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Abstract

In this paper, we discussed the existence of a four point boundary value problem for g-fractional

differential equation Dg' x(t)= f(t,x(t), Dqﬁ x(t)):o in a Banach space, particulary, using the Banach contraction

principle for certain conditions on f.
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1. Introduction

Fractional calculus has been always an attractive field
for many researchers due to its very wide applications in
the study of modeling for various fields in science and
engineering, such as physics, biophysics, chemistry,
controlling engineering, visco-elasticity and many more.
For further details, see [1,2,3,4,5] and the references
therein. Years ago, the fractional equation has a been a
significant progress (see [6,7] and the references therein).

The g-calculus or known as "quantum”-calculus was
originally developed by Jackson [8] and some of its basic
definitions and properties can be found in [9].

This study focuses on showing the existence of the
solution for the following problem:

Dgx(t)=  (t.x(1), D{x(1))=0,te[0.],
x(0)=x(1)=0

61)("((1)

(o (1)

where 3<a<4, B<a-1 and Dg‘ and Dqﬂ are the

g-Caputo fractional Derivatives, ¢ (i=12,3,4) are real

constants and f is a continuous function on [O,l]xﬂ?z.

This paper is organized as follows: in section 2, we
introduce the prelimimaries of a g-analogue and definitions
of g-fractional integral and differential. In section 3, we
give some hypotheses to prove the existence of solution
and also using the Banach contraction priciple.

2. Mathematical Preliminaries

The following notations, properties, definitions, and
preliminary facts will be utlized throughout this study. Let

qe(O,l), then we have the g-analogue of a real number
defined by [10]

The g-analogue of the power function (77—;/)" with n
is a nonnegative integer is

n—.

[77 7)} H(n—qk7)

in general, if ne 97

The g-derivative of a function h(x) is defined by
f(ax)-f (%)
x(q-1)

and the g-integral of a function h(x) in the interval [0, p]
is given by

) :dqh(x):
o=

Igh(t)dqt = x(l—q)i:)h(xqi )qi
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The following an properties is useful in studying
g-fractional calculus

[u(t-s)]" =u“(t-s),
=Mk0—ﬂ”l
(X qj xtdt) j

Remark 2.1. It is to be noted that if & >0 and a’'<b’<t,

then (t— a’)(a) >(t- b’)(a) .

tDyq (t-s)”

(x,t)dqt+h(ax,x).

2.1. g-Fractional Integral and g-fractional

Derivative
Definition 2.2. The Reimann-Liouville g-fractional
integral type for & >0 is defined by
1 t 1
1Zh(t)= t—gs)* "h(s)d,s 2)
q () Fq(a)'[o( q) ()p

where f is continuous on [0,], te[0,1] and o€ 27.
And the g-Gamma function is defined as

Ty (n)= J'Om X" exp(—qx)d pX

Definition 2.3. The Reimann-Liouville g-fractional derivative
type for >0 is defined by

(ogn)o)=(ok Nk n)) ®

where [a] is the smallest possible integer greater than or

equal to a.
Definition 2.4. The Caputo g-fractional derivative type
for >0 is defined by

(ogn)v)=(1 [“]‘“D([f‘]h)(t) @

where [a] is the smallest possible integer greater than or
equal to a.

Theorem 2.5. Let t > 0 and o 2. Then the following
equality holds

(|c[10‘] D[a]h)

[a]2 :
g tj+1)( D1 )(0). )

For further details regarding these properties, we refer
the reader to [11].

3. Mathematical Result

Let us consider a Banach space y=x:xeC([0,1]),

Dﬂec([o 1)) given by the norms ||x|| _||x||+“DﬁxH

[¥|=suptefo (x(1)) “Dq X“ SUP¢e[o,] (D X(t )
Then we have the following Lemmas:

Lemma 3.1. The general
differential equation Dg'x(t)=0 for >0 is given by

solution of g-fractional

X(t)=Co + Ot +Cot? +.. 4 Cpgt" (6)
where ¢; € 7,n=[a]+1.
Lemma 3.2. Let & >0. Then

1§ DY x(t)= "

x(t)+co +ot+Cot2 4.4 Ch g
Lemma 3.3. Let y(t)eC([O,l]), then the solution for the
equation

Dy x(t)=y(t),te[0.1],3<a <4 (7)
subject to the boundary conditions
x(0)=x(1)=0

is given by

6(b+c+a(¢—@))Ty(a)
xJ';(l—qs)O“1 f (s,x(s), Dqﬂx(s))dqs

| (3c+a(3¢—1))t—3(c+a¢)t2 +at®
"~ 6(b+cta(g-0))y(a-2)

Xj¢(®—qs)a_3 f(s,x(s), Dﬂx(s))dqs

(3c+b(3¢-1))t—3(d +bg)t? +bt> ®)
(b+c+a(¢ ®))Ty(a-3)

X ‘D as) 4f(s,x D x(s )dq

(a (3¢ 1)-3b)t-3(b—ad)t? +at’
6(b+c+a(p—@))Ty(a-2)

Iy (0=05) £ (5.x(5), O x(5) s

(c(3p-1)-3d)t-3(d —cd)t? +ct®
6(b+c+a(g-@))lq(a-3)

Xjf(¢—q8)“’4 f(5.x(s). DY x(5)|dgs

where a=€162,b=62€3,c=€164,d =€€y.
Proof. By lemmas 3.1 and 3.2, general solution of (7) is
given by

_1
Tq(a)

[y(t=0s)" " y(s)gs

—Cp —O_Lt—Cth —C3t3.

"0 ©)

and using the boundary condition, we can get ¢y =0

1 t a-1
Cl:rq (a)J.O(l_qs) y(S)—CZ—C3,
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and
_ c+ag o3
2 g(brora(p-®)g(a- Z)J (©-as)™ " y(s)dgs
d +bg¢
2(b+c+a(p—@))l(a- 3)I (®-05)* " y(s)dgs
b—ad ¢ w3
+2(b+c+a(¢—®))Fq(a_2)I0(¢—qS) y(s)dgs

d—cg
B roraso)Tg(aae ¥ ¥oKas

ws 6(b+c+a(¢—a®))r (a_z)ff (@-a8)" " y(s)gs
+6(b+c+a(¢_acb)) Iy(a _Z)I (¢=08) y(s)dgs
T6(brcra(g C@))r (a- 3)f (¢-a5)" " y(s)gs.

Substituting these obtained constant to equation (9) and
making use of the lemma (3.3), we can have (8).

3.1. Existence of the Solution

In this section, we will show that there exist a solution
of the problem (1) and show the contribution of the term

Dg x(t) on the solution. Suppose the following quantities:

b+c+a(g—d)+1
6o+c(¢—®)| g (a+1)

1:

(3c+a(3¢-1)| +3jc+ag| +[a] )02
_+(|a(3c1> —1)—3b|+3|b—aCD|+|a|)¢”“2_
6jo+c+a(g—®)|Cg (a+1)

(10

([3d-+b(3¢-1)] +3d +he+[o )0 ]

_+(|c(3<l> ~1)-3d|+3(d —c<I>|+|c|)¢0“3
6lo+c+a(g—)Cq(a-2)

1 1
N, =

2 Fq(a—ﬂ+1)+6|b+c(¢—q))|Fq(a+1)Fq(2—ﬂ)
[Bo+a(3p-1) 0% +]a(30-1)-3p]p*
" Bp+c+a(p-0)Tg(a-1)y(2-4)
N |c+a¢|d>0“2+|b—a<1)|¢0“2
p+e+a(g-@)ry(a-1)ry(3-4)
[ +b(3p-1) %> +|c(3-1)-3d|p>
" 6Bp+cta(p-®) Ty (a—2)Ty(2-45)

|a|(q)a—2 +¢a—2)

+|b+c+a(¢—c1>)|rq (a-1)r

q(4-5)

. |d +b¢|cba‘3 +[d —cd)|¢“‘3
“Bp+c+a(g-@)ry (a—2)g(2-5)

(11)
|b|<Da 2+|C|¢a -2

|b+c+a¢ ®)|Cg (2—2)0

a(4-5)

Following the hypotheses of Houas and Dahmani [3],
we can consider the following the hypothesis:
Hypothesis 3.4. The function f:C([O,l])foz—W‘t is

continous.

In accordance also to the work of EI-Shahed and
Al-Yami [12], we have
Hypothesis 3.5. Assume that there exist a nonegative
constant M > 0 such that

|f(t,x, y)|§M ;te[01], x,ye .
Hypothesis 3.6. There exist a nonnegative function u, v on
[0], such that for te[0,1], (x,y),(¥,Y1)e 2>
|7 (0 y)= () su(tpe—x+v()ly-v
where Q=sup, o lu(t)] and Q=5“pte[o,1] V()
Theorem 3.7. Suppose hypothesis (3.6) holds if
(Ny+Np)(Q+Q)<1

then the solution for the problem (1) exist on [0, 1].
Proof. Consider a g-operator

Fq:C([0.1],92)>C([0.1],22)
such that, it is defined as
Fy x(t):ﬁg(t—qs)“1 f (s,x(s), Dqﬂx(s))dqs
t

6(b+c+a(¢—®))Ty(a)

><J.;(1—qs)"“1 f (s,x(s), Dqﬂx(s))dqs
| (30+a(3¢—1))t—3(c+a¢)t2 +at®
6(b+c+a(¢—®))y(a—2)
xjj(cb—qs)“_3 f (s,x(s), Dfx(s))dqs
(3d +b(3¢-1))t-3(d +bg)t® +bt>
6(b+c+a(¢—®))q(a—3)
><.|.(;D(QD—qs)"’74 f (s,x(s), Dqﬂx(s))dqs
(a(30-1)-3b)t-3(bd-a)t? +at®
6(b+c+a(¢—®))Ty(a—2)
xjj(qﬁ—qs)a_g f (s,x(s), Dé’x(s))dqs
(c(30-1)-3d )t-3(d —cd)t® +ct®
6(b+c+a(¢—®))q(a—3)
xj§(¢—qs)“74 f (s,x(s), D(fx(s))dqs.
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In which we must show that Fq is a contraction

For any x,yeC([0.1],97), using Hypothesis 3.6 we can
obtain

[Fax(t)Foy(t)
) f(s,x(s),Dqﬂx(s))

t(t— s)“ d,s
IO | —f(s,y(s),Dqﬁy(s))

p

Tq(a)

t
Blo+c+a(g—D)y ()

L | f(sx(s).DEX(s))

x_[o(l—QS) —f(s,y(s),D(fy(s))dqs

) [3c+a(3p-1)t—Fc+aglt® +alt®

" eptcra(p-o)ry(a-2)

2 f(s,x(s),D(fx(s)) »
—f(s,y(s),Dqﬁy(s)) !

[3d +b(3¢—1)t—3/d +bg|t® + p|t>
6lo+c+a(g—D)y(a-3)

o | F{s:X().DEX())
x| (d-qgs)” dgys
'[0 —f(s,y(s),Dqﬂy(s)) ‘
|a(3®-1)-3bjt—3b—ad|t® +[alt?
6lb+c+a(p-®) g (a-2)

sy [(82091006)
<[ (4-0s) —f(s,y(s),Dqﬂy(s))qu
lc(3®-1)-3d|[t—3d —ca|t? +[c]t?
6lo+c+a(g—D)q(a-3)
i f(s,x(s),D(fx(s))
~t(s.y(5).D¢¥(9))

To reduce the expression, we use Hypothesis (3.5) and
(3.6) and simplifying further we can obtain the relation

[Fax(t)-Fqy(t)

< Nl(Q+Q)(||x— y||+“Dqﬂx— Dé’) y”)

Jylo-os)”

[ 9-0s)

Furthermore, to finally show the contraction of F,. We
can use the definition of a g-Caputo Fractional Derivative

[3,11], by lemma (3.3) and lastly the hypotheses (3.4-3.6).
we can finally obtain

[Fox(t)=Fay (0o 1.

g(N1+Nz)(Q+fl)(||X—yll+“D5 x-Df V”)

4. Conclusion

Hence, by the hypothesis (3.6), we deduced that F; isa

consequence of Banach contraction principle and the
solution of equation (1) exist for t[0,1]. For a Generic

case, we can say that the contraction obtained in [12],
which is a three point g-fractional boundary problem,
coincides with the obtained result in this study.
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