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Abstract In this paper, we generalize a Goss result appeared in ([5], page 325, line 19, for i=1 ), and give a
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1. Introduction

Let I, be a finite field of g = p" elements, ¢g>3 ,p

is the characteristic of IFq ,n>1.Let

B(n)= z a"

acly [T],a monic

denotes the n-th Bernoulli-Goss number [5] which is a

special value of the zeta function of Goss and is in F,[T] .

In the following we give a characterization of monic
dividing B(¢? -2) by
introducing the numbers M (d), for d =1,2,3 .

irreducible  polynomials

2. Definitions and Notations

In this section, we introduce some definitions and
notation that will be used throughout the paper .
o F, is a finite field of ¢ elements , ¢ is a power of a

prime p, g=3;

1
o A=F,[T] ,k=F (1), k, =1Fq(;);

o A4t = {monic (inT)e A} ;

elet Pe A, we say that pis prime if Pe A" and p

is irreducible;

¢ vp(.)is the P— adic valuation where p is a prime ;

OViZI,[i]:qu—T'
o Ly=land Vi= 1L

=l L=t

e Dy=1l,and Vi=1,D; = [][1—1] g

3. Carlitz Module

Let p be the Carlitz module which is a morphism of

I, -algebras from I, [T] into the F, - endomorphisms of

the additive group given by pr (X)=T.X + X7, for

_1Tn71+...+ao EA,

£ (X) =S oy () =S8 |7 e

1

_ n
a=a,l" +a,

and
for a eFy,p, (X)=a X

3.1.1. Lemma ([5], Proposition 3.3.10)

[a}q {a}

a i i

Let a € A,ne N, then [ }z—
1+1

Where [j]:qu—T for j>1

3.1.2. Lemma
Leta € A—{0} of degree n, then

1). deg[¢1=¢'(n—i) if 0<i<n
2). {7}:013%2“1
i

Proof

The proof is very easy and can be done with the
following

Hints:

1). By induction on i

2). This is obvious.

3.1.3. Lemma
Let P be a prime of degree d and let n>1, then

n
vpl:};}zn—[g},if 0<k<nm

Proof
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The proof can be done by induction on k. d

4. A remarkable Congruence

4.1.1. Definition
Let jeN,ieZ, we set
LS ()= > 4
aeA*’degT a=j
EO(X):X and for j>1,

2 E;(X)= ]I

acA,degy a<j
We have : Ej(Tj):Dj,
([5], Theorem 3.1.5),

(X —a)

and using Carlitz's theorem

1=j . D. 1
-1 J
Ej(X) = L ——x
1=0 Dy(Ljp)?

Now, we present our first theorem which generalizes a
result of Goss appeared in [5], page 325, line 19 for i=1.
4.1.2. Theorem

Let 1<i<gq,then

1’
Viz0,8;(-i)= -
=
Proof
We have
Ej(X+Tj):Ej(X)+Dj: [T x+a

aeA+,degT a=j
On the other hand, we have :

%EJ(X+Tj):(—1)le)—j

So the logarithmic derivative of E; (X +T/ ) is:

. D
(_1).] L_j;1: Z Xl
J EJ'(X+T<) aeA+,degTa:j a
Thus
1 1 1 1 _
=—. == (-D)"a"X"
X+a a | X a3
a
Therefore:

1

Z X+a:

aeA+,deg7~ a=j
ASIDTND>
n20 aeA+,degT a=j

= Z nz0 (1) XnSj(—(” +1))

On the other hand, we have :

a—(n+1)

1 1 1
E,(X)+D, D, E,(X)
D;
:L ( )m[EJ(X)Jm
Dj m>0 Dj
1 _
=52 "D (E (X )"
J m>0
Since
Ej (X) _ i (_I)J—m 1 . 'qu
Dj m=0 Dm (Ljfm)q
1/
) X mod(X?)
L;
We deduce that
-1/ D, |
Ly  E;(X)+D;

g-1 (_1)(m+(m+l)j)
=y 4 X" mod(X?)
0 (L . )m+1 :
m= J
By identification, we obtain:
(_1)(m+(m+1)j)
m+l1
(27)
(_1)(m+l)j
(2
(17
i
L
This terminates the proof. d

(=1)"8; (=(m+1)) =

=S;(-(m+1))= )m+1

Therefore : S; (i) =

4.1.3. Definition

We define the i-th Bernoulli-Goss numbers as follows:
B(0)=1

and

B(i) = ZSj (i)e Aif i Z Omod(q—l)
720

B(i)=2 j51/S; (i) € A,if i=0mod(q—1),i>1,

4.1.4. Theorem ([11], Theorem10)

Let be a prime of degree d,
0<i<d-1 and 1<c<q-2, then

d=1(_1\c-J ¢
B(qd_l—cqi)z[z(;—)c] mod(P) m)
=0 Lj

Proof
We have
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¢ —1-cq' =—cq' = 0mod(g—1).

Therefore
B(qd —1—cq‘)= > m>05m (qd —l—cql)

For ieN,i=ay+a;q+...+a,q",a; €{0,...,q—1} , we
denote 1(i)=ag+a; +...+a,.
According to Sheats ([9]), we have if 1(i) < j(g —1),

therefore S; (i)=0, thus
for jzd,Sj(qd—l—cqi)=0.

Hence, it follows that:

(q -1- cq) Ci:lsj(qd—l—cqi)
=0
o
= ZSJ- (—cq1 )mod(P)

J=0

So according to Theorem 4.1.2, we have :

B(qd -1 —cqi ) = di:lSj (—cqi)
J=0

d-1 4
= >'S;(=¢)| mod(P)
j=0
qi
d-1 -1 c
= Z( )C mod(P)
j=0 (L i
This terminates the proof. 0

4.1.5. Lemma
Let P be a premier of degree d, then

P
kl_nf
=== mod(P),forOSde—l a
P L
Proof
This can be shown by a combination of an induction on
k, and lemma 3.1 a

Now, we present the following remarkable congruence:

4.1.6. Theorem([11],Theorem 11)
Let P be a premier of degree d, then

pp1()=0mod (P*) < B(g? -2)=0mod P O

Proof
We have

= Px{dz_l (_le)k J mod (P)

EPxB(qd—2) mod (P)

Since fori =0,c =1, we have by Theorem 4.1.4

B(qd —l—l.qo):B(qd —2),and

5. The Numbers M(d)
We note that :

d-1(_1\ | d—lL__lk

Z( ) _ d-1(-1)

k=0 Ly Ly .k:O Ly

5.1. Definition

Ford >1, we set

i M(1)=1

d —
M(d)=1—1 0
qg-—1
According to theorem 4.1.6 if P is a prime of degree d,
then

M(d)e A" and degy

pp1(1)=0mod (P} < M(d)=0mod(P)

o B(qd -2) = 0mod(P)

5.2. The Number M(2)

5.2.1. Lemma

M(2) is the product of 4 distinct monic irreducible
p

polynomials (prime) of A of degree p.

These polynomials are the divisors of the (q2 —2) - th
Bernoulli-Goss number B(q2 - 2). a

Proof

We have: afl—T(Tq -T-1)=-1

Let F(T) be a irreductible of degree d such that
F(T) divides T! - T -1,d > 1

Let o e Fq, F(a)=0, qu =T, (a),d is the smallest

k
integer k£ >1 such that ¢ =«
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al=a+l+a

2
a? =(a+) =al+l=a+2z2a

-1
T @+ =a+p-lza

p

al =qa
=d=p.
Because

p p
a? =a=abearootof TT -T

. .. p
This proves that : P divides 779 —T
=degr P=1or degr P=p
But o ¢ F, = degy P = p. a
The previous lemma answers the question: What are the

primes of degree 2 dividing the q2 —2 - th Bernoulli-Goss
number B(q2 —2)?.
i.e
pp(1)=1mod(P?) < M (2)=0mod (P)
< B(g* -2)=0mod (P)
Conclusion

q

o If p=2, there is exactly primes of degree 2

satisfying the equation
o If p#2, there is no prime of degree 2 satisfying the

equation.
5.3. Number M(3)
Let P be a prime of degree 3 which divides M(3), P is a
divisor of the q3 —2 -th Bernoulli-Goss number
B(q’ - 2)

)=[2]M (2)+(-1)°
:[Tq j( T1)+1

Letae]F ,P(a)= O,IF3 IE‘( ), and

2
M(3)(@)=0= (@ ~a)(a? -a-1)+1=0
Let: f=a? —a, wehave:

Bl+p=(@!-a) +(a? -a)
2 2
=a? -al+al-a=a? -a.
There is two possible cases:
Case 1if BT, then

F, (ﬁ):IFq = f9 = therefore a is a root of the

polynomial (77 T - §), with § € F,. We have

aq:a+ﬁ:>(qu)q=(a+ﬂ)q:
aq+ﬁ:a+ﬂ+ﬁ:a+2ﬂ3aq2 =a+2p
Then
o =(a+2B8) =a? +2p=a+B+2p
aqsza:>3ﬁ=0:>p=3
Moreover :
(ﬂq+ﬂ)(ﬂ—1)+l:2/}(ﬂ—1)+l:>ﬂ2—ﬂ—le
if
A=1+4=5¢(F,)’
< g=3",5=0mod(2).
Since
Se(F,). 5 (F)

Let F an irreducible of degree d which divides

(T?-T - pB)= F is of degree 3, because if § is a root
of F, then

2
-p=0=67 =(5+p) =561+p=5+2p
3 3
=67 =543f=6=067 =65
3
=Jdisarootof 7?9 —T

3
This proves that: F divide 79 -T
=degr F =1ordegr F =3

Buté ¢ F, = degy F =3. a

Therefore there is % irreducible polynomial of degree

3 which divides (Tq—T— ,B) and if F divide

(19 -7~ )= F divide M (3).
Conclusion:

For ¢ = p*,s =0mod(2),

there is : 2.(%) irreducible polynomials of degree 3

dividing M(3)
Indeed,

equation

in this case, SE(IF;)Z and therefore the
X?-X-1=0 (1

has two solutions in F,, £, 5,
For each f;i=1,2, there is % irreducible polynomials

of degree 3 which divide (T 9-T- ﬁi), and thus divide

(M)3.
Thus, if P is an irreducible of degree d which

divides(Tq —T—ﬁ), a is aroot of P, then P(a)=0.
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Therefore
al—a-p=0=al-a=p
But:
MG)(a)=(@ ~a)(af —a-1)+1
=B+ 5)(B-1)+1i=1.2
=2B,(B -1)+1=247 -2 +1
=B -B-1=0

Since B{ = B;,p =3, B; is aroot of (1).
This proves that : P diivides M (3)

Case2if ST, then F, (8)=F, (a)=TF ;
q

(ﬂ‘f +ﬂ)(ﬁ—l)+1:0

:(aqz —a](aq—a—l)+1:0

Therefore:

g,V g ag__ 1 _
Plap=s = P p2p == 2p

= p = 2

1
T —_—_— =
= I”qu( ﬂ_l Zﬂj 0
F‘l

We set y == —L—Z,B

p-1

1
T = _ | =
rqu(}’) ODTrqu( ﬁ_]\J 0
Fq Fy

Since Trp , (#)=0,p=a?—a and Tr is linear,
A

then

1
Tre . /(B)=0= Tne (——}0
7 (5) 7 al —a-1
Fq Fq

Because: o7 —a ¢ F,.

So we have:

M(3)50m0d(P): Tnp N (—;Jzo
!I% al —a-1
q
From:F, (f)=F, (a):IFq3
Let O(T) = Irr(B,F,,T), O(T), has degree 3

and O(T) = T3 +aT +b, because

q

Trﬁy(ﬁ)=0:>Q(ﬂ)=ﬂ3 +af+b=0
Fg

Now we are looking for , Irr _—1,IE‘q,T ?
p-1

We look for F(T) of degree 3 such that

F(_—l,jzo,
B-1

We have :
1
= 1
B LJF
p-1
And then
3 1
( )’ +a( +D)+b6=0
1 1
74_1 -
p-1 p-1
We set

FI(T)=(%+1)3+a(%+1j+b:ﬂ[%]=o

and we want to get F e F, [T]
we have
3
(T+1) +aT+1
73
T+ +a(T+1)T? +bT°
= p
:ITI(T):&Z):F(LJ:O
T p-1

+b

R(T)=

= R(T)

So we set

(T+1)3 .

F(T)=T°R(T)=T> [ p=

aT—+1+b]
T

=(T+1)* +a(T+1)T* +bT?
= F(T)=(1+a+b)T* +(3+a)T? +3T +1

Tr(%j:033+a:0:>a:—3

Therefore the polynomial is as follows
Q(T)=T>-3T+b
Thus Q(T) is an irreducible of degree 3 with constant

1 .
term b # 2, because we have —— ¢ IF‘q in the other case.

a
Before concluding we will answer the following
question: for q>3 is there infinitely many primes

P e F[T] such that :

pp_1(1) = 0mod (P?) (2)
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5.3.1. Proposition
Let d>1, there is at least one prime Pelf,[T] of
degree d such that
pp_1 (1) = 0 mod (P?)
Proof

We can assume d > 2.

d d
degTM(d)zq 4.4
g-1 ¢g-1

According to ([7], Proposition 5.5) , we have :
4
g’ —q! <dNy(d)<q"
where N, (d) is the number of irreducible polynomials

of degree d e F,[T], [ is the smallest prime factor of d

Therefore
d d
dN,(d)> " —q2 >¢* ——L-(q2 -1)
qg-1
If we had

M (d) =0mod ([1p premier,degy P=d P)

we would have :

d
degTM(d)qu _Ll g? -1
q-
d d
:>q_>qd _L q2 _1
g-1 q-1
i.e
d

(¢-2)q" <q| ¢2 -1

which is impossible if d >2.
On the other hand:

d
dN,(d)>¢? ——T—(¢2 1)
qg-1

Therefore
(4-2)g" d
dN,,(d)~degy M(d)>~1=20 (42 )
q-1 q-1
Thus, there is at least
d d
_2 —
@=24" __ 4 2y
g-1  g-1

prime of degree d which satisfy
pp_1 (1) = 0mod (P?)

Conclusion
In this paper , we showed that there are infinitely many
primes P e IE‘q[T] such that

pp_i (1) = 0 mod (P?) m)
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