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1. Introduction

As is known, the Daehee polynomials are defined by
the generating function to be

(MJ@H)X = i D (x)t_""

t

(1.1

(see [5,6,7,9,10,11,12]).

In the special case, x=0,D, =D, (0) are called the
Daehee numbers.

Let Zp,(@p and (Cp
integers, the fields of p-adic numbers and the completion
of algebraic closure of Q,. The p-adic norm |.|p 1S

denote the rings of p-adic

normalized by |p|p :%. Let (Zp) be the space of

functions on Z P For

uniformly  differentiable
f eUD(Z p>, the p-adic invariant integral on Z, is

defined by

), (1.2)

N=1[, s

x)dpy(x) = lim — z f(x
(see [7,8]).

Let f; be the translation of f* with fj(x)= f(x+1).
Then, by (1.2), we get

I1(f/)=1(f)+/"(0),where f'(0) = df;xx)|x=0.<1.3>

As is known, the Stirling number of the first kind is
defined by

(x)n:x(x—l) x— n+1 (1.4)

ZSlnl ,

and the Stirling number of the second kind is given by the
generating function to be

m 0 tl
(e -1)" = m!lz S (1.m)y
=m

(see [2,3,4]) .
For o €N, the Bernoulli polynomials of order o are
defined by the generating function to be

¢ a . 0 o "
(et—lj et=ZB,(l )(X)E’

n=0

(1.5)

(1.6)

(see [1,2,9]).
When x =0, B,(la

numbers of order «.

)=B(a)(0) are called the Bernoulli

n

A hyper-geometric series z LK is a series for which

¢y =1 and the ratio of consecutive terms is a rational
function of the summation index £, i.e., one for which

Ck+1 _ P(k)

e - o(k)’

with P(k) and Q(k) polynomials. In this case, ¢ is

called a hyper-geometric term. The functions generated by
hyper-geometric series are called generalized hyper-
geometric functions. If the polynomials are completely
factored, the ratio of successive terms can be written

Cot _ P(k) _ (k+a1)(k+a2)--~(k+ap)
k. Q(k)  (k+by)(k+by)--(k+b,)(k+1)
(see [13]),
where the factor of £ +1 in the denominator is present

for historical reasons of notation, and the resulting
generalized hyper-geometric function is written

a a a
F, b b |x = Z ckxk
b by bq k=0

1.7

(1.8)
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(see [13]).
If p=2 and g =1, the function becomes a traditional

hyper-geometric function , F (a,b;c;x). Many sums can

be written as generalized hyper-geometric functions by
inspections of the ratios of consecutive terms in the
generating hyper-geometric series.

We introduce the hyper-geometric Dachee numbers and
polynomials. From our definition, we can derive some
interesting properties related to the hyper-geometric
Dachee numbers and polynomials.

2. The Hyper-Geometric Dachee

Numbers and Polynomials

First, we consider the following integral representation
associated with falling factorial sequences :

Izp(x)n dug(x), whereneZ, =NuU{0}. (2.1)

By (2.1), we get

(2.2

1
(see [6]), where ¢ € C, with |t|p <p PN
1
For te (Cp

f(x) = (l+t)x
IZ (1+¢)'d gy (x) =

P
By (1.1) and (2.3), we see that

_log(1+17)

with |t|p <p P, let us take
. Then, from (1.3), we have

M. 2.3

(2.4)

(see [6]).
Therefore, by (2.4), we obtain the following Lemma.
Lemma 1. For n >0, we have

-[Zp (x)nd,uo (x)=D,.

For n e Z, itis known that

L ' (1+2)" iB(k n+1) (x) i
log(1+1) k kY

(see [4,5,6]).

(2.5)

Thus, by (2.5), we get

Dy =, (Dduo(x)=B7(1).(k20). (26)

where B,En) (x) are the Bernoulli polynomials of order #.

In the special case, x =0, B,(Cn) = B,En) (0) are called the

n-th Bernoulli numbers of order ».
From (2.4), we note that

(1) [, (1) dug () - (@](m)x

3 . g 2.7)
=30, ()
n=0
(see [6]).

Thus, by (2.7), we get
'[Zp (x+y)nd,u0 (y)an (x),(nZO), (2.8

and, from (2.5), we have
D, (x)= B (x+1). (2.9)

(see [6]).

Therefore, by (2.8) and (2.9), we obtain the following
Lemma.
Lemma 2. For n >0, we have

D, (x)= Izp(xw)ndﬂo (),
and
D, (x)= B2 (x+1).

By Lemma 1, we easily see that

D, = iSl(n,l)Bl, (2.10)

=0

(see [6]), where B; are the ordinary Bernoulli numbers.
From Lemma 2, we have

D, (x)= Izp(xw)ndﬂo (»)

n
Z nlBl

(2.11)

(see [6]), where B;(x) are the Bernoulli polynomials
defined by generating function to be

t t
- e =>"B,(x)—

e —1 n=0 l’l'

Therefore, by (2.10) and (2.11), we obtain the following
corollary.
Corollary 3. For n>0, we have

n
Z nlBl

In (2.4), we have
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-1 = n!
o0 o0 m
= ZDH —'n! Z S, (m,n)t— (2.12)
n=0 m=n
[ee] m tl’l‘l
= Z Z DnS2 (m,n) —'
m=0\n=0 m:
and
t 0 m
e ZOBm — (2.13)
m=
(see [6]).

Therefore, by (2.12) and (2.13), we obtain the following
Lemma.
Lemma 4. For n >0, we have

m
= Z D,S, (m,n)

n=0

In particular,

ZD S, (m,n).

jsz d’uO n=0

Remark. For m >0, by (2.11), we have

Izp(x+y dugy (v ZD x)S, (m,n).
(see [6]).
Now, we define the hyper-geometric Dachee
polynomials
LG
F[“ ”|sz sl Ay @
c 0 —c
)
1-- -1
where (xj:x()w ) (x+n )
n n!
For example, we have
L))
11 S\ n n n
F — N/ N (L
RO
n
n
LR ) VT (2.15)
x =y n+l
1
=—log(1
. og(1+x)
o0 n
= Dn_
n=0 n!

Thus the hyper-geometric Daehee number are defined by

21?[1 | rj ZDM

(2.16)

Note that Dy y; = D), is the Dachee number.

F(l N|—x}=iw(_:!)n, 2.17)

N+1 (N+1),
)-

n=0
w—

where (a)n =a(n+1)--(a, -1

iDlN )"
_ S nIN(N+1) (N +n-1)(=x)"
=0 (N+1)~--(N+n)n!
& (N+n—1)!(_x)n

N1
:(N—l)'z

i (N+n)!

(2.18)

N' & 1

=(N-1)s,§)(zv+n)(‘x)n'

Therefore, by (2.18), we obtain the following theorem.
Theorem 5. For n>0, we have

D
LN _ N (_1)}1 .

n! N+n

In (2.17), we have

V-1 i )
n=N n
( 1)N lN o )n—l
v Z x
( 1)N lN 1 n—1 N_l(_l)n—l

N— l( l”_l
n=1

Therefore, by (2.19), we obtain the following theorem.
Theorem 6. For n >0, we have

(—1>N“ﬂF g
N N+1

1og 1+x
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