _’Bm—n
M M, M, M,= (=" (S2 _S)Q.
a B
Since o =g - (S+) My =2M s

a-p (s2 —5) '
We get

MmMn+l _Mm+1Mn

=(=D"[(s+1)M,,_, -2M,,_, 1 ], m>n=0.

Theorem (3.7). (Generalized Identity) Let M, be the
n™ term of Generalized Fibonacci-Like sequence. Then

MmMn _Mm—rMn+r

:%{(Hl)M,—sz}{

(S + I)Mn—m-f—r}’ (3.8)

- n—m+r+1

n>m2r=1.

Proof. By Binet’s formula (2.4), we have

MM, -M,,_ M.,

=(Ca" +C"N(Ca" +Cy B

("GN CRTT G

e[ £t
a

=CG ()" (@ =) B —a" BT

=GG )" M@ =BT T

=-CG D" (@ =g = .

Using subsequent results of Binet’s formula, we get

MmMn _MmerrHr

(s’ =5)

— ( ﬂ)z (_1)"’!—}" (a)" _ﬂr )(an—m+r _ﬁn—m+r).
o—

P —Z{(S-FI)M},—ZM’,_H} and

o _ﬂn7m+r
a-p
{(s+1)M

2M

n—m+r n—m+r+1 } >

s2 -5
we obtain

MmMn _MmernJrr

_(_l)mir s+ _ (S+I)Mn7m+r
_(s2—5) {(s+1)M, 2Mr+l}{_2Mn—m+r+l }

n>m>r>1.

The identity (3.8) provides Catalan’s, Cassini’s and
d’Ocagne’s and other identities:
(1) If m=n, the Catalan’s identity (3.5) is obtained.
(i) If m=n and r =1 in identity (3.8), the Cassini’s
identity (5.1) is obtained.
(iii) n=m, m=n+1 and r =1 in identity (3.8), the
d’Ocagne’s identity (3.6) is obtained.

4. Determinant Identities

There is a long tradition of using matrices and
determinants to study Fibonacci numbers. Problems on
determinants of Fibonacci sequence and Lucas sequence
are appeared in various issues of Fibonacci Quarterly. T.
Koshy [13] explained two chapters on the use of matrices
and determinants. Many determinant identities of
generalized Fibonacci sequence are discussed in [4], [6]
and [11]. In this section some determinant identities of
Generalized Fibonacci-Like sequence are presented.
Entries of determinants are satisfying the recurrence
relation of Generalized Fibonacci-Like sequence and other
sequences.

Theorem(4.1). For any integers n > 0, prove that

M, M, .2 M43
M4 M, s M, 46| =0. (4.1)
Mn+7 M, 18 M, 19
Proof.
M1 M, .2 M43
LetA = M4 M,.5 M,.16
My 7 M, .8 M, 19
Applying C; — C; +C,, we get
M3 M, 12 M, 3
LetA = M, 6 M, s M, 16
My 9 M, 8 M, 9

Since two columns are identical, thus we obtained
required result.
Theorem (4.2). For any integer n > 0, prove that

Mn _Mn+1 Mn+1 _Mn+2 Mn+2 _Mn
M,y-M,y M, H,-M, M, -M, =0.(4.2)
Mn+2 _Mn Mn _Mn+l Mn+1 _Mn+2

Proof.
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Mn _Mn+1 Mn+1 _Mn+2 Mn+2 _Mn
LetA =M, —-Mys My —-M, M,-M,,
Mn+2 _Mn Mn _Mn+1 Mn+1 _Mn+2
By applying C; - C; +C, +C; and expanding along

first row, we obtained required result.
Theorem (4.3). For any integer n > 0, prove that

1 1 1
M, M, M,42 =0. (43)
Mn+l +Mn+2 Mn +Mn+2 Mn +Mn+1
Proof.
1 1 1
LetA = M, M, M, >

Mn+1 +Mn+2 Mn +Mn+2 Mn +]\/In+1

Applying Ry = R; + R, , we get

1 1 1
A= M, M, M,;2
2]Mn+2 2]‘/In+2 2Mn+2

Taking common out 2M,,, from third row,

1 1 1
A=2M,,, M, L\
1 1 1

Mn+2 .

Since two rows are identical, thus we obtained required
result.

Theorem (4.4). For any integer n > 0, prove that

M M, +M,,

n

2M,  2M, +3M,,,

n

3M,  3M, +6M,,,,

n

Mn +A/]n+l +A/In+2
2M,, +3M,,, +4M,, >

(4.4)
3M, +6M,, +12M,,

=3M, M, M.
Proof. Let
Mn Mn +Mn+1 Mn +Mn+1 +Mn+2
A:2Mn 2M}’l+3M}’l+1 2Mn+3Mn+]+4Mn+2
3M,, 3M,+6M,,, 3M, +6M, +12M, ,

Applying Ry = R, —2R|, Ry > Ry —3R;, we get

Mn Mn +Mn+1 Mn +Mn+1 +Mn+2
A=|0 Mn+l Mn+l +2N[n-%—2
0 3N[n+1 3N[n+1 +9Mn+2

Applying R; — R; —3R, and expanding along first
row, we obtained required result.
Theorem (4.5). For any integer n > 0, prove that

2 2
0 MnMn+1 MnMn+2
2 2
Mn Mn+1 0 Mn+1Mn+2 (4 5)
M2M M, ,M?> '
n"n+2 n+2" n+1

31,3 3
=2M M, M, .,.

n

Proof. Let
0 M, M2 M, M2
n*n+l nn+2
2 2
A=IM M, 0 M, 1Mo
2 2
MnMn+2 Mn+2Mn+1 0
. 2 a2 2
Taking common out M, M., M;,, from
Gy, Gy, C5 respectively, we get
0 M,, M,
A=M2M2 M2, M 0 M
n 1" n42 n+l n+l|-
Mn+2 Mn+2 0
Taking common out M,,M,,,M,,, from

Ry, R,, Rj respectively and expanding along first row,

we obtained required result.
Theorem (4.6). For any integer n > 0, prove that

M, F, 1
Mn+1 FnJrl Il = [FnMn+l _MnFnH]' (4-6)
Mn+2 Fn+2 1
M E 1

n n

Proof: Let A=\M, ., F..q 1.
Mn+2 Fn+2 1
Assume M, =a, M,,,; =b, F,=p, F,;=q then
M, 12 =a+band F, ,=p+q

Now substituting the above values in determinant, we
get

a p 1
A=| b qg 1
a+b p+q 1
Applying R > R - R,
a-b p—-q O
A=| b q 1
a+b p+q 1
Applying Ry > Ry — R;
a-b p—q O
A=|—-a -p  O|=(pb—aq).
a+b p+q 1

Substituting the values of a, b, p and q, we get required
result.

Similarly following identities can be derived:
Theorem (4.7). For any integer n > 0, prove that

M, My, M,
M,, M, M1 :2(M’31 +M3+1)- (4.7)
Mn+1 Mn+2 Mn
Theorem (4.8). For any integer n > 0, prove that
M, L, 1
M,y Ly 1=2(L,M,—M,L,,). (4.8)

Mn+2 Ln+2 1
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Theorem (4.9). For any integer n > 0, prove that

Mn+Mn+1 Mn+1+Mn+2 Mn+2+Mn
Mn+2 Mn Mn+1 :0. (49)
1 1 1

Theorem 4.(10). For any integer n > 0, prove that

1+Mn Mn+l Mn+2
Mn 1'+'A/1n+l Mn+2
M M 1+M,,,

n n+l

=1+M,+M, 1+M,,>.

(4.10)
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