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Abstract Negative refraction is a specific optical phenomenon made possible by a negative index material. A
slab with negative refraction is an alternative to a normal lens. This type of lens is significantly superior to an
ordinary lens. Negative refraction lenses with a single index —1 had been discussed by Pendry in recent decades.
Our research focuses on an analytical and numerical method to demonstrate the optical properties and
restrictions of negative refraction slabs with a gradient index. The position of focus changes depending on
the incident angle. Different from normal varying indexed slab, we give the reason why the negative refraction
slabs with varying index could not make a perfect lens. Only negative refraction slab with single index —1 could

focus lights on one point, thus make a perfect lens.
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1. Introduction

A negative index material (NIM) is a type of material
where both permittivity and permeability are negative
simultaneously. This phenomenon is called negative
refraction. NIMs were first introduced by Veselago in
1968 [1]. In the following years, Pendry et al. [2,3,4,5]
gave details about negative refraction and suggested that
realizing negative refraction was feasible with molecules
with non-trivial broken symmetry, which were called
split-ring resonators (SRRs) respectively. Two years later,
an experiment was conducted by Shelby et al. [6]. In
recent decades, NIMs have become popular in terms of
optical properties in electromagnetic fields. For instance, a
perfect lens can be produced with a NIM, where the image
quality and sensitivity are significantly improved compared
with those of an ordinary lens [7,8,9]. Recently, extended
metal atom chains (EMACs) with SRRs, anapole moment
of different broken symmetry configuration, invisible
cloaking, etc. [10-30] have been reported. Pendry gave
negative refraction lens with a single index —1 as an
example and pointed that it was a perfect lens. Varying
indexed slab of normal refraction could act as a normal
lens. In this letter, we give the theoretical derivation and
calculation of a negative refraction slab with a gradient
index to research whether it could make a perfect lens too.

This paper is organized as follows: In section 2, we
analyze the theoretical results of a negative refraction
slab with a gradient index. The numerical results and
simulations are discussed in section 3. In section 4, we
discuss the influence of interference. The conclusion and
anticipation of future work are discussed in section 5.

2. Theoretical Derivation

2.1. Slabs with Two Negative Indices

In this part, we discuss a negative refraction slab with
two different negative indices (see Figure 1). The distance
between the optical source and slab is assumed to be L.
The thickness of the slab is D =d, +d,, where d; and
d, are the thicknesses of two different negative index
slabs that compose the whole slab. The two different
negative indices are n; <0 and n, <0, where |n1| > |n2|
The medium outside the material is considered to be air,
thus, ny =1. The length between the second focus and the
material is f. Angles 8, «, [, y are shown in Figure 1.
According to Snell's law, we have

sinf =nysina,
nysing =nysina, (1
Ny sing =siny.

Therefore, we can conclude that the incident angle
is equal to the refraction angle, 6 =y. Additionally,

geometrical relationships are given by

ftany =(d, —x)tang,
xtanp+d) tana = Ltan 6.

(2)

Pendry pointed out that a negative refraction lens
could focus light twice [2]. The position of the second
focus is
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When light moves vertically towards the material, & =0°,
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Figure 1. Negative refraction slab with two different negative indices

2.2. Slab with Linear Negative Index

According to Pendry's theory [2], because light could
transmit through negative refraction slab with no
reflection, negative refraction slab with a gradient index
can be seen as several layers with constant index. When
the negative index of a slab is linear, for instance,

n(z)=—1+az,ze[0,D], (4)
where a is a constant, according to (3), we have
cosOdz

f:f(?\/ L

(—1+ az)2 —sin’ 8

> (5)
) ‘laDJr\/(lJraz) —sin @
_ O ~L
a 1+cos@
1 1
Because we assume n(z) <0, wehave a<—=a< B
z

The discussion of a negative index can be divided into two
cases,

. n(z) <-1
n(z)e(-»,-1]= -0 <a<0. 6

e —1<n(z)<0
n(z)e(—1,0)30<a<%. )

In the first case, the incident angle could be
0°<0<90°. When 6=0°, the

f :ﬂ+d_2
moom

focus  reads

— L. The angle € cannot be 90° because we

only consider the situation in which light moves toward
the material. In this case, f <0 is reasonable (see
Figure 2). Here, light is divergent outside the slab and is
only focused once inside.

In the second case, the total internal reection (TIR)

should be considered. Because |n| < l(—l <n(z)< 0), the

incident angle should be 0 <6 <.,

of TIR. When #=i,, a=90". Next, we set D=2

(0 <z< 2), as an example. In accordance with (5) and (7),

where i, is the angle

1
we have 0<a<5. Here, we assume the focus f >0
(see Figure 3) and 0 < L < D. Using these assumptions,

we have 0:30°:>a<%, 6’=45°:a<%, and

0=60"=a< L6 Calculation tells us that the constant a

decreases with increasing incident angle 6. In other words,
large € gives more restrictive a. Because 0< 6 <i,, the

range of a should be small and be decided by 7.

Figure 2. The diagrammatic sketch of a slab with linear negative indices
in the first case. The color concentration of the slab represents the
absolute value of the negative index. The deeper the color is, the greater
the absolute value is.

Figure 3. The diagrammatic sketch of a slab with linear negative indices
in the second case. Deeper color means greater absolute value of the
negative index
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2.3. Slab with Parabolic Negative Index

Consider a parabolic negative index slab as

n(z):A(z—ng—nO

D2

®

where no is a constant (not the refraction index of air),

4(ng-1)
D2

(see Figure 4; we assume ny =2, D=2 as an example).

D is the thickness of the slab, and A=

The negative index medium also bends the light to focus
twice (see Figure 5). Because of the symmetry of the
parabola, light is focused in the center of the slab the first
time. The distance of the second focus away from the slab
is

,[ _cosfdz
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where ,;/\‘(a | b) is an elliptic integral of the first kind.
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Equation (9) is the analytical result for a parabolic
negative index slab. Equation (9) is a restriction of the
distance between the optical source and the second focus.
The numerical results will be discussed in section 3.

\ — n=(z-1)*-2 /

Figure 4. An example of parabolic negative indices ny =2, D=2
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Figure 5. Light is transmitted through a slab with a parabolic negative
index. The solid line and dashed line denote the two paths

3. Numerical Simulation

For simplicity, we discuss three typical instances of
equation (8) D=6, D =4, D =2 (ny=2), and ignore the

dimensions here. Figure 6 shows the numerical simulation
of these three kinds of slabs with parabolic negative
indices. The horizontal coordinates are incident angles,
and the longitudinal coordinates represent the length
f+L. Here, we assume the optical source approaches the
slab, L« D. In Figure 6, the three colored lines
correspond to the three cases D =6,D =4,D =2 from top
to bottom, respectively. As the incident angle increases,
f+L decreases. The numerical simulation curve
approximates a parabola oriented downward. According to
these curves, to obtain more reasonable and obvious

results, f + L should be restricted to the range 0 < 6 < %

For example, when D =4,n, =2, and 6 =10°, equation
(9) gives a restriction f+L=2.5. As we assumed
L< D, if L=1, we have f =1.5. As the optical source

approaches the slab, the second focus moves away from
the slab, and vice versa. # =0 are the most obvious cases.

In these cases, we notice that the ratio of D/(f+L) are

almost fixed. The curves are much steeper for bigger D.
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Figure 6. The numerical simulation of a slab with parabolic negative
indices f +L vs incident angles. Three colored lines correspond to three
cases D=6, D =4, D=2 (from top to bottom), respectively.
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4. Light Interference

A negative refraction slab with an index of -1 is
significant. It can focus lights on one point, thus make a
perfect lens. Interference is a common issue with every
optical object, including a negative refraction lens. As
shown in Figure 7, we suppose the thickness of the
negative refraction lens is d. The distance between the
optical source and lens is d;. The negative index of the
lens is -1. When we place the lens in the air, the refraction
index of air is 1. The angles of incidence are 6, and 6,.

The total optical path difference is

= ! - ! (dl—d+d—d1):0,
cos@, cosf

and the two light beams enhance each other; thus,
interference is avoided. The image made by the negative
refraction lens with index -1 is the clearest compared with
the other negative index lenses. In reality, the absolute
value of the negative index is very close to one, and the
thickness of negative refraction lens is very small.
Therefore, for a negative refraction lens, the total optical
path difference can be ignored.

Figure 7. The light interference transmitted through a negative index
material. The negative index of the material is -1 in this figure

5. Conclusion and Discussion

Because of their superior optical properties and great
development potential, negative index materials have
become popular and attractive in physics in recent years.
However, only negative index materials with a constant
index have been discussed. We discuss the inhomogeneity
of a NIM-negative refraction slab with a gradient index,
and point out that the position of focus changes depending
on the incident angle. We conclude negative refraction
slab with varying index is not a perfect lens. Only
negative refraction slab with single index -1 could focus
lights on one point and make a perfect lens. Our research
consists of three parts: a negative refraction slab with two
different negative indices, and a slab with a linear negative
index and one with a parabolic negative index. Through a
negative refraction slab, the light from a point source is
focused twice. The analytical derivation and numerical
simulation demonstrate the limit of the incident angle and

explain the relationship between the source position and
the second focus. The discussion of a slab with a linear
negative index is divided into that concerning an increased
and decreased index. The decreased index slab focuses
light twice, while the increased index slab only focuses
once. The result is optimal when the incident angle of a

slab with a parabolic negative index is 0 <8 < % Finally,

it was determined that light interference through a
negative refraction slab could be ignored, in particular for
those with a negative index of -1. In future work, to obtain
better optical effects, more types of negative indices
should be discussed. In our realization, it will need to
require that the geometry of the composite changes on a
scale that is much larger than the size of the unit cell yet
much smaller than the wavelength. Technique remains a
difficulty, further discussions are still needed to realize
proposed device.
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