Turkish Journal of Analysis and Number Theory, 2023, Vol. 11, No. 1, 7-18

Available online at http://pubs.sciepub.com/tjant/11/1/2
Published by Science and Education Publishing
DOI:10.12691/tjant-11-1-2

g i

Stability Results of the Additive and Quartic Functional
Equations in Random p-Normed Spaces

Sushma Devi'*, Asha Rani**, Manoj Kumar®

!Kanya Mahavidyalaya, Kharkhoda
?pt. NRS Govt. College, Rohtak
®Baba Mastnath University, AsthalBohar, Rohtak
*Corresponding author: sheoransushma50841@gmail com

Received April 14, 2023; Revised May 17, 2023; Accepted May 30, 2023

Abstract In this paper, we investigate the Hyers-Ulam stability of mixed type additive and quartic functional
equations in Random p-normed spaces by direct and fixed-point method.

Keywords: Hyers-Ulam stability, additive functional equation, quartic functional equation, random p-normed

spaces, fixed point method, direct method

Cite This Article: Sushma Devi, Asha Rani, and Manoj Kumar, “Stability Results of the Additive and
Quartic Functional Equations in Random p-Normed Spaces.” Turkish Journal of Analysis and Number Theory,

vol. 11, no. 1 (2023): 7-18. doi: 10.12691/tjant-11-1-2.

1. Introduction

In 1940, the stability problems of functional equations
about homomorphism of groups was introduced by Ulam
[1]. In 1941, Hyers [2] gave an affirmative answer to
Ulam’s question for additive groups (under the
assumption that groups are Banach spaces). Hyers’
theorem was generalized by Aoki [3] for additive
mappings and by Rassias [4] for linear mappings by
considering an unbounded Cauchy difference ||f(x +
¥) = fx) = fO)II < e (lIxIIP + llylIP) for all e > 0 and
p € [0,1). Following the same approach as Rassias, Gajda
[5] gave an affirmative solution of this problem for p > 1
and also proved that it is possible to solve the Rassias-type
p = 1. Also, in 1994, Rassias generalization theorem was
delivered by Gavruta [6] who replaced e(||x||P + |lylIP)
by a control function ¢(x,y). The paper of Rassias has
significantly influenced the development of what we
now call the Hyers-Ulam-Rassias stability of functional
equations. J.M. Rassias [4] followed the modern approach
of the Th.M. Rassias [7] theorem in which he replaced the
factor product of norms instead of sum of norms.

The functional equations

fG+y) =)+ 1) (11)
are known as additive functional equation. Each additive
solution of a functional equation must be an additive
mapping. For Stability of additive, quadratic, cubic and
quartic functional equations in random normed spaces, we
may refer [8,9,10,11,12].

Some notions and conventions of the theory of random
and random p-normed spaces are taken in our paper as in
[11,12,13,14,15].

Throughout the paper A" is the distribution functions
space, that is, the space of all mappings V: R U {—o0, o0}
— [0,1], such that F is left continuous and increasing on
R,V(0) = 0 and V(+w) = 1. D'c A" consisting of all
functions V € A*for which [=V(+w) = 1, where [~ ¢ ()
denotesl~¢(s) = lim,_,- ¢(s). The space A" is partially
ordered by the usual point wise ordering of functions, i.e.,
V < W & V(t) < W(t) vt € R. The maximal element for
A" in this order is the distribution function g, given by

_(0ift<0,
&= {1 if t>0.

In 2012, SA Mohiuddine et al. [16] are to present a
relationship between three various disciplines the theory
of functional equation

Zf(“;’”j: F(x)+ T (y)+1(2)

Recently, in 2019, Senthil Kumar et al. [17]
proved the general solution of Hyers-Ulam stability of
mixed type additive and quartic functional equations of
the form

f(2x+y)+f(2x—y)+ f(x+2y)+ f(x-2y)
=8 f(x+y)+f(x=y)]+f(2x)-5f(x)
+7f(-x)+2f(2y)-5f(-y)-9f(y),

We focus on the ensuing mixed type functional
equation derived from additive and quartic mappings.
We validate the Hyers-Ulam stability of equation (1.3) in
p-normed spaces. It is not hard for one for one that the
mixed type function f(x) = ax + bx* is a solution of the
equation (1.3).

In this section, we determine the generalized Hyers-
Ulam stability of mixed type additive quartic functional

(1.2

(1.3
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equations in random p-normed space, by using direct
method and fixed-point method. Following definitions and
notions will be usedto prove our main results:
Definition 1.1 [11] (t-norm) T :[0,1] x [0,1] — [0,1] is a
continuous triangular norm (briefly t - norm) if T satisfies
the following conditions:

i) T is commutative and associative;

ii) T is a continuous;

iii) T(a,1) = aforalla € [0,1];

iv) T(a,b) <T(c,d), whenever a < c and b < d for
alla,b,c,d € [0,1].

Examples of continuous t -norm are T(x,y) = xy,
T(x,y) = max{x + y — 1,0} and T (x, y) = min(x, y).

Recall that, if T is a t-norm and {x,, } are given numbers
in [0,1], then, T/, x; is defined by recursively by

n x; ifn=1,
2% = { n—1 ;
T(TS %, x,) if n=2,
T2, x; is defined as T2, x,, 4;-

Definition 1.2. [11]. A Random Normed space (briefly
RN-space) is a triple (X, 0, T), where X is a vector space,
T is a continuous t-normand © : X —» D*(for all x € X, ©(x)
is denoted by 0,,), satisfying the following conditions:

1)0,(t) = g((t), forallt > 0ifand only if x = 0;

i) 0., (t) =0, (i) for allx € X,t>0 and a € R
witha # 0;

i) Oy, (£ +u) > T(@x(t), @y(u)) for all x,y € X
and t,u = 0.
Definition 1.3. [11] Let (X, ®, T) be a RN-space.

RN1) A sequence {x,}in X is said to be convergent to
apointx € X if lim, o, 0, _,(t) =1,t > 0.

RN2) A sequence {x,} in X is called a Cauchy
sequence if lim, ., 0, _,, (t) = 1,t > 0.

RN3) A RN-space (X,0,T) is said to be complete if
every Cauchy sequence in X is convergent.
Definition 1.4. [13] Let X be a real linear space
pERT with 0 <p<1and T be a continuous t-norm.
The triple (X, 0, T) is called a random p-normed space if a
mapping © : X - D* (for all x € X,0(x) is denoted by
0,), satisfying the following conditions:

i) 0,(t) = g(t), forallt > 0ifand only if x = 0;

i) 0, (£) = 0, (=), forallx € X,t > 0 and @ # 0;

lal?
i) 0,1, (t +u) 2 T (0,(t), 0, (u)), for all x,y € X
and t,u = 0.
Note that every p-normed space (X, ||.]|) defines a

random p-normed space (X, ©, Ty,) where ©, (t) =T +t||x|| 'y
for all t > 0 and T}, is the minimum t-norm. This space is
called the induced random p-normed space.

Definition 1.5. [13] Let (X,0,T) is called a random
p-normed space.

1. A sequence {x,} in X is said to be convergent to a
point x € X if for all t >0 and 1 > 0, there exists a
positive integer N such that ©, _,(t) > 1— A whenever
n=N.

2. A sequence {x,} in X is called a Cauchy convergent
if forall t > 0 and A > 0, there exists a positive integer N
such that @, _, (t) >1—Awhenevern>m > N.

lal

3. The random p-normed space (X,0,T) is said to be
complete if every Cauchy sequence is convergent to a
pointin X.

Theorem 1.6. [14]. If (X,©,T) is a random normed space
and {x,} is a sequence of X such that x, — x, then
lim,, ., 0, (t) = 0,(t).

2. Stability Results for Additive
Functional Equation
by Using Direct Method

In this section, we investigate the generalized Hyers-
Ulam stability problem of the functional equation (1.2), in
random p-normed spaces under the minimum t-norm Ty,
by using direct method.

In this paper, let X be a linear space, (X,0,T) be a
random p-normed space and (X,0,Ty) be a complete
random p-normed space. We determine the stability of the
additive functional equation defined by

Dt (xy,z) = 2f (%)— f(x)-f(y)-f(z), @1

in random p-normed spaces by using Direct method.
Theorem 2.1. Let ¢ : X3 — Z be amapping such that for
some 0 < a < 2.

© y(2x.2y.22) (1) 2 © 4 x,y,2) (1) 2.2)
and lim,,_,e, © any 21y 27, (2" t) = 1, for all x,y,z € X
and all t>0. If f:X—>Y is an odd mapping with
£(0) = 0 such that

eDf(x,y,z) (t) 2 gd)(x,y,z) (t) (2-3)

for all x,y,z € X and all t > 0, then there exists a unique

additive mapping Q : X — Y such that
G)f(x)—Q(x)(t) = ®'¢(x,2x,x)(2p - ap)(t).

forallx € X and all t > 0.

Proof. Replacing y by 2x and z by x in (2.3), we obtain

(2.4)

®f(x)7 f(zx) (t) Z ®'¢(X,2X,X) (2pt), (2.5)
2
forallx e Xandall t > 0.
Replacing x by 2"x in (2.5), we obtain
MTENRIEENIY
5N B on+1
’ p (NP
_®¢(2”x,2”+1x,2”x)(2 (2 )t) 2.6)
2\"P
’ < p
z®¢((X,2XVX)){(a) (2 )t}
forallx e Xandall t > 0.
Since
f(2"x) naf f(20x) f(21*x
f(x)- ( ):Z ( )— ( ) 2.7

2n 1:0 2] 2J+1
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forallx € Xandall t > 0.

° e Sl

N
n-1 ip
l (a
g E5T
n-1 f(zlx)_f(ZJJr x) [jo[(z)p 2
i=o 2j 2j+l
>Ty' 15| ©

2] 2j+1

H()J(WU] o

=Tu (®’¢(x,2x,x)’®,¢(x,2x,x)""'®’¢(x,2x,x) (t))
= ®’¢(x,2x,x) (t)'

forallx € Xand all t > 0.
Replacing x by 2™x in (2.8), we get

© f(2m x) f(2m+nx) (t)
Cm gmen

(2.9

L_pt
1a)
im (2)

for all x € X and all m,n € Z withn > m > 0. It follows
from

2 G')/¢(x,2x,x)

S CO LS Y

lim @y, .
¢(X, X’X) m+n—1(ajjp

n,m—oo

Zj:m 2

f(Z” x)
that the sequence — is a Cauchy in (X,0,Ty),
2

and so it converges to some point Q(x)EY .
We can define a mapping Q: X-VY
f(2”x)
by Q(x)=lim<{——=*t for al xeX and
n—oo 2n

all t > 0. Fix x € X and put m =0 in (2.9). Then, we
obtain

, 2)P
n-1{ o
2" 2 J'—O[ZJ

forall x € X and all t > 0. For every s > 0,

®f(x)fQ(x)(s“"t)

>Ty | © R C I (2.10)
" (2" (2] Q(X)@

)
2N on

p

2

2Ty | © y((20))

for all x € X and all t > 0. Taking the limit n - oo in
(2.10), we obtain

ef(x)—Q(x)(S + t) = ®'¢((x'2x'x))((2p - ap)t), (211)

Thus, since s is arbitrary and taking s — 0 in (2.11), we
have

Or (-0 () = O (1,200 (27 — aP)t),

for all x € X and all t > 0. Thus, the condition (2.4) holds
for all x€ X and all t > 0. If we replace (x,y,z) by
(2™x,2"y,2"z) in (2.3), then

, np

®Df(2n X’Zn yiznz) (t) Z ® ¢(2X,2y,22) (2 t), (2-12)

2n

for all x,y,z € X and all t > 0. Lettingn — o in (2.12),
we find that ©pg(yy ) =1, for all t >0, which
implies DQ(x,y,z) = 0, for all x,y,z € X. Therefore, the
mapping Q is additive. Now, we prove that the additive
mapping Q is unique. Let us assume that there exists
another mapping R : X —» Y which satisfies (2.4). For

fixed x € X, Q(2"x) = 2"Q(x) and R(2"x) = 2"R(x),
all n € Z*. It follows from (2.4) that

Og(x)-r(x) (1) = ®Q(2nx) R{2") (t)

2N 2n

> Ty, @W_W(%j’(af(zr])()_'?(znx)(%j

2N 2" 2" 2N
, 2\
pP_ P £
2®¢(X,2X,X) {(2 a )(aj t}
as lim (2P — a?) (S)np (t) = o0 , we have

Ou)-r)(®) =1 for all t > 0. Thus, Q(x) = R(x), for
all x € X. Hence, it is completed.

Theorem 2.2. Let ¢ : X3 — Z be a mapping such that for
some 2 < a,

®’¢(£X£) () 2 0y yn(@Pt) (2.13)
2’2’2

and lim,,_,,, © )(t) =1, for all x,y,z € X and

,
x y z
2n¢(2_n'2_n'2_n

allt > 0. If f : X » Ybe an odd mapping with f(0) =0,
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which satisfies (2.3), then there exists a unique additive
mappingQ : X — Y such that

Or -0 2 O yx o ((@ —aP)t),  (214)
272
forallx € Xand all t > 0.
Proof. Puttingx = z = % andy = xin (2.3), we obtain
ef(x)_zf( )(t) >0 (x x)(apt) (2.15)
forall x,y € Xand all t > 0.
Replacing x by in in (2.15), we obtain
2
®2“f ol X ()
2n 2n+1
L (2.16)
2®¢(zx5) (Ej @},
22
forallx € Xand all t > 0.
Since
X
f(x)-2"f (Z—J
(2.17)
S ()
2]+1 !
forallx € Xand all t > 0.
From inequality (2.16) and (2.17), we get
2 ip
”f a ' (2.18)
C) t 20 (1), (218
f(x)-2" f[zinj il (2)° ¢(§,x,§j
forallx € Xand all t > 0.
Replacing x by im in (2.18), we get
2
®2mf X |p(men) g X ®
2m 2m+n
(2.19)
: (2)°
¢(5»X'§j Zn+m—l 2 P
i=m | g

for all x € X and all m,n € Z withn > m > 0. Then, the
sequence {Z"f (zin)} is a Cauchy in (X,0,Ty), and so it
converges to some point Q(x) € Y. Now, we can define a
mapping Q : X = Y by Q(x) = lim,_., {an (zin)} for
all x € X and all t > 0. The remaining part goes through
in a similar method to the corresponding Theorem 2.1.

Corollary 2.3. Let X be a linear space, (Z,0,Ty) be a
random p-normed space and (Y,0,T,) be a complete
random p -normed space. Assume & is a positive real
number and zp €Z. If f: X - Y is a mapping with
f(0) = 0 which satisfies

Opt (x,y.z) (1) 2 0 57 (1), (2.20)
for all x,y € X and all t > 0, then there exists a unique
additive mapping Q : X — Y such that

O (x)-0(x) (1) > sz ((2p —1)t),

forall x,y,ze€ Xand all t > 0.

Proof. Let a mapping ¢ : X3 —Z be defined by
¢(x,y,z) = 8zy. Then, the proof follows from Theorem
2.1 by a = 1. This completes the proof.

Corollary 2.4. Let X be a linear space, (Z,0,Ty) be a
random p-normed space and (Y,0,T, ) be a complete
random p -normed space. Assume r is a positive real
number withr = 3 andz, € Z.If f : X - Y is a mapping
with £(0) = 0 which satisfies

(2.21)

o1y (O Z O i iy iy iy O (2:22)

for all x,y,z € X and all t > 0, then there exists a unique
mapping Q : X — Y such that

Or (r)—0) (£) = O gr )z, (2P = 2P7) (1),

forall x € Xand all t > 0.

Proof. Let a mapping ¢ : X3 —>Z be defined by
¢Cy) = (llxlI” + llyll” + llzl")zo . Then, the proof
follows from Theorem 2.1and Theorem 2.2 by a = 27.
This completes the proof.

(2.23)

3. Stability Results for Mixed Type
Functional Equations
In this section, we prove the generalized Hyers-Ulam
stability of mixed type Additive Quartic functional

equations in random p-normed space, by using direct
method. For any mapping f : X — Ydefined by

Di(ny)

= f(2x+y)+ f(2x=y)+ f (x+2y)+ f (x-2y)
—8[ f(x+y)+f(x-y)]-f(2x)+5f(x)
—7f(—x )—2f(2y)+5f(—y)+9f(y)

Theorem 3.1. Let ¢ : X? — Z be a mapping such that for
some 0 < a < 2.

(3.1)

0 (2x,29) (1) = 0 g (x,) (), (3.2)

and 1im,, e, 0’ (2nx,27,) (22" t) = 1 for all x,y € X and
all t > 0. If an even mapping f : X - Y with f(0) =0
satisfying

Ops () (8) = 02 (D), (3.3)

for all x,y € X and all t > 0, then there exists a unique
quartic mapping Q : X — Y such that

Or -0y (®) = 0'50)(2°7 (2P — aP)t), (3.4)
forallx € X and all t > 0.
Proof. Replacing y by 0, in (3.3), we obtain
@f(x)_%x_)(t) > 050 (2*1), (3.5)



Turkish Journal of Analysis and Number Theory 11

forall x € Xand all t > 0.
Replacing x by 2" x in (3.5) we obtain

NTERIEEN (t)

»4n 24(n+1)
> ®’¢<2n o (2P (2P )] (3.6)
>0 21" g0
2 ¢(X,0) (;j (2 )t ,
forallx e Xandall t > 0.
Since
f(2"x) naf f(20x) f(21"x
F(x)- (24n ):JZ%) (241 )_ 2(4(j+1))
So,
n-1 1 (ajlp
® — |t
f(x)_f(;‘;X) Z (2¢)°12
n-1 1 a th
~ 5 21k f(20*2x - 4 P(E]
P (241 ) (4(j+1>)J ()
ip
>Ty' 12| © (o) 1(2i# ﬁ(gj t|]3.7)
iy _24(j+1)] ( )

=Ty (®’¢(x,0)'®’¢(x,0)""’®’¢(x,0) (t))

= ®'¢(x,0) (t)’

forall x € Xand all t > 0.
Replacing x by 2™x in (3.7), we get

_&r
ety

for all x € X and all m,n € Z withn > m > 0. It follows
from

® f(2m X) f(2m+lx) (t) > ®,¢(X,O) (3.8

SAm LA4(m+1)

Ilm ®,¢(X,O)

n,m—oo0

that the sequence is a Cauchy in (X,0,Ty)

f (2“ x)
24n

and so it converges to some point Q(x) €Y. We can

define a mapping Q : X —» Y by Q(x) = lim,_,,, {
forall xeXand all t > 0. Fixx € X and putm =0 in
(3.8). Then, we obtain

f(Z”X)}
24n '

€] =06 ﬂt
f(x)_f(zz nx) - ¢ (x,0) 27:_01(2)117 !

2
forall x € X and all t > 0. For every s > 0,
O (x)-q(x) (1)

>Ty | © (s) (3.9)

)
— |0
s | o

for all x € X and all t > 0. Taking the limit n - oo in
(3.9), we obtain

O (x)-qpx) (+1)2 @ y0) (227 (2P -] (3.10)

Thus, since s is arbitrary and taking limit s —» 0 in
(3.10), we have

Or -0y () = 05y (2% (2P — aP)t),

for all x e X and all t > 0. Thus, the condition (3.4),
holds for all x € X and all t > 0. If we replace (x,y) by
(2™x,2™y) in (3.3), then

O ot (2” x,2" y) (1) 20 g(2x,2y) (2”pt), (3.11)

24n

>Ty (s)],

®/¢(x,0)

for all x,y e X and all t > 0. Letting n —» o in (3.11),
we find that ©pg,) =1 for all ¢>0, which
implies DQ(x,y) =0, for all x,y € X. Therefore, the
mapping Q is quartic. Now, we prove that the quartic
mapping Q is unique. Let us assume that there exists
another mapping R : X —» Y which satisfies (3.3). For
fixed x € X, Q(2"x) = 2**Q(x) and R(2"x) = 2**R(x),
allm € Z*. It follows from (3.3) that

©a-7(x) ()= O(ny) p(any)
4N B 24n

w5 g 5o 3

24n 24n 24n 24n

> ®/¢(x,0) (23p (Zp -aP )(%)np t].

as, lim,,_,,, 237 (27 — aP) (S)np (t)=0 , we have
Ogu)-r)(t) = 1 for all t > 0. Thus, Q(x) = R(x), for
all x € X. Therefore, the proof is completed.
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Theorem 3.2. Let¢g : X? — Z be a mapping such that for
some 2 < «a,

NG a'?t), 3.12
p(52) () = O (@) (3.12)

and lim,,_,,, © () =1 for all x,y € X and all

20(303%)
t>0. If an even mapping f: X - Y with f(0) =0
which satisfies (3.3), then there exists a unique quartic

mapping Q : X — Y such that

Or )0y (1) = 050y (2%7 (2P — aP)t),

forall x e Xandall t > 0.
Proof. Replacing x by % and y by 0 in (3.3), we obtain

(3.13)

G)f(x)—24f(%)(t) =0 ¢(§’0)(2(1pt), (3.14)
forallx € Xandall t > 0.
Replacing x by in in (3.14), we obtain
2
®24n f[L]_24(n+l) f[ij (t)
2" 2"
L (3.15)
>0 X (_) (24p)t )
¢[7,0) 2
2
forallx € Xandall t > 0.
Since
4 X
f(x)-2""f (Z—HJ
(3.16)

n-1
- A g X4 g X
_Jgo[z Jf[ij 2" f(zj”]}

forall x € Xand all t > 0.
From inequality (3.15) and (3.16), we get

B (2)“)
@f(x)_sz[m% (:‘4)pt 26}[;,0] (t), (3.17)

forallx e Xandall t > 0.

Replacing x by im in (3.17), we get
2

© anm f[%]_24(m+n) f[i] (1)

2 2m+n

I
s

(24

(3.18)

for all xeX and all mneZ with n>m>=0 .
Then, the sequence {24"f (zin)} is a Cauchy in (X, 0, Ty),
and so it converges to some point Q(x) €Y. Now,

we can define a quartic mapping Q : X » Y by Q(x) =
lim,, {24"f (g)} for all xe X and all t>0. The

remaining part goes through in a similar method to the
corresponding Theorem 3.1.

Corollary 3.3. Let X be a linear space, (Z,0,Ty) be a
random p-normed space and (Y,0,T), ) be complete a
random p -normed space. Assume §is a positive real
number and z, € Z. If an even mapping f: X ->Y
with £(0) = 0 which satisfies

Opf (ey)(£) = 05, (8), (3.19)

for all x,y € X and all t > 0, then there exists a unique
quartic mapping Q : X — Y such that

Orr)—geoy(8) = 05, (237 (2P — D),

forall x € Xand all t > 0.

Proof. Let a mapping ¢ : X2 —Z be defined by
¢(x,y) = 6z,. Then, the proof follows from Theorem 3.1
by a = 1. This completes the proof.

Corollary 3.4. Let X be a linear space, (Z,0,Ty) be a
random p-normed space and (Y,0,T),) be a complete
random p -normed space. Assume r is a positive real
number withr = 2andz, € Z. If f : X - Y is a mapping
f(0) = 0 which satisfies

O (x.y) (t)2®'(

(3.20)

(1), (3.21)

"4yl Jeo

for all x,y € X and all t > 0, then there exists a unique
quartic mapping Q : X — Y such that

O (o) (V200 (23F’ (2P 27" )t) (3.22)

forallx e Xand all t > 0.

Proof. Let a mapping ¢ : X2 —Z be defined by
¢, v) = (IxII” + llyl")zo. Then, the proof follows from
Theorem 3.1 and Theorem 3.2 by @ = 2". This completes
the proof.

Theorem 3.5. Let ¢ : X2 — Z be a mapping such that for
some 0 < a < 2.

®’¢ (2x,2y) (t) = G)ya (xy) (t)

and 1lim, e ©' g (2n 5 2n,) (2" t) = 1 for all x,y € X and
allt > 0. If f: X - Y is an odd mapping with f(0) =0
such that

(3.23)

Opf ey (t) = (E)'d,(x,y)(t), (3.24)

for all x,y € X and all t > 0, then there exists a unique
additive mapping Q : X — Y such that

O -0 () 2 0y 0 (2P —aP)t),  (3.25)
forallx € X and all t > 0.
Proof. Replacing y by 0 in, (3.24), we obtain
(3.26)

@f(x)_@(t) > 0,0 (2P1),

forallx € X and all t > 0.
Replacing x by 2"x in (3.26), we obtain
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GM f(2n+1x) (t)

on 2n+1

= ®’¢(2”x,o) (2p (an )t)

>© y(x0) {[éjp (zp)t}

forallx e Xandall t > 0.

Since
f(2n X) n-1

2" _E)

(3.27)

f(ij) f(21+1x)

T ,(3.28)

f(x)-

forallx € Xandall t > 0.

o el S

2n

= ®’¢(x,0) (t),

forallx € Xand all t > 0.
Replacing x by 2™x in (3.29), we get

©t(am) o[zmn) )

(3.30)

(2"
oy

for all x € X and all m,n € Z withn > m > 0. It follows
from

> ®’¢(x,0)

@ -1

Zm+n—1 a I
j=m |2

||m ®,¢(X,O)

n,m-—oo

f(2”x)
that the sequence — is Cauchy in (X, 0, Ty), and
2

so it converges to some point Q(x) € Y. We can define a

mapping Q : X - Y by Q(x) = lim, {f(izx)}, for all

x€Xand allt > 0. Fixx € X and put m =0 in (3.30),
Then, we obtain

, 2)P
© f(znx)(ﬂz%«x,o)) I

ip
n-1{ o
0 >5l5)
forall x € X and all t > 0. For every s > 0,

O (x)-q(x) (1)

>Ty | © (s) (3.31)

Ny 0 Ny
f(x) f(zzn ) f(22n ) Q(x)

: (2)°
2T | ©'4((x0) Wt Oy O

-0l 5 )

for all x € X and all t > 0. Taking the limit n - oo in
(3.31), we obtain

O (x)-a(x) (5+1) 2 @40 (2° ~a” (1), (3.32)

Thus, since s is arbitrary and taking s — 0 in (3.32), we
have

O (1)) (8) = © 4 (1,07 (2P — a”)t),

for all x € X and all t > 0. Thus, the condition (3.25),
holds for all x € X and all t > 0. If we replace (x, y, z) by
(2™x,2"y) in (3.24), then

®Df(2nx,2n y) (t)2®'¢(2x,2y)(2npt), (3.33)

Zn

for all x,y e X and all t > 0. Letting n - o in (3.33),
we find that @pg,) =1, for all ¢>0, which
implies DQ(x,y) =0, for all x,y € X. Therefore, the
mapping Q is additive. Now, we prove that the
additive mapping Q is unique. Let us assume that
there exists another mapping R:X —Y which
satisfies (3.25). For fixed x € X, Q(2"x) = 2"Q(x) and
R(2"x) = 2"R(x), all ne€ Z*. It follows from (3.25)
that

Oa-(9 (1) = Ogfany) afzn) V)

2" 2N
t t

M| Ogfon) 1{ons) (Ej(af()() )

N 2N 2n on

ZQ,(X,O)[(zp_ap>(§j“"t].
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2\™P
as lim,_,,, (2P — aP) (;) (t) =0 we have
Op)-r@) () =1 for all t > 0. Thus, Q(x) = R(x), for
all x € X. Hence, the proof is complete.
Theorem 3.6. Let ¢ : X? - Z be a mapping such that for
some 2 < «a,

(1%) =0 by (@Pt) (3.34)

2’

and lim,,_, G)'Z%(LL)(t) =1, for all x,y € X and all
271’271

t>0.If f: X —>Yis an odd mapping with f(0) =0,

which satisfies (3.24), then there exists a unique additive

mapping Q : X — Y such that
O -0 (®) 2 0'yx ) (2P —aP)t),  (335)

forall x,y € Xandall t > 0.

Proof. Replacing xby g and y by 0 in (3.24), we obtain

ef(x) Zf( )(t) >0 ( 0)((Xpt), (336)
forall x,y € Xand all t > 0.
Replacing x by in in (3.36), we obtain
2
®2nf 2n+1 (t)
on 2”
A (3.37)
> ®¢(1 Oj (EJ (2Pt |,
>
forall x e Xandall t > 0.
Since
X
f(x)-2"f (2_”j
(3.38)

) )]

forall x € Xand all t > 0.
From inequality (3.37) and (3.38), we get

sl

o2 %) 15 26 (0 (39

o

forallx € Xandall t > 0.

Replacing x by im in (3.39), we get
2

®2mf[x]_2(m+n)f[ X j(t)

om om-+n
(3.40)
: (2)°
>0 X 0 —jpt )
‘i{*r ] n+m-1( 2
2 =
Zj:m [06)

for all x € X and all m,n € Z withn > m > 0. Then, the
sequence {Z"f (zin)} is a Cauchy in (X,0,Ty), and so it
converges to some point Q(x) € Y. Now, we can define a
mapping Q : X = Y by Q(x) = lim,_, {Z"f (zi")} for

all x € X and all t > 0. The remaining part goes through
in a similar method to the corresponding Theorem 3.5.

Corollary 3.7. Let X be a linear space, (Z,0,Ty)
be a random p -normed space and (Y,0,Ty ) be a
completerandom p-normed space. Assume & is a positive
real number and z, in Z. If f: X —>Y is a mapping
with £(0) = 0 which satisfies

Opf (e (£) = 05, (8), (3.41)

for all x,y € X and all t > 0, then there exists a unique
mapping Q : X — Y such that

Or -0 (D) = 045, ((2P — D),

forall x,y € Xand all t > 0.

Proof. Let a mapping ¢ : X?> > Z be defined by
¢(x,y) = 6z,. Then, the proof follows from Theorem 3.5
by a = 1. This completes the proof.

Corollary 3.8. Let X be a linear space, (Z,0,Ty) be a
random p-normed space and (Y,0,T), ) be complete a
random p -normed space. Assume r is a positive real
number with r #3 and zy € Z. If f: X -> Y is an odd
mapping with £(0) = 0 which satisfies

(3.42)

Dof e (O Z B ey iy 2, O (3.43)

for all x,y € X and all t > 0, then there exists a unique
additive mapping Q : X — Y such that

Of 0)—00) () = O grrzo (2P — 277)t),

forallx e Xandall t > 0.

Proof. Let a mapping ¢ : X2 —Z be defined by
¢, v) = (IxII" + llyll")zo. Then, the proof follows from
Theorem 3.5 and Theorem 3.6 by @ = 2. This completes
the proof.

(3.44)

4. Stability Results by Fixed Point
Method

In this section, we give the generalized Hyers-Ulam
stability of mixed type additive quartic functional
equations in random p-normed spaces. Let us recall that a
mapping d : X2 - [0,00) is a called a metric on a non-
empty set X if

i)d(x,y) = 0ifandonly ifx =y,

i) d(x,y) = d(y,x),

i) d(x,y) <d(x,y) +d(y,2),

for all x,y, z € X. Before proceeding to the main results in
this section, we give the fixed-point theorem which plays
an important role in proving our theorems.
Theorem 4.1. [18]. (Alternative fixed-point theorem)
Let (E,d) be a generalized complete metric space
and I:E - E be a strictly contractive function with
Lipschitz constant L< 1. Then, for each x € E, either
d(I'*1x,I™x) = oo for all non-negative integer n > 0 or
there exists a natural number n, such that
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i) d(I™*1x, I"x) < oo, forall n > ny;

ii) the sequence {I'"™x};—; converges to a fixed-point
y € E of T

iii) y is the unique fixed point of I in the set F =
{q € E:d(T™a, q) < oo},

iv) d(q,y) < 7=d(q,Ta),q € F.
Theorem 4.2. Let ¢ : X3 - D* (¢(x,y,2) is denoted
byg., , ) be a mapping such that, for some 0 < a < 2.

0y (2,222 () = 0y (1), (4.1)

for all x,y,zeXand allt>0. If f: X —>Y is an odd
mapping withf(0) = 0 such that

G)Df(xryrz) (t) = ¢x.y,z (t), (42)

for all x,y,z € X and all t > 0, then there exists a unique
mapping Q : X — Y such that

G)f(x)—Q(x) (t) 2 ¢x,2x,x (2 - ap)(t)v (43)

forallx € Xand all t > 0.
Proof. Replacing y by xin (4.2), we obtain

0 (-£20(D) Z 122 (270), (4.4)

forallx € Xand all t > 0.

Consider a general metric d on A, here A be a set of all
mappings from X into Y and introduce a generalized
metric on A as follows:

d(g,h)
=inf {c e (0,00)5. £ Oy () (€)= f o (1), X € Xt > 0}

whereas inf ¢ = +oo It is easy to show that (A, d) is a
complete metric space [10]. Now, let us consider a
mapping J : A - A defined by
1
Jg(x) ZEQ(ZX),

for all g e A and for all x € X. Let g,hin Aand c €
(0, ) be an arbitrary constant with d(g,h) < c. Then,
we have

Og(x)—h(x)(("t) 2 ¢x,2x,x(t)v
forall x € X and all t > 0, hence

p
© g (x)-3n(x) [[%) Ct]

> 04 2)-n(a) (¢"ct)
2 oy ax,2x (“pt)l¢x,x,x (t)'

forallx € Xand all t > 0, and so, if d(g, h) < c, then

(4.5)

d(Jg, 3n) < d(g.h
(Jg, )<2—p (g.h),
for all g,heA . Then J is a strictly contractive

p
self-mapping on A with Lipschitz constant L :a—p<1.
2

Also, it follows from (4.2) that

2 (4.6)

¢ ] > ¢y 2x,x (1),

>0
f(x)-Jf (x)[—

2P
forall x € X and all t > 0, which implies that
p
(04

Using Theorem 4.1, there exists a mapping Q : X - Y,
which is a unique fixed point of J in the set Ay =
{g € A,:d(g, h) < oo} such that

Q(x)= lim f (2” X),

now 20

for all x € X, since lim, ., d(J"f,Q) = 0. Again, it
follows from Theorem 4.1 that

1 1 1

(l_ L) (Z—ap)’

which implies

ef(x)—Q(x) (t) = ¢x,2x,x((2 - ap)t)v

for all x € X and all t > 0. Replacing x and y by 2" x and
2™y in (4.2), respectively,

Opt(xy.2) (t)= ,:Tw(aof(z”x,z” y,2" z) (ant)

> lim (22npt),
n_>oo¢2nx,2ny,2nz
for all xeX and all ¢t>0 . It follows from

n;

lim,, ¢, ((%) b t) =1 that DQ(x,y) =0 . Hence, the
mapping Q is additive. Now, we show that mapping Q is
unique. To prove this, we assume that there exists an
additive mapping R : X — Y, which satisfies (4.3). Then,
R is a fixed point of J in A;. However, it follows from
Theorem 4.1 that J has only one fixed point in A;. Hence,
we deduce that Q = R.

Theorem 4.3. Let ¢ : X3 —» D* be a mapping such that,
forsome 2 < a.

¢x,2x,x (t) 2 ¢2x,4x,2x (ap t)’ (47)

forallxeXand all t>0. If f: X > Y is a mapping
with £(0) = 0 which satisfies (4.2), then there exists a
unique mapping Q : X — Y such that

6)f(x)—Q(x)(t) = ¢x,2x,x((2 - ap)t), (48)

forall x,y € Xand all t > 0.
Proof. Let A and d be as in the proof of Theorem 4.2.
Then (A, d) becomes a complete metric space and the
mapping J : A — A defined by

X
Jg(x) = 29(5)’

forall x € X and g € A. Then,
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2P
h)<— h
d(Jg,J )<apd(g, ),
for all gheA . Then, J is a strictly contractive

p
self-mapping on A with Lipschitz constant L= 2—p <1 1t
(04

follows from (4.3) that d ( f,Jf ) < L x

1

which implies the inequality (4.2) holds for all x € X and
all t > 0. The remaining assertion goes through in a
similar method to the corresponding part of Theorem 4.3.
This completes the proof.

Corollary 4.4. Let X be a real p-Banach spaces, and

(X,0,Ty) isa complete random p-normed space. Define

t
¢x,y,z (t) =
([ + [y +2]")

for all x,y,ze X and all t >0 in which 0<r<a.
Assume that f : X — Y is a mapping with £(0) = 0 which
satisfies (4.2), then there exists a unique mapping
Q : X — Y such that

d(f, Q)SLL (f.3F)<

define © , for all x € X and all t > 0. Then,

29(29 _2Pf)
2P (2P 2P )+ |x"

O 1 (x)-q(x) ()2 (4.9)

forall x € X and all t > 0, where a« = 2". Hence, we have

(4.10)

TCT eI — L —

2P(2P _zpr)

forall x € X.
Theorem 4.5. Let ¢ : X2 > D*(¢(x,y) is denoted by
¢»,y) be a mappingsuch that, for some0 < a < 2.

© yxy) (a pt) >0 ) (1),

for all x,y € X and all t > 0. If an even mapping f : X -
Y with £(0) = 0 such that

G)Df(x,y) (t) >y (t)*

for all x,y € X and all t > 0, then there exists a unique
quartic mapping Q : X — Y such that

(4.11)

(4.12)

Orr)—0)(8) = ¢, (237 (2P — aP)t), (4.13)
forall x € Xand all t > 0.
Proof. Replacing y by 0 in (4.12), we obtain
4p
of(x)_f(ZX) (6) deo(2*71), (4.14)

24

forallx e Xandall t > 0.

Consider a general metric d on A, here A be a set of all
mappings from X into Y and introduce a generalized
metric on A as follows:

d(g,h)

=inf {C € (0,00)S. t. ®g(x)fh(x) (Ct) > ¢X,O (t), Xe X,t> 0},

whereas inf ¢p = +oo It is easy to show that (A, d) is a
complete metric space [10]. Now, let us consider a
mapping J : A — A defined by

1
2—49(2X),

for all g e A and for all x € X. Let g,hin Aand c €
(0,00) be an arbitrary constant with d(g,h) < c. Then,
we have

Jg(x) =

E‘)g(x)—h(x) (Ct) = ¢x,0 (t)’
forall x € X and all t > 0, hence

p
O 3g(x)-dh(x) [(%j Ctj

> 0(04) n(2x) (@"ct)
2 ¢2x,0 (0‘ pt)!¢x,0 (t)’

forallx € Xand all t > 0, and so, if d(g, h) < c, then

(4.15)

aP
d(3g,dn)<Z—d(g,h),
op
for all g,h€ A . Then J is a strictly contractive

p

self-mapping on A with Lipschitz constant L :a_p <1.
2

Also, it follows from (4.12) that
t
O 0-L22GR) 2 Or ) r () = Pro (D) (4.16)
for all x € X and all t > 0, which implies that

aP

d(Jg, Jh) <2—p

Using Theorem 4.1, there exists a mapping Q : X - Y,
which is a unique fixed point of J in the set A; =
{g € A,:d(g, h) < oo} such that

=)

24“

Q(x)= lim

N—o0

for all x € X, since lim,_., d(J"f,Q) = 0. Again, it
follows from Theorem 4.1 that

4(1.Q)< =8 (1.91)
< 1 _ 1
_(24P)(1—|_) 23p(2p-ap)'

which implies
Or -0y (8) = ¢, 0(237 (2P — aP)1),
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for all x € X and all t > 0. Replacing x and y by 2*"x
and 2%y in (4.12), respectively,

®Df(x,y) (t)

= lim ®

4np
2 t)
N—>o0 Df(24nx,24ny)(

H 4np
> lim (2 t),
Nosoo ¢24n X’24n y

for all x,yeX and all t>0 . It follows from
2\™P
lim,, e, ((;) t) =1 that DQ(x,y) =0 . Hence, the
mapping Q is quartic. Now, we show that mapping Q is
unique. To prove this, we assume that there exists a
quartic mapping R : X — Y, which satisfies (4.13). Then,
R is a fixed point of J in A;. However, it follows from
Theorem 4.1 that J has only one fixed point in A;. Hence,
we deduce that Q = R.
Theorem 4.6. Let ¢ : X2 —» D* be a mapping such that,
for some 2 < a.

bx0(t) = Pox0(a”t), (4.17)

forallx e Xandallt > 0. If f : X - Y is a mapping with
f(0) = 0 which satisfies (4.12), then there exists a unique
mapping Q : X — Y such that

O(x-qpe) (1) 4o (2 (aP 2P 1), (418)

forall x e Xandall t > 0.

Proof. Let A and d be as in the proof of Theorem 4.5.
Then (A, d) becomes a complete metric space and the
mapping J : A — A defined by

X
Jg(x) = 249(5)’

forall x € X and g € A. Then,

2P
d(Jg,Jh)<——d(g,h),
ap

forall g,h € A.
Then, J is a strictly contractive self-mapping on A with
p
Lipschitz constant L = 2~ <1
aP
It follows from (4.12) that d ( f,Jf ) < ! , We get
(2)°
1 1
d(f,Q)s—d(f,Jf)s————,
(1.Q) 1-L (F.37) 23p(ap_2p)

which implies the inequality (4.12) holds for all x,y € X
and all t> 0. The remaining assertion goes through
in a similar method to the corresponding part of
Theorem 4.5.

Corollary 4.7. Let X be a real p-Banach spaces, and

define O, (t for all x,yeX and all t>0.

)_ t

t+||
Then, (X,0,Ty) is a complete random p-normed space.
Define

t
[+

forall x,y € Xand all t > 0 in which 0 < r < a. Assume
that f:X - Y is a mapping f(0) = 0 which satisfies
(4.12), then there exists a unique mapping Q : X - Y
such that

try (1)

(4.19)

2% (2" -2
O (x)-q(x) (1) 2 ,3p (2P —2F"r)+||><||r |

for all x,y € X and all t > 0, where ¢ = 27. Hence, we
have

It -es— P a0

- 23p(2P_Zpr)'

forall x,y € X.
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