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Abstract  Exact traveling soliton solutions for the Josephson nonlinear Left-handed transmission line (NL-JLHTL) 
based on the periodic structure of an array of Josephson junctions (JJs) are investigated. The nonlinearity of the 
Josephson left-handed transmission line (JLHTL) is due to the highly nonlinear nature of the JJs that provide the 
shunt inductances required to realize an LHTL. Applying the generalized Ricati methods, we analytically and 
successfully derive exact traveling kink solitons, bright and dark solitary wave solutions on this network. The  
left-handedness of the line is explicitly confirmed in numerical simulations with the existence of bright and dark 
soliton solutions in good agreement with analytical predictions. 
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1. Introduction 

The transmission line (TL) approach of left-handed 
materials is based on the dual of the conventional TL, 
which is obtained by interchanging the capacitors and 
inductors of the conventional TL model. There are two 
options to design a nonlinear left-handed transmission line 
(NL-LHTL); the incorporation of nonlinear capacitance 
and the incorporation of nonlinear inductance. In this 
paper, we incorporate an array of Josephson junctions (JJs) 
which operate as a nonlinear left-handed transmission line. 
The nonlinearity of Josephson left-handed transmission 
line (JLHTL) is due to the highly nonlinear nature of the 
JJs that provide the shunt inductances [1].  

 In recent years the junction Josephson (JJs) has been at 
the heart of the various works of physicists and 
mathematicians. Thus most of the superconducting 
electronics are based on the Josephson junctions. There 
are also practical motivations for the use of the JJs, 
namely the ac junction Resistively and Capacitively 
Junction Shunted (RCJS) model which is a simple circuit 
that uses finite elements to describe the barrier capacitance 
and the normal conductivity of Electrochemistry [1]. In 
the context of RF and magnetic coupling, the JJs is 
extremely attractive as a source of high radiation 
frequency (in the order of Terahertz), and they are also 
highly sensitive to electromagnetic fields and thus appear 

as amplifiers and sources of electromagnetic radiation in 
Sub-millimeter speed. It should also be noted that the 
RCJS model with capacitive damping is an interesting 
solution for the Sine-Gordon equation in the case of wide 
junctions and a solution of the soliton type, which takes 
the name of fluxon [2]. Moreover, considerable theoretical 
work has been devoted to the study of the fluxon 
(magnetic flux quanta) in the long inhomogeneous 
Josephson junctions. The emission of linear plasma waves 
by a fluxon moving through a periodically installed 
microwell lattice has been proposed as a basis for a 
Josephson microwave generation [3]. Many studies have 
been devoted to the possibility of soliton formation [4] 
using the description of the effective medium, but there 
are only a few works on the nonlinear left-handed 
transmission lines of JJ (LH) [5]. The propagation of the 
soliton wave in a nonlinear left-handed transmission line 
is an important phenomenon. It has been demonstrated 
theoretically that there exist Dark and Bright solitons in 
the LHM with nonlinear elements replacing the shunt 
loaded inductance [6] or the shunt capacitors [7,8]. In 
view of the previous important work on the josephson 
junction, the peculiarity of our work is based on the fact 
that the Josephson junction can be seen as a highly 
nonlinear inductance shunt. To this end, the Josephson 
junction can be used in LHTL to make the line highly 
nonlinear, in this way an analysis of harmonics has done 
[9]. In this paper, using the generalized Ricati methods 
[10], we show that the highly nonlinear nature of the JJ 
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arrays incorporated in the JLHTL structure can support 
many types of solitons such dark, bright soliton, kink and 
anti-kink soliton. Our analytical results are in agreement 
with numerical simulations 

2. Model and Analytical Treatment 

Figure 1 shows the Josephson junction nonlinear left 
handed-transmission unit cell with host TL,that consists of 
a highpass network of capacitors and Josephson junction 
array. The conventional transmission line required to 
connect the left-handed elements is taken into account. To 
analyze solitons solutions in this model, the analytical 
procedure presented in [11,12,13] is followed. As 
mentioned in [1], the loss effect in the JNLHTL can be 
safely ignored. The nonlinear current voltage waves that 
propagate in the JLHTL are governed by the Kirchhoffs 
laws 

 
Figure 1. Figure of Josephson junction non linear left handed-transmission 
unit cell with host TL 

Applying Kirchhoff’s laws to this system leads to the 
following equations, 
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Where 𝐽𝐽𝑛𝑛  is the current through the JJ at cell n. One can 
derive from the equation Eq. (1)  
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Eq. (2) can be written in the form, 
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The right side of Eq. (3) can be approximated with 
partial derivatives with respect to the distance 𝑥𝑥 from the 
beginning of the line, assuming that the spacing between 

two adjacent sections is 𝛿𝛿 with 𝑥𝑥𝑛𝑛 = 𝑛𝑛δ . Let 𝜙𝜙(𝑥𝑥, 𝑡𝑡) be a 
continuous function of the variables x and t, so that 
𝜙𝜙(𝑛𝑛, 𝑡𝑡) = 𝜙𝜙𝑛𝑛(𝑡𝑡) and 𝜙𝜙𝑛𝑛±1(𝑡𝑡) = 𝜙𝜙(𝑥𝑥 ± 𝛿𝛿, 𝑡𝑡).  

The magnetic flux at the nodes 𝑛𝑛 ± 1 can be written 
using taylor expansion in the form: 
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By substituting Eq. (4) in Equation Eq. (3), we obtain 
the following nonlinear differential equation for the 
magnetic flux. 
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3. Derivation of an Exact Solitary Wave 
Solution 

In order to determine analytical solution of the 
JNLHTL, we apply Riccati method. The first step is to 
introduce the magnetic flux in the form of travelling wave. 

 ( ) ( ), ,x tφ φ ξ=  

where 𝜉𝜉 = √𝑘𝑘(𝑥𝑥 − 𝑢𝑢𝑡𝑡) , 𝑘𝑘  and 𝑢𝑢  are undetermined 
parameter, and 𝑢𝑢 is the velocity of propagation. 

We can transform equation Eq.(6) to the ordinary 
differential equation (ODE), and we set 𝑘𝑘𝛿𝛿2 = 𝐾𝐾 
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By integrating equation Eq. (6) doubly, and taking into 
account that 𝜉𝜉 →  ± ∞ the constants are zero, we arrive at 
the result below, 
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We can consider the small signal, or the phase constant 
of the JNLH is expressed in the form,  
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and considering the Taylor’s approximations of order two 
in this case , the equation takes the following form 
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Considering the different calculation steps and the 
Ricatti resolution mechanism applied in [11,12,13]. 
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𝑎𝑎𝑖𝑖  is a constant with 𝑎𝑎𝑁𝑁  ≠  0  to be determined and N 
positive integer to be determined as well. The function 𝐹𝐹 
expresses the solution of the following generalized Riccati 
equation: 
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 ( ) ( ) ( )' 2 .F r pF qFξ ξ ξ= + +  (11) 

In the case of the ordinary differential equation (ODE) 
Eq (9), we find 𝑁𝑁 = 2, applying to the equation Eq (10), 
one obtains consequently: 

 ( ) ( ) ( )2
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Thus, we succeed in obtaining the one following result, 
using the computer program MAPLE or MATLAB. 

Where 𝑔𝑔,𝜔𝜔𝑗𝑗 ,𝑞𝑞  are arbitrary constants non zero, 
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Results 

 

 

 

 

 

 

 

 

 
Inserting the following results in to Eq. (11), and 

considering the solution of the generalized Riccati 
equation in [12], we have the exact solutions of Eq. (9) as 
follows in four cases as presented in [11] and taking into 
account the remarks made in [13]. The solutions are 
reduced as follows: 
i. For the 𝒑𝒑𝟐𝟐 − 𝟒𝟒𝟒𝟒𝟒𝟒 > 𝟎𝟎 𝒂𝒂𝒂𝒂𝒂𝒂 𝒑𝒑𝒑𝒑 ≠ 𝟎𝟎 𝒐𝒐𝒐𝒐 (𝒂𝒂𝒂𝒂 ≠ 𝟎𝟎)  the 
solitons and Solitons solutions of Eq. (9) are: 
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Where A and B are real constants nonzero, 𝐴𝐴2 − 𝐵𝐵2 > 0. 
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periodic solutions of the equation Eq (9) are given: 
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  −  × −     = −

  −  − −
  

  
  −  × −    
 

  − + − − 
    

 − − 

(30) 

Where A and B are real constant nonzero with 𝐴𝐴2 − 𝐵𝐵2 >
0. 

iii. When 𝒓𝒓 = 𝟎𝟎 𝒂𝒂𝒂𝒂𝒂𝒂 𝒑𝒑𝒑𝒑 ≠ 𝟎𝟎, solitons solutions of the 
equation Eq(9) are : 

 ( )
( )

( )

3
19

3

, ,

cosh

sinh

pc
x t

kc p x ut

q
kp x ut

φ

δ

δ

= −
  

+ −     
   − −     

 (31) 

 ( )

( )

( )

( )

( )
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3

cosh

sinh

, ,

cosh

sinh

kp x ut

p
kp x ut

x t
kc p x ut

q
kp x ut

δ

δ
φ

δ

δ

  
−     

   + −     = −
  

+ −     
   + −     

 (32) 

where 𝑐𝑐3 is arbitrary constant. 
iv. For 𝒒𝒒 ≠ 𝟎𝟎 and 𝒑𝒑 = 𝒓𝒓 = 𝟎𝟎, the solitons solutions of 
Eq. (9) are: 

 ( )
( )
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1

1, ,x t
kq x ut c

φ

δ

= −
− +

 (33) 

where 𝑐𝑐1 is an arbitrary constant 
For the results obtained in the table, the nature of the 

solitons depends on the values of the constants and the 
soliton solution. 

For the results, using the form of the solution 𝜙𝜙1(𝑥𝑥, 𝑡𝑡), 
we obtain the following soliton solution: 

 ( ) ( ) ( )2
0 1 1 2 2, , ,x t a a x t a x tφ φ φ+= +  (34) 

we have types of solitons which follow the curves of 
Figure 2 and Figure 3. Kink solitons obtained in Figure 2, 
can be used to generation nonlinear localized modes or 
discrete breathers Kink and anti-kink collision. In the oder 
hand, Brigth soliton results from a suitable compensation 
between nonlinear and dispersive effects of JNLH TL.  

 
Figure 2. Evolution of kink solitons  
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Figure 3. Evolution of Brigth soliton 

 
Figure 4. The nonlinear evolution behavior of pulse train 
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Figure 5. Evolution of nonlinear pulse train 

 
Figure 6. Profile of the dark soliton solution expressed via solution of Eq.(13) 
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Using the form of the solution ( )2 ,x, tφ  we obtain the 
following soliton solution: 

 ( ) ( ) ( )2
0 1 2 2 2, , ,x t a a x t a x tφ φ φ+= +  (35) 

we have types of solitons which follow the curves of 
Figure 4 and Figure 5. 
Using the form of the solution ϕ3(x, t) , we obtain the 
following soliton solution, in accordance with the results 
obtained in [17] 

 ( ) ( ) ( )2
0 1 3 2 3, , ,x t a a x t a x tφ φ φ= + +  (36) 

we obtain profile of the dark soliton which follow the 
curves. This result was obtained in the context of the work 
presented in the non-linear transmission line in [17].  

We see clearly that the form of the solution depends on 
certain parameters, and this agrees with ref. [15,16,17]. 
The existence of soliton envelopes, kink solitons in the 
JNLHTL is confirmed. 

4. Conclusion 

In this paper, by means of Ricati method, we have 
obtained exact solitary wave solutions of the nonlinear 
equation describing wave propagation in nonlinear 
Josephson left-handed transmission line. It has been 
shown that a NL LH TL loaded with Josephson junction 
supports envelope soliton (dark and bright soliton) as 
optical fibers in their normal dispersion regime. In 
addition, one notices the formation and displacement of 
kink-soliton which is the line feature. 
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