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1. Introduction

Fibonacci sequences have attracted attention of scientists
from different fields. Fibonacci numbers are widely used
in many areas from applied mathematics to physics. The
Fibonacci sequence, Lucas sequence, Pell sequence and
periodic generalized Fibonacci sequences modulo m have
been intensively studied for many years. Over the last
decades, numerous useful theoretical results have been
obtained in this field (see, e.g., [1,10,15,17,21,22]).

In this paper, we introduce and study a new generalization
of Fibonacci-like sequences; we are interested in the
periodicity of the Fibonacci-like sequence.

The essential fact is that finite difference PDE
equations on discrete domains contain generalized
Fibonacci-like sequences as basic elements of these
equations, and knowledge of features of these sequences
plays an important role in analyzing properties
computational solutions of PDE such as the period and the
frequency of oscillations.

Finite difference approximations of the PDE are based
upon replacing partial differential equations by finite difference
equations [13,18]. In the past decades, computational
solutions of PDE on various domains including
non-orientable surfaces such as a Moebius strip and a
Klein bottle have been studied by scientists from different
fields. The study was derived from obvious practical and
science background. In physics, a considerable interest has
emerged in studying lattice models on non-orientable
surfaces as new challenging unsolved lattice-statistical
problems and as a realization and testing of predictions of
the conformal field theory (see, e.g., [12]). Many
important technical and physical properties of
non-orientable structural elements can be described by
solutions of partial differential equations (PDE), where a
non-orientable space serves as a domain. A problem exists
in description of electronic and nuclear motions in
nano-technology structures and biological networks.

Modeling blood flow through a capillary network or road
traffic requires a system of differential equations on a
graph or network . Since analytic solutions of PDE can be
obtained only in simple geometric regions, for practical
problems, it is more reasonable to use computational or
numerical solutions. It can be done by implementing as
domains graphs, networks and digital spaces, which are
discreet counterparts of continuous spaces, and by
transferring PDE from a continuous area into discrete one.
A review of works devoted to partial differential equations
on networks and graphs can be found in [4,14,16].

The material to be presented in Section 2 begins with
the investigation of properties of a periodic continuous
function f(x), where f(x + 1) = A+ Bf (x) + Cf (x — 1).
It is shown that if f(x) is periodic with period T > 2 then
Bl <2, C=-1.

In section 3, we study properties of the sequence, which
is defined by recurrence relation F,,, = A+ BF, .1 +
CFE, with Ffy = a, F; = b,n = 0 where A, B C, a and b are
real numbers. We show that if |[B| < 2, C = —1 then {E,}
is periodic with the period T > 2.

Section 4 presents numerical examples of periodic
Fibonacci-like sequences and gives examples of application
of Fibonacci-like sequences to the numerical solutions of
the wave equation on the graph containing two vertices
and on the graph containing sixteen vertices and
presenting a non-orientable Klein bottle, which is an
important object of study in physics. Using properties of
Fibonacci-like sequences, we show that the period of
oscillations on the two-point graph is T=13.9. Oscillations
at different points of the Klein bottle are also periodic.

2. Periodicity of Fibonacci-like
Continuous Functions

In a numerical solution of the one-dimensional wave
equation by the finite difference method, the spatial
domain and the temporal domain are replaced by a set of
mesh points, the second-order derivatives can be replaced
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by central differences [4,13,14,16]. The solution of the
wave equation is replaced by the mesh function, which
approximates the exact solution at the mesh points. The
obtained discretization scheme has the form u'*! = 2u?
+c2(uly — 2ul + ul') —ul!, where ¢ = k(At/Ax).
Note that the solution is periodic in time. Using this
formula, consider properties of periodic continuous
function f(x) on domain R provided that f(x + 1) = A +

Bf(x) + Cf(x —1).
Theorem 1
Let f(x) be a continuous function on domain R, and let

f(x+1)=A4+Bf(x)+Cf (x-1) 6V

for any x € R. If f(x) is a periodic function with period

2
T > 2then |B| < 2,C = —1, Tz—ﬂ,,a) = arccosg.
w

Proof.
Let f(x) is periodic with period T = 2m/w. Consider
the Fourier series representing f(x).

f(x)=ag+ Zle a,coswnx + b, sinwnx. 2
Using (2), it is easy to see that
f(x+l)—A—Bf(x)—Cf(x—l)
=co+ Zzo:] c,cosonx +d, sinwnx,
where
¢y =ag—Cay—Bay—A (3)
¢, = a, (coswon—Ccoson—B)+b, (1+C)sinon  (4)

d, = an(1+C)sina)n+bn(cosa)n—Ccosa)n—B). (5)

n—

Since
f(x+1)—A—Bf(x)—Cf(x—l):0

for Vx then for any n, coefficients cy, ¢, and d, are equal
to zero.

cy=c,=d, =0. (6)
Letn=1.
¢ =ay (cosw—Ccosw—B)
+b (1+C)sinwo=0
dy =—a; (1+C) sinw

+b (cosa)— Ccosw — B) =0.

As f(x) is periodic with basic period T :2—” then
o

a; # 0 and/or by # 0, which means that
{cosa) —Ccoswo—B=0

(1+C)sinw =0. )

Suppose that sinw # 0, i.e., w # kn, T # % It follows
from (7) that 14+ C =0,cosw =%, [cosw]| <1 .

Therefore, C = —1, B = 2cosw, |B| < 2. Hence,

o= arccosE and T = 2—” (®
2 0]

Let n>1.

¢, = a, (coswn—Ccoswn—B)+b, (1+C)sinwn = 0)

d, =—a, (1+C)sinon+b, (coswn—Ccoswn—B) =0.

For the same reason as above, if coswn — Ccoswn —
B # 0 then a, =b, =0, if coswn — Ccoswn—B =0
then a; # 0and/or by # 0 . Note that coswn —
Ccoswn—B =0if(n+ 1)w = 2wk, n,k € N.

Finally, find a, from equation (3). Notice that C = —1,
|B| < 2.

A A
ag=———=——.
1-C-B 2-B

Thus, if |B| < 2 and C = —1 then f(x) is periodic with

. . 2r B
basic period T'=— and w = arccos >
1)

£ (x) = ag +ajcoswx + bysinwx ©)

+ ZneG a,cosonx + b, sinonx,

where ne G if (n+1)w = 2mnk,
completes the proof.
Theorem 2

Let f(x) be a continuous periodic function on domain R

n,k € N . This

with period, T:%, ke N, k=0 and for any x € R,

f(x+1)=A+Bf (x)+Cf (x-1).

Then f(x + 1) = f(x) ifk = 2n.
fx+1)=D—-f(x)ifk=2n+1.
Proof

Letk is even, i.e., k=2nand T = l Then
n

f(x+1):f(x+nT):f(x).
This means that in (9),A =0,B =1,
CzO,f(x+1):f(x).

Let k is odd, i.e., k=2n+1 and T :L, w=2nn+
2n+1

m . Then f(x+1)=f(x+§) and f(x+1)=
fx—1+@2n+DT) = f(x—1). Since  sinw =
0, cosw = —1, then by (7), B = C — 1. Therefore,

{f(x+l)=A+Bf(x)+Cf(x+l). (10)
B=C-1

It follows from (10) that f(x+l)=%—f(x)

= D — f(x) . This completes the proof.

We now outline a correspondence between the number
B and the period T of function f(x) = A+ Bf(x — 1) —
f(x —2), where |B| < 2. Let’s investigate this question

-1
graphically. The graph T = T(B) = 2m (arccos g) is
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shown in Figure 1.
limB_,_2T=2.

Obviously, limg_, T = oo,

3. Periodic generalized Fibonacci-like
Sequences

Periodic generalized Fibonacci sequences modulo m
have been studied in a number of papers (see e.g.
[9,11,19,21]). In this section, we consider the periodic
generalized Fibonacci sequence

Fop=A+BF,  +CF,,n>0,Fy=a,F,=b

n

(11

In sequence (11), 4, B,C,a and b are real numbers. In
particular, A, B, C,a and b can be integer. The results of

this section are directly deduced from the previous section.

The following theorems are a direct consequence of
theorems 1 and 2.
Theorem 3

Let Fy,p =A+BF, 1 +CE,n>0, Fy=a,F, =0,
be a sequence of real numbers, (A, B,Cab)€R. If
|B] <2,C =—1 then {F,} is a periodic sequence with
period,

Tzz—ﬁ,w:arccosg.T>2. (12)

1)
Proof.

Consider the function f(x+1)=A+Bf(x)+
Cf(x—1) where f(0) =a,f(1) =b. Then f(n+2) =
Foyay f(n+1) =Fyy, f(M) =F, forn=0.

According to theorem 1, if |B| < 2,C = —1, then f(x)

. C . 2
is periodic with period T -7 , W= arccosg. T>1,
1)
T # 2. Therefore, sequence {F,} is also periodic with
. 2 .
period T = % This completes the proof.
@

Consider a special case when the period T=1, 2.
Theorem 4

Let Fn+2 =A +BFn+1 + CEl,n = 0, FO = a,F1 =b ,
be a sequence of real numbers, (A,B,C,a,b) € R.

IfA=0,B=1,C =0then {E,}is a periodic sequence
withperiodT =1,F,,1 =F, n>0, Ffb =F =a.

IfC #1,B=C—1then {E} is a periodic sequence
with period T = 2,

A

F,H_] :E—Fn =D—Fn,n20,

Fy=aF= —a=D-a.

1-C
Proof

Let f(x) be a continuous periodic function on domain R,
and f(x+1)=A+Bf(x) +Cf(x —1).

If the period of f(x) T = %,k €Z then f(x+1)=
f(x) by theorem 2. Therefore, F,,1 =F, n=>0, Fy =
F1 =a.

If the period of f(x) T = #, keZthenf(x+1)=

A
fa-1, fG+D =2~ f)=D~f@, fQ1)=
1% —f(0)=D—-f(0) by theorem 2. Therefore,

Fbpw=D-F,n=0, Fp=aF=D-a This

completes the proof.

4. Numerical Examples

In this Section, we consider examples of the periodic
generalized Fibonacci sequence and its applications to
numerical solution of the wave equation on graphs.

4.1. Numerical Examples of Periodic
Fibonacci-like Sequences

Fo.p=A+BF,,{+CE,n>=0,
(A/B,C,a,b) ER.
Example 1

First, consider the case, when coefficient B is close to 2.
Let A=3,B=18 C=-1,Fy=1, F[=5 Then
Foip=3+18F, 1 —F,n=0 . In Figure 2, the
sequence profile F,, F,,, =3+ 1.8F, .1 —F,n=0, is
plotted for n=1,...50. The plot illustrates the periodicity of

F, with period T = 13.93, as it follows from formulas (12)

2 B 1.8
T = Xn,(u = acos— = acos—-. For the first n=0,1,...13,

Fy=a,F; =b for

the terms of F, are given in Table 1.

Table 1.
n= 0 1 2 3 4 5 6
F.= 1.0 5.0 11.0 17.8| 24.0| 285| 30.2
n= 7 8 9 10 11 12 13
F.= 289 | 248 18.8 12.0 5.8 1.4 -0.2

Example 2

In this case, take the following constants: A = 3,B =1,
C=-1F=1 F =5 Then F,, =34+ F,41—
FE,,n>=0. In Figure 3, we have plotted the sequence
profile F,,, F,,y» = 3+ F, 41 — F,,n = 0, at n=1,...20. The
plot shows that F,, is periodic with period T=6. According

to (12), w = acosg = acosl, T=2—E:6.. For the first

2 1)
n=0,1,...13, the terms of F,, are shown in Table 2.

Table 2
n= 0 1 2 3 4 5 6
F.= 1.0 5.0 7.0 5.0 1.0 -1.0 1.0
n= 7 8 9 10 11 12 13
F.= 5.0 7.0 5.0 1.0 -1.0 1.0 5.0

Example 3

Consider the case, when A =3,B=0, C =—-1,F; =
1, F; =5. Then F,,; =3 —F,,n > 0. In Figure 4, the
profile F,, F,,,», = 3 —F,,n > 0, is plotted for n=1,...20.
F, is periodic with period T=4, as it follows from (12). For
the first n=0,1,...13, the terms of F, are given Table 3.

Table 3
n= 0 1 2 3 4 5 6
= 1.0 5.0 2.0 -2.0 1.0 5.0 2.0
n= 7 8 9 10 11 12 13
F= -2.0 1.0 5.0 2.0 2.0 1.0 5.0




14 Applied Mathematics and Physics

-2 0

Figure 1. The period profile T of function f(x) and sequence F,, [B|<2
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Figure 2. F, profile at n=0, 1,... 50. F,,,, =3+ 18F, ., —F, n=>0, Fp =1, F; =5 T =13.93
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Figure 3. F, profile at n=0, 1,... 20. F,,,, =3+ F,,1—F,, n=0, Fp=1, FF=5T=6

Example 4
Let A=3B=-1,C=-1,F,=1, FF=5. Then

g

15 Y o

Foip=3—F,,1—F,n>=0. The profile of F, for

n=1,...20 is shown in Figure 5. F,, F,,, =3 — F,.1 —
F,,n =0, is periodic with period T = 3, as it follows

2 B
from formulas T = —, W =acos-.

For the first n=0,1,...13, the terms of F, are given in
Table 4.

Table 4
n= 0 1 2 3 4 5 6
F= 1.0 5.0 3.0 | 1.0 5.0 3.0 | 1.0
n= 7 8 9 10 11 12 13
F= 50| -3.0 1.0 50| -3.0 1.0 5.0




have plotted the

B -1.
® = acos — = acos ——,
2 2

n=0,1,...13, the terms of sequence F, are given in Table 5.
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Figure 5. F, profile at n=0, 1,...20. F,,, =3—-F,,1—F, n=>0. Fb=1 F,=5T=3
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Figure 6. The profile of F, at n=0, 1,... 20. F,,,, =3 —15F, 1 —F, n>0, b =1, FF=5 T =26
Choose A=3,B=-15 C=-1,F=1 F =5 . Table S.
Then F,,,, =3 —15F,;1 —F,n>=0. In Figure 6, we e 0 | 2 3 4 5 6
sequence profile F,, F,,, =3—
1.5F, ;1 — F,,n = 0, at n=1,...20. The plot shows that F, F.= 10 | 50 | -55 | 63 | -09 | -19 | 638
is periodic with period T=2.51. According to (12),
o0 n= 7 8 9 10 11 12 13
T=—=2.51. For the first
@ F.= 52 | 41| 21 | 43| 73 | 36 | 12
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4.2. Numerical Examples of Solutions of the
Wave Equation Containing Periodic
Fibonacci-Like Sequences on Graphs

As it was mentioned above, finite difference
approximations of the PDE are based upon replacing
partial differential equations by finite difference equations
using Taylor approximations [18]. Consider a hyperbolic
PDE with two spatial independent variables.

o

? = ag + by
where f=f(x,y,t), a=axyt), b=bkxyt), g=
g(x,y,t). Using a standard two-dimensional spatial
orthogonal grid H with points v, = (pAx,sAy), the
forward difference formula for the derivative with respect
to t, and the central difference formula for the second
derivatives with respect to x and y, we obtain the
following equivalent finite deference equation

n+l n n—1
fij —2fij+1i

2
nAt n n n n n (13)
o Gy 2ty i =26+
=3 2 i,j 2
Ax Ay
where x =iAx,y =jAy,i,j=1,2,..,t =nAt . By

construction, grid H is a graph, in which point (i, ) is
adjacent to points (i,j + 1) and (i+1,j). The nearest
neighborhood (ball) of point (i, j) is the subgraph U((i, j)
containing (i, j) and points (i,j + 1) and (i + 1,j) . Using
these notations, equation (13) can be written as the
following.

n+l _ n n n_en-l . _
i —Z(k,p)eU(U)cld’k’pfk,p+fl,J £ t=n (14)

where Y« peu,) cgk =1.

The set (14) can be applied to a general graph G(V, W)
with the set of points V=(vi, v,,...v5) and the set of edges
W = ((vpvg),....), where U(vp) is the ball of point v,
p=1,...s. Set (14) is similar to the set of differential
equations on a graph investigated by A. I. Volpert in [20].

The wave equation defined below is a special case of
hyperbolic equation (14) if the following condition holds

n+l n en n n—1

Z Cgk =1 CZk =Cpk 20,t=n,p=1...s.
vkeU(vp)

The solution of this equation should be analogous the
solution of the wave equation in the continuous case. It
should be associated with oscillations of the function at
points of G and the wave propagation.

There is considerable amount of literature devoted to
the study of different approaches to digital lines, surfaces
and spaces used by researchers. Traditionally, a digital
image has a graph structure (see [2,3,5]). A digital space
G is a simple undirected graph G=(V,W) where
V=(v1,V2,...Vp,...) is a finite or countable set of points, and

W = ((VpVg),-...) is a set of edges. The induced subgraph
U(v) containing point v and all points adjacent to v is
called the ball of point v in G. Graphs that are digital
counterparts of continuous n-dimensional manifolds were
studied in [5,6,7,8]. Consider the numerical solutions of
the initial value problem for the wave equation on a graph
G(vq,Vy, ... Vs). We will see that periodic Fibonacci-like
sequences are basic elements of this equation.
Example 6. Numerical solution of the initial value
problem on a connected graph G with two points.
Consider a connected graph G(vy,v;) consisting of two
adjacent points depicted in Figure 7(a). According to (15)

+1 -1
{fln =epfi' renfs + A=A
+1 -1
LT = renfs v - f

Let 2+ f=dand fl +f =d. Then f* + f =d
for any n>1. For set (16) we have two sequences

(16)

1 -1
{fln+ =cpd +(+e —a)fi" = ff" (17)
1 -1
[T =ed+(ten—aNfs =1
According to theorem 3, sequence (17) is the

generalized Fibonacci-like sequence with A = ¢;,d,B =
1+ C11 — ClZ'C = —1. Since C11 + Cr1 = 1, Cy1 + Cyp =
1,and ¢, = 0 then |B| < 2. Therefore, sequence (17) is

o . . 2 B
periodic with period T = ;ﬂ >2, w= arccos; =

1+c11—c12

arccos as it follows from (12). For the same

reason, f+*! is periodic with the same period T. Define

coefficients ¢y in equation (16) in the following way;
c11 =09,¢c1 =0.1,¢9 =0.9,¢4, = 0.1. Initial values
are givenas f{ = f' =3,f) = f5 = 0,d = 3. Therefore,
A =03+18 — L 1 =03+ 1.8 —f L.

The period of oscillations is T = 13.9. The solution of
the initial value problem at points 1 and 2 for t=1,...50 is
displayed in Figure 7(b), which illustrates the time
behavior of the values of function f. Figure 7(b) presents
oscillations at points 1 and 2.

Example 7. Numerical solution of the initial value
problem on the digital Klein bottle.

A Klein bottle is an object of investigation in many
fields. In physics [12], a Klein bottle attracted attention in
studying lattice models on non-orientable surfaces A
digital 2D Klein bottle K depicted in Figure 8(a)
consists of sixteen points. The nearest neighborhood
O(vy) of every point vy is a digital 1-sphere containing
six points. Topological properties of K are similar to
topological properties of its continuous counterpart. For
example, the Euler characteristic and the homology
groups of a continuous and a digital Klein bottle are the
same ([7] and [8]). Consider the solution of equation
(15) on K. One can check directly that all sequences in
set (15) are periodic generalized Fibonacci-like sequences.
Define coefficients ¢, in the following way. If points
v, and vy are adjacent then Cpk =0.01and c¢,=0.94 for

k=1,...16. Initial values are given as f60 =3, f61 =3. In
Figure 8(b), numerical solutions at points 1 and 3 of the
of the initial value problem are plotted at time
t=1,...100. Two lines show oscillations with period T>2.
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Figure 7. (a) G is a graph with two adjacent points. (b) Numerical solution of the initial value problem on graph G with two points v; and v,. Initial
values are f,°=f,'=3, £,’=f,'=0. The solutions on G are shown at points 1 and 2, t=0, 1,... 50,. The solution profiles are oscillations with period T=13.9

e nint 1 ==fll=point 2

1 3
2 2
3 1

(a) 1 4

—pointl —point3

Figure. 8. (a) K is a digital Klein bottle. (b) The solution profiles of the initial value problem on the Klein bottle K at points 1 and 3, t=0, 1,... 100,

f=fs' =3, fi>=f' =0, k#6. Two lines are oscillations with period T>2
5. Conclusion

In connection with computational methods for
approximating the solutions of partial differential
equations, the generalized Fibonacci-like sequence
Fn+2 =A +BFn+1 + CFn with FU = a,F1 = b,,n >0 5
where A4, B, C, a and b are real numbers is investigated. It
is shown that if |B| < 2,C = —1 then {E,} is periodic
with the period T > 2. If period T = 1, then

A=C=0,B=1,F,, =F,,n>0,Fy=F =a.

If period T =2 and C # 1 then B=C—1,D=1Afc,

Fo.1=D—-E,n=0, F=a,F; =D —a . Numerical
examples of periodic Fibonacci-like sequences, and
periodic numerical solutions of the wave equation on
graphs are presented.
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