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1. Introduction

The work of interval arithmetic was originally
introduced by Dwyer [3] in 1951. The development of
interval arithmetic as a formal system and evidence of its
value as a computational device was provided by Moore
[15] and Moore and Yang [16]. Furthermore, Moore and
others [3]; [4]; [10] and [17] have developed applications
to differential equations. Chiao in [2] introduced sequence
of interval numbers and defined usual convergence of
sequences of interval numbers. Sengdniil and Eryilmaz in
[20] introduced and studied bounded and convergent
sequence spaces of interval numbers. Recently Esi studied
strongly A-and strongly almost A-convergent sequences
spaces of the interval numbers in [5], respectively. Also,
Esi studied some new type sequence space of the interval
numbers in [6,7] and lacunary sequence spaces for interval
numbers in [8]. In Hazarika [11] introduced the notion of
A-ideal convergent interval valued diderence classes
defined by Musielak-Orlicz function.

Kizmaz [12] introduced the notion of diderence
sequence spaces as follows:

X(A)={x=(x):(Ax;) e X}

for X=1[,, c¢ and c¢,. Later on, the notion was

generalized by Et and Colak [9] as follows:
X(A"):{x:(xk):(Anxk)eX}

for X=1I,, c and o> where
A'x = (A"xk ) = (A”_lxk ~A" ), A% =x and also

this generalized difference notion has the following
binomial representation:

n

A'x; = Z(—l)i (}?]xkﬂ- for all k e N.
i

i=0

Recall in [18], [13] that an Orlicz function M is
continuous, convex, non-decreasing function define for

x>0 such that (0)=0 and M (x)>0 for x>0 and
M (x)—0 as x — oo. If convexity of Orlicz function is
replaced by M (x+y)<M (x)+M (y) then this function
is called the modulus function and characterized by
Ruckle [19]. An Orlicz function M is said to satisfy
A,_condition for all values u , if there exists K >0 such
that M (2u) < KM (u),u > 0. Subsequently, the notion of

Orlicz function was used to defined sequence spaces by
Altin et. al., [1], Tripathy and Mahanta [21], Tripathy et.
al., [22], Tripathy and Sarma [23] and many others.

2. Preliminaries

A set consisting of a closed interval of real numbers x
such that @ < x <b is called an interval number. A real
interval can also be considered as a set. Thus we can
investigate some properties of interval numbers, for
instance arithmetic properties or analysis properties. We
denote the set of all real valued closed intervals by /R.
Any elements of /R is called closed interval and denoted

by X. That is ¥ ={xeR:a<x<b}.An interval number
X is a closed subset of real numbers (see [2]). Let x; and

x, be first and last points of the interval number X,
respectively. For f:[xll,xlr} fz[le,xzr]elR, we
have

f:yC:)xl] zle,xlr :er,
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f+f:{xeR:xll +X, Sxler +x2r},
and if a >0, then
aa?z{xeR:axll Sxﬁaxlr}
and if a <0, then
a)_cz{xe]R:axlr Sxéaxll},

xeR:

Min {Xy; X7, X17 Xy s X1y Xop s X1 Xy S X[

=l
<|
Il

SMaX { Xy Xop, Xy Xps Xy Xops Xl Xy

The set of all interval numbers /R is a complete metric
space under the mertic d defined by

d(x,y)= max{‘xll —leHxlr —xzr‘} [15].

In the special case X =[a,a] and y =[b,b], we obtain
usual metric of R.

Let wus define transformation f:N—>R by
k— f(k)=x=(X;). Then X =(x;) is called sequence
of interval numbers and X; is called k™ term of the
interval numbers sequence X =(X;). The set of all

sequences of the interval numbers denoted by w cf. [2].

A sequence X = (X} ) of interval numbers is said to be
convergent to the interval number X, if for each £>0
there exists a positive integer kq such that d(x;,x)) <&
for all k£ >k and we denote it by lim, X = X;.

Thus, lim, %, =%, < lim x, =x,, and lim; v, =x, [2].

A sequence space E is said to be solid (or normal) if
ax =(a;x;)e E  whenever X=(X;)eE for all
sequences a =(a; ) of scalars with |ak| <1 forall keN.

A sequence space E is said to be symmetric if
x=(xX;)eE implies ()T(”)k ) €E where 7 s
permutation of N.

A sequence space E is said to be monotone if E
contains the canonical pre-images of all its step spaces.

Let K=(kj<ky<...<)cN and E be a sequence
space. A K-step set of E is a class of sequences
AE = {(fkn ) €E:(x;)e E}. A canonical pre-image of a
sequence ()_ckn ) € /15 is a sequence y =(7; )€ E defined

as follows:
- _ fk s l_f\ keK 5
Tk = 0, otherwise.

A canonical pre-image of a step set ﬂf is a set of
canonical pre-images of all elements in A% , i.e. = ()
is in canonical pre-image /Ilg if and only )_/=(J_/k) is

canonical pre-image of some ¥ = (X ) ¢ /If .

A sequence space E is said to be sequence algebra if
¥®y=(x, ®y,)eE whenever x=(x; ), y=(3)€E.

A sequence space E is said to be convergence free if
y=(3;)eE whenever X=(X)eE and ¥, =0
whenever X, =0, where 0 = [0,0] is the zero element.

Remark 2.1. A sequence space E is solid implies E is
monotone.

3. Main Results

In this paper we introduce and examine some
generalized difference sequences of interval numbers
using the Orlicz functions.

Definition 3.1. Let X =(X; ) be a sequence of interval
numbers and M be an Orlicz function. We define the
following sequence spaces:

d (A", % |
T=(x): im M| —— /|-
E(A",M): X =(%) Jim - 0. |
for some r >0 and Xy € IR
d(8"%.0)
T=(%.): lim M| ———— 7 |=
Eo(A”,M): *=(%): lim ) 0|
fOVsomer>0
d(A"%,,0
ZOO(A”’M): )_CZ()_Ck):SI;pM ¥ <oo, |
for somer >0
where

A"T, = f(—l)" ('I_’jrckﬂ..

i=0

Throughout the paper, X will denote any one of the
notation ¢,¢, and 4.

Theorem 3.1. 7, (A”,M) and E(A",M) are
complete metric spaces with the metric
n
p(%.7)=2.d (% 7%)
k=1
d(A”fk,A”yk)
+inf<r>0:supM| —— | <1
k r

Proof. Let ()_c,g) be any Cauchy sequence in
;vz(;,;):(ffﬁfg)

€l, (A”,M) for each s € N. Then for given ¢ > 0. For a

4 (A" ,M) where

X
fixed X, >0 and choose a >0 such that M(aTOJ >1.

Then there exists 7, € N such that
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p(fs,)?f):Zd(f,i,f,ﬁ)

d(A”f,i,A”f,ﬁ) ;
+inf{r>0:supM| ———= (<1 <——,(3.1)
k r aX
Sfor s,t > ny.

Hence

M=

d()?,f,)_c,z)<g, for s,t > ny.

b
Il
—

s -1\ &
:d(x,f,x,é)<—,f0r 5,12 ny.
n

Then ()_c,f ) is a Cauchy sequence in /R and so ()?,f )

is a convergent sequence in I/R. Let lim, . X} =X.
Again from (3.1)

d(A”f,j,A”f,ﬁ)

sup M <1 fors,t=n,.
k
d(A"f,f,A”f,ﬁ)
M| —F—= [Z1<M aMq
) 2

Sfor s,t 2ny, and ke N.

d(A")_c;f,A"f]g)<§,for 5,0 > ny.

Hence (A")?,f) is a Cauchy sequence in /R for all
keN and so (A")?,f ) is a convergent sequence in /R

forall ke N. Let lim,_,,, A"X; =X forall keN.

For k=1, we have
n i n
lim A"x{ = lim > (-1)|  |x{; =%.
t—0 10, 1
Similarly we have

n .
lim A"} = lim ) (-1) ('Zj?c,iﬂ. =X,

t—0 t—w i=0

for all k=1,2,...,n.

Thus lim, ,, X{,, exists. Let lim, . % =Xz
Proceeding in this way inductively we conclude that

lim,_,., X;=x, for all k € N. Using continuity of M , we

have
d(A”f,f,A"xk )
supM | ——— = |<1  for s > ny.
k r

a5 A% )
infqr>0:supM| ——mFF=
k r

<lp<eg, forszny.

Thus for all s >n;, we obtain that

n . d(AnYkS,A"Yk)
Zd(;;,fk)+inf r>0:supM| ——— | <1, < 2e.
k=1 k r
That is

p(fS,f) <26,ie. ¥ 5T as s— oo,
Then the inequality
p()_c,a) < p()?,)?s)+p(fs,6), Jor s >ng

implies that x € ¢, (A” M ) This completes the proof.

Theorem 3.2. The classes of interval numbers of

sequences ¢ (An,M) and E(A”,M) are nowhere dense
subsets of ¢, (A",M).

Proof. From Theorem 3.1. we have ¢g(A) and
Co (A" M ) are closed subsets of the complete metric
space ZD(A",M). Also ¢ (A",M) and E(A”,M) are

proper subsets which follows from the following example.
Example 3.1. Let n=1 and M (x)=x. Consider the

interval sequence X = (X} ) defined as follows:

[0,1] for k even;

T = [—(H%),—l} for k odd

1,2 +L for k even;
k+1 ’

|:—(2+%),—1} for k odd.

Thus (%) €@ (A",M ) 5 (A",M) but (%) €7, (A", M).

and

Axy =

Hence the result.

Theorem 3.3. X(A”’I,M) c X(A” ,M) for

X=c, EO,ZD and the inclusions are strict.

Proof. We give the proof for the inequality

E(A"fl,M) c E(A” ,M) only. The rest of the results
follows similar way. Let X =(X; ) € E(A”_I,M). Then for
some >0, we have

d (A”_lfk,)_co)

lim M
k r

=0 for some %, € IR.(3.2)

Since

A'x, = A" 5 Ay 4 X -
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Then from the equation (3.2) and the continuity of M , the
result follows from the following relation

d(A”fk,?cO)

<Ly
2

This shows that (¥, ) e E(A",M).

To show that the inclusions are strict, consider the
following examples.

Example 3.2. Let M (x)=x and n=1. Consider the

sequence of interval numbers X = (¥} ) defined by
_ 1
Xk =[l,l+z} for all keN

ie. X, > 1 as k—>o and Ax, >0 as k —oo. Thus
X =(x;)ecp, but X=(x;)ecy(A). Hence the inclusion
is strict.

Example 3.3. Let M (x)=x and n=1. Consider the

sequence of interval numbers X = (%} ) defined by

X =[k.k+1] for all keN.

Then AX; =—1. Thus f:(fk):E(A”). Hence the

inclusion is strict.
Theorem 3.4. Let M, and M, be two Orlicz functions.
Then

(i) X(A”,MZ)CX(A”,MI -Mz)
3 X(A”,M1)mX(A”,Mz)cX<A",M1+M2),
(i)

Jor X =¢,¢y,6,

Proof. (i) We prove the result for X =¢ and the rest of
the cases will follow similarly. Let

f:(fk):E(A”,Mz). Then for >0 we have

d (A”)?k,fo)
11mM2

=0 for somexy € IR. (3.3)
k r

Let 0<e&<1 and & with 0<& <1 such that M;(¢)<e¢
for 0 <t <o . We write

d(A")_ck,)_co)
D1: kGN.‘Mz — =~ |<0 5
r
d(A”fk,)_cO)
Dy=lkeN:M, - 1|55t
r

Then for

d (A”)_ck,fo)

r

M, >0

we have

d(A”fk,)_co)

My
r

d(A”)_ck,)?o)

7

<M2 571

d(A"fk,)_cO)

7

<1+||M, 5!

where k € D, and Uau denotes the integer part of a.
Given ¢ >0 by the definition of Orlicz function M for

SO I 0 W

7

for ke D, and k 2 n €N, using (3.3).

Again for
d(A”)_ck,y?O)
My| ———= <6
r
we have
d(A"fk,)_cO)
M| My ——— L |<e,

r

for ke D; and k 2 n, €N, using (3.3).

Thus for k > max {ny,n,} we have

d(A”)_ck,)_cO) 1
M| My ———L |57 |<e
r

Hence ¥ = (%; ) = E(A",Ml -MZ). Thus

E(A",Mz)cE(A",Ml -Mz).
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(i1) It will follows from the following inequality

PRLEEY
u d(A"fk,rcO) o, d(A"fk,Zo) |
r r

The proof of the following result is also routine work.
Theorem 3.5. Let M, and M, be two Orlicz functions

M, (1)

satisfying A,_condition. If B =Iim,_,,

>1, then

X(A",Ml):X(A",Ml«Mz), where X =2,5yZ,.
Theorem 3.6. The classes of sequences of interval
numbers E(A",M) and Z)O(A",M) are not sequence

algebra in general.
Proof. The result follows from the following example.

Example 3.4. Let n=1 and M (x)=x. Consider the
two sequences of interval numbers X=(X;), y=(;)
defined by

fk:[k—l,k"rl],)_/k Z[k—l,k].
Therefore for all £ € N, we have
AX, =—1,Ap;, =—1.
%= (%), 7= () ec(a".M ) < 7, (A", m).
Now, we have
A(fk ®)_/k)

= (k=1 (k1) |- [ 2, (k1) (k4 2)]

[ kea]
ie. (% @) 2 6, (A", M)(>c(A",M)) This completes

the proof.
Theorem 3.7. The classes of interval numbers of

sequences E(A",M),EO (A",M) and ¢, (A”,M) are not

Thus

convergence free.
Proof. Let n=1 and M (x)=x. Consider the interval

sequence X =(X; ) defined as follows:

0=[0,0], fork=i%ieN;
X, =
k [0,1} otherwise
k
and
—LO fork—izieN'
. k+17 b b 2
Axy, = |
[O,;} for k=i%,i>lieN.
Hence Ax, =0 as k — oo, Thus

f=(7ck)eEO(A”,M)CE(A",M)CZO(A",M). Let

y =(¥; ) defined as follows:

otherwise

__]0=[0,0], fork=i*ieN;
{ [0.4]
and
[—(k-i—l),O],fork:iz,ieN;
Ay =1[0,k], for k=i?i>lieN;
|:—(k+l),k:|, otherwise.

Thus 5 = (7, ) 2 %, (An,M)(D E(A”,M) = (A",M)).

Therefore  the
E(A”,M),EO(A”,M) and ZD(A”,M) are  not

classes of  interval numbers

convergence free.
Theorem 3.8. The classes of interval numbers

E(A",M),EO (A",M) and ¢, (A”,M) are neither
monotone nor solid.
Proof. Let n=1 and M (x)=x. Consider the interval

sequence X =(x; ) defined by:
X = {1,14—%} for all keN

and

1
k(k+1)

Axy, = {0, } for all keN

ie. Ax, =0 as k — oo. Thus
%= (%)ed (A" M) (a", M),

Let J={keN:k=2i-1,ie N} be a subset of N and
let (EO(A",M )J) be the canonical pre-image of the J-

step set ¢, (A",M)J of ¢ (An,M), defined as follows:

y= ()7k ) € (EO (A" ,M)J) is the canonical pre-image of

% = (%) € (A", M) implies

— X, forkeld;
Tk = 0 forkeld
Now
1
_ {1,1+—} forked,
Vi = k
0 forkeJ
and

forkeld;

[1,1+l}
B i
Ay = 1

|:—(l+mj,—l:| fOVk zJ
Thus 7 =(7;) eE(A”,M)(D o (A",M)). Therefore

the classes of interval numbers E(A”,M ) and
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Co (A”,M ) are not monotone. By the Remark 2.1, these

spaces are not solid.
Now let’s define the sequence X =(x; ) by

X =[k-Lk+1] for all keN
and A%, =T, thus ¥ = (%) € &, (A", ).
Let J ={keN:k=2i-1,ieN} be a subset of N and

let ¢, (A" M )J be the canonical pre-image of the J-step

y=(3)et (A” M )J is the canonical pre-image of

x=(X)et, (A”,M) implies

- X, forkeld;
Tk 0 forkeld.
Now
- [k—l,k+1] forkeJ;
Yk 0 forkelJ
and
[k—1k+1] for k e J;

kA= (k+2),-(k+1)] Sforke.

Therefore fz(fk)ezw(A",M) and ZO(A",M) is

not monotone. By the Remark 2.1, this space is not solid.
Theorem 3.9. The classes of interval numbers

E(A”,M),EO(A",M) and ZD(A",M) are  not

symmetric.
Proof. The result follows from the following example.

Example 3.5. Let n=1 and M (x):x. Consider the

interval sequence X = (X} ) defined by

fk:[k,k+%} Jor all keN

and Ax; =-1.
Thus )?z()?k)ezw(A",M). Let the sequence of

interval numbers J_’:(J_’k) be a rearrangement of the

sequence of interval numbers X = (X} ) defined as follows:

— — )?1,}2,)?4,.?3,)?9,.?5,)?16,

X6>X255X7, X365 X8> X495+ -
ie.
X Il k odd,
x(kﬂjz,for a odd;
2
Ayp =1%o, for all k even and

M

()

m satifies m(m—1) <k <m(m+1).

Then for all k& odd and meN; satisfying

m(m—l)<%£ m(m+1), we have

_ ( kj (mzf 1( kJ (k+2j2 1
Ay =||m+—=|—| — | —=,|m+—= || — | +=
2 2 2 2 2 2

From the last two equation, it is clear that (Aﬁk) is

unbounded, thus ¥ =(3; )¢, (A” M ) Therefore the

class ¢, (A” M ) is not symmetric.
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