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Abstract This paper investigates the design of active sliding mode controllers to synchronize two identical Wang
chaotic systems. The switching function matrix is determined based on linear quadratic minimization process. The
stability of the controllers is established using the Lyapunov stability theory. Numerical results are shown to
demonstrate the effectiveness of the proposed control method.
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1. Introduction
A Chaotic system is a dynamical system that is highly
sensitive to initial conditions. The response of a chaotic
system exhibits a number of specific characteristics: (i) A
small change in the initial conditions leads to
extraordinary differences in the system state; (ii) broad
Fourier transform spectra (iii) and fractal properties of
motion in phase space. Chaotic behavior can be found in
many different systems, such as climate modeling [1].
compressed beams [2], chemical systems [3], secure
communications [4], etc.
Chaos synchronization is to make the response of two
chaotic systems oscillate in a synchronized manner. Using
a controller or more than one controller the states of the
slave system are forced to follow the states of the master
system. Since the pioneering work by Pecora and Carroll
[8], chaos synchronization problem has been widely and
intensively studied in the literature. In the last two decades,
a number of control techniques have been successfully
applied for chaos synchronization. Synchronizing chaotic
systems using backstepping control has been utilized for
several systems such as Lorenz system, Chua’s circuit and
Duffing system in [5]. The synchronization of the new
hyperchaotic Liu system using backstepping techniques
[6].The partial and full sinusoidal synchronizations of the
controlled Duffing oscillator under specific function
constraints was conducted in [7]. A linear state error
feedback control technique was utilized to synchronize
two parametrically excited non-autonomous Duffing
oscillators [8]. A robust active controller with an integral
high order sliding-mode and proportional form of the
so-called control error was proposed [9]. Robust indirect
model reference fuzzy control scheme for control and
synchronization of chaotic nonlinear systems subject to
uncertainties and external disturbances was proposed in
[10]. A novel observer-based finite-time control method

for the modified function projective synchronization of
chaotic systems in the presence of uncertainties and
external disturbances was presented in [11]. In [12] A
robust adaptive PID controller design motivated from the
sliding mode control is proposed for a class of uncertain
chaotic systems. Backstepping control method to derive
new results for the adaptive controller and synchronizer
design for the Arneodo chaotic system was used in [13] in
[14] A generalized synchronization of coupled periodically
driven duffing oscillators is investigated through Linear
Matrix Inequality method. A control scheme based on a
high order sliding-mode observer-identifier and a
feedback state controller is proposed [15]. In [16] the
dislocated feedback control, enhancing feedback control
and speed feedback control for controlling chaos in a
unified chaotic system were used. An adaptive
synchronization and parameters identification scheme was
proposed in [17] for two coupled chaotic Newton-Leipnik
systems. In [18] the synchronization of Nuclear spin
generator system was investigated. In [19] a new scheme
for constructing bidirectional nonlinear coupled chaotic
systems which synchronize projectively was presented.
In this paper, the active control [20] and sliding mode
control method [21], [22] are used for the chaos
synchronization of two identical Wang four-scroll chaotic
systems. The basic idea of active control is the elimination
of all the terms which cannot be written in term of the
errors in the error dynamics. The design of a sliding mode
controller consists of two steps. The first step is the selection
of a switching surface for the desired dynamics and the
second step is to design a control law such that the system
trajectory reaches the surface and stays in it forever. To
design the sliding surface the minimization of the quadratic
performance index is considered. The stability of error
dynamics was checked based on the Lyapunov stability theory.
Numerical simulation of synchronization system illustrates
the effectiveness of the sliding mode control method.
This organization of this paper is as follows. In Section 2,
the Wang chaotic system is described. In Section 3 the
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development of the sliding mode controllers is presented.
In Section 4, the numerical results are presented. Section 5
concludes the paper.

The error dynamics can be written in matrix notation as
e = Ae + F ( x, y ) + u ( t )

(5)

where

2. Problem Statement and System
Description
The problem discussed in this study concerns with
master-slave synchronization of the new Wang four-scroll
system chaotic system [23]. A master Wang system is
described as follows
x1 = a ( x1 − x2 ) − x2 x3
x2 =
−bx2 + x1 x2

(1)

x3 =
−cx3 + dx1 + x1 x2

where x1(t), x2(t), x3(3) are the states and a, b, c, d are
positive, constant parameters of the system. The system (1) is
chaotic when the parameters of the system are a=1, b=5.7,
c=5 and d=0.06. Figure 1 depicts the four-scroll attractor
of the Wang chaotic system (1).

 e1 
 a −a 0 
 
 0 −b 0  , e =
A=
e2  ,


 e3 
d 0 −c 
 u1 
 − y 2 y3 + x 2 x 3 
u  .


F ( x, y ) =
 2
 y1y3 − x1x 3  and u(t) =
 u 3 
 y1y 2 − x1x 2 
Synchronization is to design an appropriate controllers
vector u(t) so that for any initial conditions of the two
systems the states of the slave system (2) asymptotically
approaches the states of the Master system (1). Such that
the resulting error vector satisfies
lim t →∞=
e(t) lim t →∞ y(t) −=
x(t) 0

(6)

where ‖∙‖ denote the Euclidean norm.

3. Active Sliding Mode Control Design
3.1. Active Control
According to the method of active control proposed in
[20], a control input can be used to eliminate all terms that
cannot be shown in the form of the error vector e(t). In
this way, the control u(t) can be formulated as:
=
u ( t ) Bw(t) − F (x, y).

(7)

Substituting (7) into (5) the error dynamics can be
written as
=
e (t) Ae(t) + Bw ( t ) .
Figure 1. The four-scroll attractor of the Wang system

The slave system is described by the controlled Wang
dynamics
y1 = a ( y1 − y2 ) − y2 y3 + u1 (t )
y 2 =
−by2 + y1 y3 + u2 (t )

(2)

y3 =
−cy3 + dy1 + y1 y2 + u3 (t )

where y1(t) , y2(t) , y3(t) are the states and u1 (t), u2 (t), u3 (t)
are the controllers to be designed. We define the
synchronization error signals as
e=
1 (t) y1 (t) − x1 (t)
e=
2 (t) y 2 (t) − x 2 (t)

(3)

e=
3 (t) y3 (t) − x 3 (t).

Differentiating (3) with respect to time, and using (1)
and (2), one obtains the error dynamics system given by:
e1 = a (e1 − e2 + 2 x2 ) + u1 (t )
e2 =
−be2 + y1 y3 + x1 x3 + u2 (t )
e3 =
−ce3 + de1 + y1 y2 − x1 x2 + u3 (t )

(4)

(8)

The error dynamics is now a linear time-invariant
control system with single input w(t). As long as these
feedbacks stabilize the system, the error vector e(t)
converges to 0 as t → ∞. This implies that the master
system (1) and the slave system (2) are synchronized.

3.2. Sliding Mode Control
The design of a sliding mode controller consists of two
steps: i) Design of a proper switching surface such that the
closed-loop system behaves as desired (ii) Reach the
switching surface in finite time and maintain it there
(positive invariance).The sliding mode control law, as
follows:. Thus, the original global chaos synchronization
problem can be replaced by an equivalent problem of
stabilizing the zero solution e = 0 of the system (8) by a
suitable choice of the sliding mode control.
In the sliding mode control, we define the switching
function to be :
σ ( e ) = Se(t) = s1e1 + s 2 e2 +  + s n en

(9)

where 𝐒𝐒 = [s1 ⋯ sn ] is a constant row vector to be
determined so that the product SB is a square nonsingular
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matrix (𝐒𝐒𝐒𝐒 ≠ 0) is a necessary condition. A necessary
condition for the state trajectory to stay on the switching
surface is σ̇ (𝑒𝑒) = 0 is and σ(e) = 0. Therefore, when in
sliding mode, the controlled system satisfies the following
two conditions
=
σ ( t ) 0,=
and σ ( t ) 0.

(10)

Differentiating (9) with respect to time and substituting
(8) yields
σ ( e ) =
Se =
S  Ae(t) + Bw ( t )  =
0.

(11)

Solving (11) for w(t), we obtain the equivalent control
law

w ( t ) = − ( SB )

−1

SAe(t)

(12)

w(t) is the control action required to maintain the state on
the switching surface. The sliding mode motion is
obtained by substituting (12) into the error dynamics (8)
resulting in the closed-loop dynamics as:
e ( t=
) I − B ( SB )−1 S  Ae ( t )

(13)

where I is an identity matrix. The sliding motion depends
on the matrix S.

3.3. Design the Sliding Surface via LQ
Minimization.

(14)

Such that

 A11 A12 
0
=
Tr ATrT =
, Tr B   .

 A21 A22 
 B2 

(15)

So that system (8) can be transformed into the
following regular form:

z1 (t ) A11 z1 (t ) + A12 z2 (t )
 =
.


z
(
t
)
 2 = A21 z1 ( t ) + A22 z2 ( t ) + B2u (t )

(16)

The switching function can be written in the new
coordinate system as:
STr = [ S1

S2 ].

(17)

During a sliding motion the following condition hold:
z2 ( t ) = − Kz1 (t )

(18)

where the matrix is 𝑲𝑲 = 𝑺𝑺−1
2 𝑆𝑆1 substituting (18) into the
first equation of (16) yields

z1=
(t ) ( A11 − A12 K ) z1 (t ).

that the sliding mode dynamics is stable. Finding the
design matrix K is a classical state feedback problem with
matrix K as a feedback gain and A12 as an input matrix. As
a result various control methods based on state feedback
are suitable to solve this problem. For example one can
use the conventional eigenvalue allocation method or the
linear-quadratic (LQ) approach. In this work, the design of
the sliding surface subjected to minimization of the
following quadratic performance index is considered [21].

J=

1 ∞
T
e ( t ) Qe ( t )dt
2 ∫ts

(20)

where the matrix Q is a symmetric and positive matrix.
Transforming the error dynamics into its regular form
using the matrix Tr which can be obtained via QR
factorization [21]. The following can be written:

Q12 
Q
Tr QTrT =  11

Q21 Q22 

(21)

The switching matrix can be calculated as
S = S2 [ K

I m ] Tr .

(22)

The Matrix K is defined as:
−1 T
−1 T
=
K Q22
Q12 + Q22
A12 P1

(23)

P1 is a positive definite solution to the algebraic matrix
Riccati equation

It is well known that for the controllable system (8)
there exists a nonsingular transformation, defined by [22]

 z1 (t ) 
( t ) Tr e(t ).
 z (=
 z=
 2 t )

3

(19)

Equation (19) is the reduced-order system which
represents the motion equation in the sliding surface. If the
pair (A, B) is controllable, then the pair (A11, A12) is
controllable as well. Therefore, the design of sliding
surfaces turn into choosing the matrix parameter K such

−1 T
0
P1 Aˆ + Aˆ T P1 − P1 A12Q22
A12 P1 + Qˆ =

(24)

−1
−1
� = 𝑄𝑄11 − 𝑄𝑄12 𝑄𝑄22
Where 𝐴𝐴̂ = 𝐴𝐴11 − 𝐴𝐴12 𝑄𝑄22
𝑄𝑄21 and 𝑄𝑄
𝑄𝑄21 .

3.3. Design of a Sliding Mode Controller

A straightforward method of sliding mode controller
design is the so called reaching law approach. The
reaching law is a differential equation which determines
the dynamics of a switching function. From the different
laws available the constant plus proportional rate reaching
law is used

σ (t ) =
−qσ (t ) − ksign(σ (t ))

(25)

where sign(⋅) denotes the sign function and given by:
+1 if σ > 0

=
sign (σ ) =
0 if σ 0 .
 −1 if σ < 0


(26)

The gains q > 0, k > 0 are positive real numbers and
determined such that the sliding condition is satisfied and
sliding motion will occur. The selection of the parameters
of the reaching law controls the dynamic quality of SMC
system in the reaching mode.
Substituting (11) and (9) into (25) the control signal w(t)
is obtained and can be expressed as follow
w (t ) =
−( SB )−1[ S ( qI + A ) e + k sign (σ )].

(27)

Substituting (27) into (8) yields the closed loop error
dynamics
e ( t )= Ae ( t ) − B( SB)−1[ S ( qI + A ) e + k sign (σ )]. (28)
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3.4. Stability Analysis

and the matrix M is obtained as

In order to check that the error dynamics (28) is
globally asymptotically stable, we choose the Lyapunov
function defined by
1
V ( e ) = σ 2 (e)
2

(29)

which is globally defined, positive definite function on Rn.
Differentiating V(e) with respect to time, and substituting
(28) and (9) into the differential results, we obtain
V = σσ
= σ Se

} (30)

{

= σ S Ae − B (CB )−1  S ( qI + A)e + ksign(σ ) ) 
=
−qσ 2 − σ ksign(σ )

which is always negative provided 𝒆𝒆 ≠ 𝟎𝟎, which means
that the inequality 𝑽𝑽̇ = 𝝈𝝈̇ 𝝈𝝈 < 0 holds.

4. Numerical Results and Analysis

In this section, the numerical details of applying the
sliding mode controllers derived in section 3, to chaos
synchronization of two identical Wang systems are
presented. The numerical simulations were carried out by
employing a variable step Runge-Kutta Method. The
initial values of the master system are set as x1 (0) =
15, x2 (0) = 22, x3 (0) = 10, and the initial values of the
slave system are taken as y1 (0) = 15, y2 (0) =
22, y3(0)=10.
The matrices A and B are
−1
0
 1
1


1 .
A=
−5.7 0  , B =
 0

0.06
1
0
−5

M = [ 0.2019 0.4666].

Finally the matrix S is
S = [1.2520 0.2520 0.228] .

The sliding mode variable is selected as

σ= Se
= [1.2520 0.2520 0.228] e
Which make the sliding mode state equations asymptotically
stable. The parameters of the sliding mode controller are
selected as q=5 and k=0.2. Proper selection of the
reaching Law’s parameters can reduce the chattering and
the time required to reach the sliding surface. The
controlled system (13) is globally asymptotically stable
with the eigenvalues 𝜆𝜆1,2,3 = [0 −2.9496 −5.2708] .
From (27), we can obtain w(t) as
−4.3451e1 + 0.8247e2 − 0.1155sign(σ ).
w (t ) =

(31)

Substituting the above equation in (7) the sliding mode
controllers are obtained.
The complete synchronization of the states of the identical
Wang system are shown in Figure 2. Figure 2a shows
the complete synchronization of the states x1(t) and
y1(t). Figure 2b shows the complete synchronization of the
states x2(t) and y2(t). Figure 2c shows the complete
synchronization of the states x3(t) and y3(t). It is seen that
the states are synchronized in very short time after the
activation of the controllers. Figure 3a, b, c display the
time-history of the synchronization errors e1(t), e2(t), e3(t),
respectively. It can be observed that the errors converge to
zero rapidly. Figure 4 shows the evolution of the sliding
surface (function with time). Figure 5 shows the control
signals as function of time. From the figure presented it
is evident that active sliding mode controllers are very
efficient in the synchronization of the two identical Wang
systems.

1 0 0
The LQ minimization matrix is 𝑄𝑄 = �0 2 0�.
0 0 3
The transformation matrices are
0.5774 0.2113 −0.7887 
=
Tr 0.5774 −0.7887 0.2113 
0.5774 0.5774
0.5774 

=
Tr ATrT

Tr QTrT

 −3.1806 2.5447 1.5539 
 2.0020 −2.9727 1.9927 


 1.8126
2.7941 −3.5467 
 2.2887 −0.5 −0.7887 


=
 −0.5 1.7113 −0.2113 .
 0.7887 0.2113
2.0 

After direct computation we have

Aˆ

 −2.5678 2.7089 
ˆ  1.9777 −0.5833
=
 and Q  −0.5833 1.6890 
2.7878
−
2.7622





Figure 2. The Time Responses of the States with Controllers Activated
at t = 20 Second
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5. Conclusions
In this paper, a sliding mode controller has been
proposed for the global chaos synchronization of two
chaotic Wang systems. The switching function matrix was
determined based on linear quadratic minimization
process. The stability of the controller was analyzed based
on Lyapunov stability theory. Results of the simulations
showed that the sliding mode control method is very
effective and convenient to achieve global chaos
synchronization of the chaotic Wang systems. The
presented controller can be used to synchronize other
chaotic systems.
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