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Abstract The aim of this paper is to give a new approach to modified g-Bernstein polynomials for functions of
two variables. By using these type polynomials, we derive recurrence formulas and some new interesting identities
related to the second kind Stirling numbers and generalized Bernoulli polynomials. Moreover, we give the
generating function and interpolation function of these modified g-Bernstein polynomials of two variables and also
give the derivatives of these polynomials and their generating function.
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1. Introduction, Definitions and Notations

In approximation theory, the Bernstein polynomials,
named after their creater S. N. Bernstein in 1912, have
been studied by many researchers for a long time. But
nothing about generating function of Bernstein
polynomials were known in the literature. Recently,
Simsek and Acikgoz, ([18]), constructed a new generating
function of (g-) Bernstein type polynomials based on the
g-analysis. They gave some new relations related to (g-)
Bernstein type polynomials, Hermite polynomials,
Bernoulli polynomials of higher order and the second kind
Stirling numbers. By applying Mellin transformation to
this generating function they defined the interpolation
function of (¢-) Bernstein type polynomials. They gave
some relations and identities on these polynomials. They
constructed the generating function for classical Bernstein
polynomials, and for Bernstein polynomials for functions
of two variables and gave their properties (see [8,9,10], for
details). In [1-7], T. Kim also gave a novel definition of ¢-
Bernstein polynomials and derived not only new but also
interesting properties of ¢g-Bernstein polynomials.
Actually, we are motivated to write this paper from Kim's
arithemtic works.

Throughout this paper, we use some notations like N,

Ny and D, where N denotes the set of natural numbers,
Ny :=NU{0} and D =[0,1].

Let C (DxD) denotes the set of continuous functions

on D.For feC(DxD)

Bn,m (f;xJ’)
POV '(E’i)[nj(n?jxkyj (12" (1-y)" (1.1)
k—0j0 \Mm k )\ j
n m ko
:lé)jg()f(; ijBk Jin,m (x y)
where (:j :w Here Bn,m (f;x,y) is called

the Bernstein operator of two variables of order n+m for
f . For k,j,n,me Ny, the Bernstein polynomial of two

variables of degree n+m is defined by

Bk,j;n,m (an)

:(Zj@}xkyj(1—x)"_k(1—y)m_j :

where x € D and y € D. Thus, throughout this work, we

(1.2

will assume that xe D and y € D. Then, we easily see
the following

B jinm (%.9) = By (x.) B (1.3)
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and they form a partition of unity; that is;

n o m
Z ZBk,j;n,m (x,y) =1

k=0,=0

(1.4)

and by using the definition of Bernstein polynomials for
functions of two variables, it is not difficult to prove the
property given above as

(1.5)
k=0=0

Some Bernstein polynomials of two variables are given
below:

Als0, By j.ym(%,y)=0 for k>n or j>m, because

["j=0 or [mj=0. There are nm+n+m+1, n+m -th
k J

degree Bernstein polynomials (see [10,13] for details).

Some researchers have used the Bernstein polynomials
of two variables in approximation theory (See [12,13]).
But no result was known anything about the generating
function of these polynomials. Note that for
k,j,n,me Ny, we have
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From the above, we obtain the generating function for
By, jun.m (%, ) as follows:

(tx)k (Zy)j et(Z—(x+y))

Fr j(6%y)=
’ k!j!
/ (1.6)
m
_ZZBkjnmxy 'm'
n=km=j
where k, j,n,m € N. We notice that,
Bk,j;n,m (x,y)
(Z](”_l]xkyj (1 —x)n_k (1 —y)m_j Jdfn>kandm> j
= J

0 , ifn<korm<j

for n,k,m, j € N, (for details, see [9]).

1—¢
1-¢

Let ¢ €(0,1). Then, g-integer of x by [x], =

X
and [x]_, :z% ( See [2-18] for details). Note that

lim[x]
q—1
have extended the results given in that paper to modified
g-Bernstein polynomials of two variables.

4 =X . [2] motivated us to write this paper and we

2. The Modified g-Bernstein Polynomials
for Functions of Two Variables

For 0<k<m and 0<;j<m , the g¢-Bernstein
polynomials of degree n+m are defined by
Bk,j;n,m (x’y;q)
u( ,][x]’;[y]{; 1=y -1y
’ (2.1

= ifn>kandm2 j
0 ’

ifn<korm<j

For ¢ €(0,1), consider the g-extension of (1.6) as

follows:
Fe,; (t:4:%,5)
_(I[X]q) (t[y]q) (1 x]gH1- y]q)
- AT
L Z[l Xy ek | i[l—yﬁ e (2.2)
LN W S = m
>~ n— m—'tnt
:ZZU( Jitotn- - 5
where k,j,n,meN Note that

lim Fk,j (t,q : x,y) = Fk,j (t;x,y).
q—1

Definition 1. The modified q-Bernstein polynomials for
functions of two variables is defined by means of the
following generating function:

Fk,j (taq;an’)

. )
0 00 fen) oy
B k! ¢ '
0 oo "
-y z e onm (%,334) ——
1n=0m=0
where k, j,n,me Ny.

By comparing the coefficients of (2.2) and (2.3), we
obtain a formula for modified g-Bernstein polynomials of
two variables given in the following theorem:

Theorem 1. For k, j,n,m € N, then, we have



38 Turkish Journal of Analysis and Number Theory

Bk’j;n,m (XJ/,‘])
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k )\ J

= ifn>kandm>j
0 ’

ifn<korm<j

(2.9

Theorem 2. (Recurrence Formula for By ;., », (x,y;q))

For k, j,n,m e Ny, we have
By jinm (%.:14)
=[x, [1= 1y Be, jin-t,m—1 (%, 739)
1= x14[¥1g Bk, j1:n-1,m-1 (¥ 349)
Hxlg[1= 1y Beo, jint,mo1 (%:739)
Hx]y [Y1g Brot, j-tynt, m—1 (X, 239)-

Proof. By using the definition of Bernstein polynomials
for functions of two variables defined by (2.4), we have

Bk,j;n,m (x’y;q)

:(ZM[X]’M“‘x]?f"[l-ﬂ;"‘-’
n—1 n—1 m—1 m—1
ALOHENG0)

EIM R L A | B
=[1=x1g[1= 1y Bt jint,m1 (%, 134)
H1=x1,[01y Bi, j—t:n-1,m-1 (%:359)
Hxlg[1= 1y Bia, jinet, m—1 (% 739)
+x1y (V] Bt jmtinet,m—1 (%, 739)-

Theorem 3. For k, j,n,m e N, we get

By tom—jinm (1= %1=939) = By jp m (%,759) (2.5)
and
B, (1 : x0.q)
:(1+(l—q)[x]q[l—x]q)n
x(1+(1-q) ¥, 1=, )"

Proof. Let f be a continuous function of two variables

on DxD . Then the modified g-Bernstein operator of
order n+m for f is defined by

Bnm(f:x,y,q)

" (2.6)
_ZZf( jkj,nm(xy‘I)

k=0;=0

where 0<x<1, 0<y<1,
and the definition of modified g-Bernstein operator given
by (2.6) for f(x,y)=xy, we have

n,m e N. From Theorem 1

B, (S %2.9)
m
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From Theorem 1, we have

n o m
Bn,m nyq ZZBkjnmxy’q)
n m
=Z )2 Bjw(.9)
k= j=0
n
= (1+(1=g)lxl, 1], )

(1+(1—q)[y]q[1—y]q )

The modified g-Bernstein polynomials of two variables
are symmetric polynomials:

Bn—k,m—j;n,m (1_x’1_y;q)
n n . m_.
(2

[ j[l e[ "( j[l e

=Bk,],n,m(X,ny)
by replacing £ by n—k and j by m— ;.
Theorem 4. For &,peC, and for nme N,

procure

then, we

By jinm (%:739)

_ n'm'gSgS( x] 5) (y] P)j e([1fx]q§+[1—y]qp)£d_p
47* ce k1)t gt pmt!
2.7)

where C is a circle around the origin and integration is
in the positive direction.

Proof. By using the definition of the modified g-Bernstein
polynomials of two variables and the basic theory of
complex analysis including Laurent series that

il

(o) ooty i

k'j' §n+1 pm+1
B, (x, B s
Sgggl B i
1=0r=0C C r &op
_(27”,)2 k,j;n,m(x’y;q)
B n!'m! '
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By using (2.7) and (2.8), we obtain
nlm! @Cﬁ(
2m

= Bk,j;nm (X,yaQ)

)k( o) ae ap

J! §n+1 pm+1

and

95<}5([ , f) (L1, o) (1-s1,540),0) ag_ap

'! §n+l m+l1

. . . (2.9)
o BT D =l 1=y
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We also obtain from (2.5) and (2.9) that

= (2m')

! 95 95( ,6) (yl p) (14, e41-0),0) a2 ap.
(2”1 k' §n+1 pm+l

n\fml. .k —ky 1] -j
=[k](j][x]q[l—x]; A
(2.10)
Therefore we see that from (2.8) and (2.10) that

Bk,j;n,m (X’y;q)

- [ij[xﬁ =] Dy -y

Theorem 5. (The Derivative Formula for Bk,j;n,m (x,y;q))
For k, j,n,me N, then, we derive the following
2
ai_ay(Bk,j;n,m (x, y;q))
=nm(q™ By j-tnet,mo1 (%, 339)
M B ot e (%.339)
_ql_x+yBk,j—1;n—1,m—l (x,7:9)

2—(x+y)

+q Bk,j;n—l,m—l (x,y;q))

(g-1)"

Proof. Using the definition of modified g-Bernstein
polynomials for functions of two variables and the
property (1.3), we have

62
%(Bk,j;n,m (x, y;Q))
62
g —— (B (x:9) B (139))

- %(Bk,n (x;CI))diy(Bj,m (y;q))

and after some calculations, the proof is complete.

Therefore, we can write the modified g-Bernstein
polynomials for functions of two variables as a linear
combination of polynomials of higher order as follows:
Theorem 6. For k, j,n,m e N, we have

(1+(-q)tx1, [1-4], )

(1+(1= )01, [1- 7], ) Brjonm (5.39)

n—k+1\m—j+1
:( j( jBk,j;nH,mH (xnyQQ)

n+l m+1

n—k+1) j+1
J{ J[_jBk,jH;nH,mH (x,7:9)

n+l1 m+1

+[ _j[ jBk+l,j;n+l,m+1 (x.:9)

n+l m+1

k+1)( j+1
+(—j (—j Bist, jstnet me (6239)-

n+l )\m+1

Proof. It follows after expanding the series and some
algebraic operations.
Theorem 7. For k, j,n,m € N, we have

Bk,j;n,m (X,y;Q)
[x],[»v]

n—k+1\ m-j+1 X
:( j( ' j By o (3.029).
k J [1-x],[1- ],

Proof. To prove this theorem, we start with the right hand
side:

[l’l-k-’rlj(l’ﬂ-j-’-l} [x]q[y]q
K i\ o=, -,

Byt jtinm (X%:59)

o ! [+, 1],
(n=k)k! (m— )1\ (1 =x],[1=y],
[x]z_l[y] [1 x]n k+l[ ]m Jj+l1

) [ZJ(TJMS A=y 0307 = By o (3329).

Theorem 8. For k, j,n,m € N, we obtain

Bk,j;n’m (X,J’aQ)

sl

I=kr=j (I-k)(1-x)+(r—j)(1-»)

gl LD,

Proof. From the definition of modified g-Bernstein
polynomials of two variables and binomial theorem with

k,j,n,me Ng, we have

Bk,j;n,m (x,y;q)

nfm n— j m—
:(kj(jj[x];‘[l—x]q -y

- (Zj{’j}x]’;mg (1- ql‘X[x])"fk (1 )"

53l JiJ

I=kr=j (l k)(1=x)+(r—j)(1-

Theorem 9. The following identity
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1

(-, 0, ) (051, D, )"

>3
R

Proof. We easily see that from the property of the
modified g-Bernstein polynomials of two variables that

ZZ_ k,jin,m xy,Q)

ke=1;=1"

=% {1 P (O e

k=1j=1

(Ix, 0, ) =

Bk,j;n,m (x’y;q)

B

m—1

4], 1, ([, +0-1, ) (01, +0-1,)

and that

Continuing this way, we have
K J
n m
ZZ kj;n,m (X,y,Q)
k=l j=I
AN

[ DL (1, +0-, ) (0, +001, )

and after some algebraic operations, we obtain the desired
result.
We see that from the theorem above, it is possible to

k
write ([x]q[y]q) as a linear combination of the two

variables modified g-Bernstein polynomials.
For k € Ny, the Bernoulli polynomials of degree & are
defined by

and B,(lk) = Bflk ) (0) are called the n-th Bernoulli numbers

of order £ . It is well known that the second kind Stirling
numbers are defined by

(e _1) ZS nk

for k € N (see [2]). By using the above relations we can
give the following theorem:
Theorem 10. For k, j,n,m € N, we have

(2 11)

Bk,j;n,m(x’y;q)
ALY 'Z]m
1=0r=0
><B( )([1 x]q)ng)([1—y]q)S(n—l,k)S(m—i’,j)~

Proof. By using the generating function of modified g¢-
Bernstein polynomials of two variables, we have

(t[x]Q) (t[y]Q)
k!j! ¢

tor{ | Zrem)
[z oot 50

n m

=3 > Bijnm xyq)——

nxkm2j

(1=xlg+11-1y)

by using the Cauchy product. By comparing last two
relations, we have the desired result.
Let A be the shift difference operator defined by

Af (x)= f(x+1)— f(x). By using the iterative method

we have

(2.12)

W)= 33 e ),

k=0

ZS (n0),; N Kl (l;j(_l)k_l &
i

= A — n!
By comparing the coefficients on both sides above, we have
k nn
A0
S (n, k) = o
for n,k € Ny . By using the equations (2.11) and (2.12),
we obtain the following relation

(2.13)

By jonm (%.34)

-[x]q[y]flzorzo[ j[ j

| kon=l A Jjom-r
A1, ) (1,0 A1

(2.14)
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which is the relation of the g-Bernstein polynomials of
two variables in terms of Bernoulli polynomials of order
k and second Stirling numbers with shift difference
operator.

Let (Eh)(x)=h(x+1) be the shift operator. Then the

g-difference operator is defined by

n-l1 .
sy =T1(E-4'1)

J=0

(2.15)

where [ is and identity operator ( See [2]).
For f €([0,1] and n e N, we have

n

AZf(O):Zn:[nj (1)t q[zjf(n—k), (2.16)

k=0 k

n
where [ j is called the Gaussian binomial coefficients,
q

which are defined by
x|, [x=1], - [x—k+1
(”j _ gl E ly. (2.17)
k g [k]q.

Theorem 11. For n,m,l,r € N, we have

1

([x]q +H1=], )"‘l ([y]q +[1_y]q)

m—1

_ i Z’:q@{éj @@[k]q '[], 18 (1k:q) S (L. jsq)-

Proof. Let F, (t) be the generating function of the g-

extension of the second kind Stirling numbers as follows:

e o 2
2) k (k [ J} [yt
R =L (] o2
TN JZO i),
o0 t}’l
=7§S(n,k;q)z

From the above, we have

k

by similar way

[l = Zq(zj UJ [r1,'S(J.739)- (2.19)
q

We have above equality. Then, we obtain the desired
result in Theorem from the equations (2.18), (2.19) and
Theorem 7.

3. Interpolation Function of Modified ¢-
Bernstein Polynomial for Functions of
Two Variables

For seC, and x#1, y#1, by applying the Mellin

transformation to generating function of Bernstein
polynomials of two variables, we get

5 17 . —k—j-1
Sq(S,k,],x,y)Zmz[Fk’j(_t,q,x’y)[s J dt

k+j 1k j
(-1 Y i
=T([l—x1q +1-y1,) -
(3.1)
By using the equation (3.1), we define the interpolation

function of the polynomials By ;. , ,, (¥,¥;q) as follows:

Definition 2. Let s C and x#1, y#1, we define

EIHRa

k! (1) (1=l +11-2], )_S'

Sq (s,k,j;x,y) =

(3.2

By using (3.2), we have
S, (s,k, j3x,y) > S(s,k, j;x,y) as ¢ — 1. Thus one has

(_kll)j!] iyl (2= (x+y)) "

S(s,k,j;x,y) =

By substituting x=1 and y=1 into the above, we

have S(s,k, j;x,y)=o0.

We now evaluate the m th s-derivatives of
S(s,k, j;x,y) as follows:
ﬂS(s k,j;x,y)=log" _ S(s.k, j;x,¥)
os™ 2—(x+y)

where x#1 and y #1.
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