Turkish Journal of Analysis and Number Theory, 2014, Vol. 2, No. 5, 165-169

Available online at http://pubs.sciepub.com/tjant/2/5/2
© Science and Education Publishing
DOI:10.12691/tjant-2-5-2

l_;

Science & Education
Publishing

On the Simpson’s Inequality for Convex Functions on
the Co-Ordinates

M. EMIN OZDEMIR', AHMET OCAK AKDEMIR*', HAVVA KAVURMACT

! Ataturk University, K.K. Education Faculty, Department of Mathematics, Erzurum, Turkey
2Agri ibrahim Cegen University, Faculty of Science and Letters, Department of Mathematics, AGRI, Turkey
*Yiiziincii Yil University, Education Faculty, Department of Mathematics, Van, Turkey
*Corresponding author: aocakakdemir@gmail.com

Received July 28, 2014, Revised September 19, 2014, Accepted September 27, 2014

Abstract In this paper, a new lemma is proved and inequalities of Simpson type are established for convex

functions on the co-ordinates and bounded functions.

Keywords: Simpson’s inequality, co-ordinates, convex functions, bounded functions

Cite This Article: M. EMIN OZDEMIR, AHMET OCAK AKDEMIR, and HAVVA KAVURMACI, “On

the Simpson’s Inequality for Convex Functions on the Co-Ordinates.”

Turkish Journal of Analysis and Number

Theory, vol. 2, no. 5 (2014): 165-169. doi: 10.12691/tjant-2-5-2.

1. Introduction

The following inequality is well-known in the literature
as Simpson.s inequality:
Theorem 1. Let f:[a,b]>R be a four times

continuously differentiable mapping on [a,b] and

f(4) - sup ‘f <oo Then the following
xe a b
inequaltty holds:
), (o] 1 p
30 2 v2f b—a'[“f(x)dx

<zl ], 0=

For recent results on Simpson.s type inequalities see the
papers [11-19].

Convexity on the co-ordinates can be given as
following (see [10]);

Let wus consider the

A=[a,b]x[c,d] in with a<b and c<d. A

function f:A —> R will be called convex on the co-

bidimensional interval

ordinates if the partial mappings f, :[a,b] >R
[y (u)=f(u,y) and fy:[c,d] > R(u), fi(v)=f(xv)

are convex where defined for all y €[c,d] and x €[a,b].

Recall that the mapping f:A — R is convex on A, if
the following inequality;

f(Ax+(1-2)z,Ay +(1-2)w)
SAf(x,y)+(1=2) f(z,w)

holds for all (x,y),(z,w)eA and 2 €[0,1].
In [10], Dragomir proved the following inequalities:
Theorem 2. Suppose that f:A=[a,b]x[c,d] >R is

convex on the co-ordinates on A. Then one has the
inequalities;

a+b c+d 1 b od
! ( 22 Jﬁ(b_axd bl e

< f(a,c)+f(b,c)+f(a,d)+f(b,d).
4

The above inequalities are sharp.

Recently, several papers have been written on the
convex functions on the co-ordinates. Similar results can
be found in [1-9] and [20,21,22,23].

In this paper, we will give Simpson-type inequalities
for convex functions on the co-ordinates and bounded
functions on the basis of the following lemma.

2. Main Results

To prove our main result, we need the following lemma.
Lemma 1. Let f:AC R?> 5R bea partial differentiable

2
mapping on A:[a,b]x[c,d]. ]fzt—afeL(A), then the
s

following equality holds:
c+d c+d a+b c+d
R + 11 b, +4
! [a 2 j / ( 2 j / ( 2 j

+f[a;b,cj+f(a;b,d)

9
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S0 (01 04) L[N e -5
_6(bl_a)J.:{f(x,c)+4f(x,c;d}rf(x,d)}dx _% %(s—%j%(b,smr(l—s)d)ds

2

_6(d_c)1j{f(ay)+4f[ : j+f( )}dy (2.1) +ﬁ ;(S_%ja

Q)l\

: (ta+(1—t)b,sc+(1—s)d)dsdt

1 bd
+WL .L  (x, p)dydx

( +II()2(S——ja—€(la+(l t)b sc+(1—s d)dsdt
1 1p(t)q(s)az—f et 5Yof
:(b—a)(d—c)jojo Otos dtds o 1( —g]a—(a,sc+(1—s)d)ds
><(ta+(1—t)b,sc+(1—s)d) 2 5
Les( 1\of(a+b
where - 2(s——j—( , +(1—S)d]ds
370 6)0s\ 2
1 1
(t_g)’ IG[O’E} 1 %[s—gjg(a-’_b,sc—i-(l—s)djds
p(t)= 3% 6 ) 0s
5 1
) o] o
6 2 - 2[s—g)g(a sc+(l—s)d)ds
and 1
— ¢l 1\of
+ 2|1 s—— |—(ta+(1—- tbsc+1 sd sdt
(-2} eefod] J3 (55 50 Y
6 2
q(s)= 5 L of
(S__j te(— 1} +I _[1(s—— _— ta+(1 t)b sc+ 1 K d)dsdt
6) 2 as
Proof. Integrating by parts, we can write Computing these integrals and using the change of the
variable x=ta+(1-t)b and y=sc+(l-s)d for
ko “”(1 t)b,sc-+(1—s)d dids (.s)[01P, then multiplying both sides with
_ , ( _ljﬂ 1 (b—a)(d —c), we get the desired result.
JOZ 6 ) 0tos dt Theorem 3. Let f:AcR?> >R be a partial
1 X ta+(l—t)b,sc+(1—s)d 2
:IOQ(S) ( ) ds. differentiable mapping A:[a,b]x[c,d]. If o is a
o’ f otos
+I 1 ( )8t6s dt convex function on the co-ordinates on A and
2 2
(ta + (1 —t)b,sc + (1 _S)d) ] % € L(A) ,then the following inequality holds:
By integrating the right hand side of equality, we get
f(a,c+d)+f(b c+dj 4f(a+b c+dj
Ilq(s) Kr-l]( ! Jaf(ta—i-(l 1)b,sc+(1- s)d)}2 ’ ’ ?
0 a-b)o 0 +f(a+b,6j+f(a+b,d]
2 2
|
1 (Lo 9
. »[0 6s<m+(1 t)b sc+ l s d)dt +f(a,c)+f(b,c)+f(a,d)+f(b,d)
|: 1 36
t—— (t +(l 1)b, sc+(l s)d)} brd
1 —_ dx — A
> )@ ade T (o =4
25(b—a)(d-c
_ai J.ig—{:(ta+(l—t)b,sc+(1—s)d)dt}ds S%
U 1y fass L a0+ (a2 L () 4| EL (boa)
- ——jz(s——] (— c+(1—s)d)ds oros | |ewes | |aes Y| ares
b—a| 370 os\ 2 x >
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where

1 c+d

b
A:6(b_a)ja{f(x,c)+4f(x, 5 )Jrf(x,d)}dx
+;Id[f(a y)+4f[a+b y)+f(b y)}dy
6(d—c) c ’ 5 B R ;
Proof. By using Lemma 1, we can write
c+d c+d a+b c+d
f(a, : j+f(b ; ) 4f( : j

| +f(a;b,cj+f(a;b,d)
9
+f(a,c)+f(b,c)+f(a,d)+f(b,d)
36

+Wl(dc)j J f xy)dydx A|

S(b—a)(d—c

p()a(s)|
<ol

52 dtds.

( ta+(l—t)b),sc+(l—s)d)

tos

Since f:A — R is co-ordinated convex on A ,we get
c+d c+d a+b c+d
, +f|b, +4

f(“ 2 J f( 2 j f( 2 j

a+b a+b
el
9
+f(a,c)+f(b,c)+f(a,d)+f(b,d)
36

ld . jbj‘jf(x,y)dydx—ﬁ

T(b-a)(d—c)a
S(b—a)(d—c)

2

t f(a sc+(1 s)d)

Ot0s

ds.

x[ola ()| [1]p (1)

+(1-0)\CL (s + (1-5)d ) dr

Otos

Computing the integral in the right hand side of above
inequality, we have

i(a,sc+(l—s)d)

Ot0s

t

j;|p(t)| 2 dt
+(1-1) %(b,scﬂl—s)d)

tos

i(a,sc+(l—s)d)

tOs

’f
| t—(a,sc+(1—s)d)
— 1 tOs
+J12(z——j dt
6 +(1—t)%(b,sc+(l—s)d)
°f
5 s t%(a,sc+(l—s)d)
+Jf(g—tj ) dt
5 0
2 +(1-1) ?aj;(b,sc+(l—s)d)
°f
1 S t%(a,sc+(l—s)d)
+ S(t—gj ) dt
0
6 +(1-1) ?é;(b,sc+(l—s)d)
62_f(a sc+(l—s)d)
5 ||oros ™

5 .
+ ﬂ(b,sc+(l—s)d)

tOs

We obtain

c+d c+d a+b c+d
f(”’z)”[(sz”[ zj

a+b a+h
‘ +f( )+f( j
9
JJac)r (be)rf(ad)+f(b.d)
36
+(b—d)1(d c)ff [ £ (roypisds—a)
S(b a)(d c)
72
! %J;(“ sct+(1-s)d)
XIO|q ’ | ds.

:I&(%—j 6t_6j;(a’c)‘+( s)at—aj;(a,d)}ds
. Oé[é_sj{s %(b,c) (1-s) %(b,d)}ds

(2.2
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1| |8 f o’ f
s—gj s %(a,c) +(1—s) P (a d)

+
—
—po | —

}ds
o f
a5 )}ds

s az—f(a,c) +(1-5) 82—f(a,af) }ds

Ot0s

—an|wn D

+
—

Nl jn N

Ot0s

+
—
[~ —= &

©

|
N —
~—

“
[,
2~
—_
S

+
—_

—

|

)
SN

5 8* o’
g—sj s?aj:(b,c)+(l—s) TS (b,a)| las

i 5| [8%F *f
+Iz(s—g]{s s (a,c) +(1—s) atas(a d)}d
i 5\| |8*F o2 f
+ Z(S—EJ{S %(b C) +(1—S) %(b,d)}ds
22, . ]e%r
E (a¢) +|8t6s (a.d)
(2.3)
o> f > f
+%( ) Mv(b’d)‘
72

If we use (2.3) in (2.2), we get the required result.

Theorem 4. Let f:AcR2—>R be a partial

2
differentiable mapping on A:[ ] [ ] If t6f
s
bounded, i.e.,
o> f
%((ta+(l—t)b),sc+(l—s)d)
2f
= sup —((ta+(1—t)b),sc+(1—s)d)<oo
2 |0tos
(t.5)€[0,1]
2
for all (t,s)e[O,l]2 and %EL(A). Then the
s

following inequality holds:

c+d c+d a+b c+d
f(“’zj”(sz“f( 2]

a+b a+b
+f +f ,d
EENED
+f(a,c)+f(b,c)+f(a,d)+f(b,d)
36
+_(b_a)1(d_c)I:ij(x,y)dydx—A|

< 25(b—a)(d —c)
- 1296

82f((ta+(1—t)b),sc+(1—s)d)

OtOs

X

o0

where A is as in Theorem 3.
Proof. From Lemma 1 and using the property of
modulus, we have

f(a c+d)+f(b c+dj 4f(a+b c+dj

2 2 2

a+b a+b
st
+f(a,c)+f(b,c)+f(a,d)+f(b,oz’)

36

+mjjjjf(x,y)dydx—/l |

<(b—a)(d-c)
SANNEC

G_f ta+(1—t)b),sc+(l—s)d)}dtds.

2

Since ﬂ is bounded, we have
t0s

c+d c+d a+b c+d
f(a’zj”[sz”( 2)

‘ +f[a;b,cj+f(a;b,dj
9
+f(a,c)+f(b,c)+f(a,d)+f(b,d)
36
(2.4)
1
+Wffff(x’y)dydx‘f“
S(b—a)(d—c)
2
X Ztaf((ta+(1—t)b),sc+(1—s)d)
s
<[, [ (1)q (s euds.
By a simple calculation,
25
j j |p(£)a (s rds = (2.5)

If we use (2.5) in (2.4), we have

c+d c+d a+bc+d
a3 Porloey o35

a+b a+b
+f( 5 ,cj+f( 5 ,dj
9
+f(a,c)+f(b,c)+f(a,d)+f(b,d)
36

+mjjjjf(x,y)dydx—z4 |

< 25(b—a)(d—c)

1296 82_f((t“Jf(l—f)b),SH(l—s)d)

Ot0Os

0

This completes the proof.
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