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1. Introduction 

We consider the following general equation of the flow, 
the Richards equation, the combination of the Darcy 
equation and the next mass conservation equation [2,5]. 
This model is associated with initial conditions and 
boundary conditions In two-dimensional space: 
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(*) , (**) , (***) and (****)  Denote respectively the 
Water Density, the Hydraulic Pressure, the Positively 
Downward Depth and the Hydraulic Conductivity. This 
model can be written as a function of the potential or the 
humidity because these two variables are connected by the 

retention equation. Its resolution requires knowledge of 
two functions describing the hydrodynamic properties of 
the soil ( ( )h θ : Hydraulic retention curve and ( )K h : 
Hydraulic conductivity curve) [2]. 

Depending on the actual saturation, the two-
dimensional (2 )D  equation is written: 
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As for the Richards 1D model, Richards' two-
dimensional models above are also highly nonlinear due to 
the Hydraulic Conductivity ( )K h  and the Soil Retention 
function ( )hθ . In the following, we intend to extend our 
technique of linearization of the functions ( )K h  and ( )C h  
that allowed the modification of the equation of Richards 
1D [1] to the model of Richards (2 )D  under Cauchy 
Von-Neumann condition’s type and so that the exact 
solutions are determined by the algorithm SBA. It is a 
strongly nonlinear parabolic PDE whose existence and 
uniqueness of the solution are proven in [4,6]. SBA 
Method [3,6] has been used to determine the analytical 
solution after linearization of the functions ( )K h and ( )C h . 
Many digital methods does not converge because of the 
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strong nonlinearity if we want to solve the Richards 
equation. So it uses the SBA method to the advantage 
didn’t discredited and maintains the physical properties of 
the model parameters and converges despite the 
nonlinearity. 

2. The Richards Equation Modified  
in Dimension Two of Space (REM2D) 

2.1. Theory of the SBA Algorithm 
General theory of algorithm SBA and the case of 

Cauchy Von-Neumann in finite dimension space can be 
funded in [3,4,7,9,10]. 

2.2. Technical of Linearization of the 
Functions C (h) and K (h) 

This technical can be funded in [1]. 

2.3. The Richards’s Equation Modified in two 
Dimensions  

In this part, we will extend to 2D Richards models the 
same linearization techniques used to modify the 1D 
Richards model [1]. 

Let us express equation (3) in h  as a function of suction 
hΨ =  
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The system (4) is equivalent to the following system: 
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According to (5)  we can successively pose: 
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So the equation ( )5  can be rewritten as follows: 
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Note: Boundary conditions will take into account flow 
types and their applications in practice. Let us express the 
models ( )10  according to the variable 1

gS h−= Ψ  defined in 

the previous parts. What is written also gh SΨ = . 
In this case, ( )9 becomes after reduction: 
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Therefore, the equation (10) can be rewritten in the 
following way after simplifications: 
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So by combining the relations ( ), ( ),..., ( ),a b g  the 
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Note: We have once again noticed that all the scale 
parameters contained in the functions ( )K h  and ( )C h  are 
fully taken into account in the modified 2D  and 3D  
Richards models and its parameters are: , ,s s gK hθ  as well 

as shape parameters such as: m and n  where ( )n f m=  
and vice versa. 

2.4. Theoretical Exact Solution of REM2D 
under Cauchy Von-Neumann Condition  

By SBA algorithm and simulation 
In this part, we will theoretically solve the ERM2D  

by the SBA algorithm with the Neumann boundary 
conditions [9]. 

We consider the following model defined previously: 
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With S∆ , A , B , E , D  Defined as above. 
Note: In our case the source function is assumed to be null, 
i.e. 0.f ≡  

The model (15) can also be written:  
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 1 ''( , , ) ( , , ) ( ) 0S
z z z t

K
S x d t S x c t L S N S S

C
−  − + + − = 
 

(7*) 

• Combining (3*) , (5*) and (7*) we get: 

 

1 1

1 ' 1 ''

( , , ) ( , ,0) ( ) ( , , )

( , , ) ( , , ) ( , , )

( ) ( )

S
t t x

x z z

s s
x t z t

K
S x z t S x z L S L N S S b z t

C
S a z t S x d t S x c t

K K
L S N S S L S N S S

C C

− −

− −

= + + +

− + − +

   + + − + + −   
   

 

 
 

 



 American Journal of Numerical Analysis 5 

Hence, after reduction, we obtain: 

 1
1( , , ) ( , ,0) ( , , ) ( ( , , )S

t
K

S x z t S x z L S x z t N S x z t
C

−= + + (8*) 

Or 

 

1
1

1 ' 1 ''

( ( , , ) ( ) ( , , )
( , , ) ( , , ) ( , , )

( ) ( )

t x

x z z

s s
x t z t

N S x z t L N S S b z t
S a z t S x d t S x c t

K K
L S N S S L S N S S

C C

−

− −

= +

− + −

   + + − + + −   
   

(22) 

Thus we obtain the following canonical Adomian form: 

 1
1( , , ) ( , ,0) ( , , ) ( ( , , ))S

t
K

S x z t S x z L S x z t N S x z t
C

−= + + (9*) 

Avec .SK
C

λ =  

Applying the method of successive approximations to: 

 
1

1

( , , )

( , ,0) ( , , ) ( ( , , )), 1

k

k k k
t

S x z t

g x z L S x z t N S x z t kλ −= + + ≥
(10*) 

où ( , , ) ( , , )kg x z t S x z t=  
By applying the Adomian algorithm to (10*), we obtain: 

 
1

0 1
1

1

( , , ) ( , , ) ( ( , , )); 1

( , , ) ( , , ); 1

k k k

k k
n t n

S x z t g x z t N S x z t k

S x z t L S x z t nλ

−

−
−

 = + ≥


= ≥
 (11*) 

Apply to (11*), the Piccard principle: 
Consider 0 ( , , )S x z t  a root of equation 1( ( , , )) 0N S x z t = . 
• We obtain for 1k =  the following algorithm: 

 
1 0
0
1 1 1

1

( , , ) ( , , ) ( , ,0)

( , , ) ( , , ); 1n t n

S x z t g x z t S x z

S x z t L S x z t nλ −
−

 = =


= ≥
 (12*) 

Let's compute the approximate solution 1( , , )S x z t  of 
the problem in Step 1. 

 1 1
1

0
( , , ) ( , , )

t

n nS x z t S x z t drλ −= ∫  

For 1n = , 

 1 1 1 1 1 1
1 0 0 0 0

0 0
( , , ) ( )

t t
S x z t S dr S dr S t S tλ λ λ λ= = = =∫ ∫  

For 2n = , 
2 2

1 1 1 2 1 1
2 1 0 0 0

0 0

( )( , , ) ( )
2 2!

t t t tS x z t S dr S t dr S S λλ λ λ λ= = = =∫ ∫  

For 3n = , 
2 3 3

1 1 1 3 1 1
3 2 0 0 0

0 0

( ) ( )( , , )
2 6 3!

t t t t tS x z t S dr S dr S Sλ λλ λ λ= = = =∫ ∫  

Recurringly  
For ,n k=  

 1 1 1
1 0

0

( )( , , )
!

t k

k k
tS x z t S dr S
k
λλ −= =∫  

By asking 1 1

0
( , , ) ( , , ).

m

m k
k

x z t S x z t
=

Φ = ∑  

Thereafter, the approximate solution in step 1 is: 

 1 1 1 1
0 0

0

( )( , , ) lim ( , , )
!

km
t

m
m k

tS x z t x z t S S e
k

λλ
→+∞ =

= Φ = =∑
 

Then, 1 1
0( , , ) .tS x z t S eλ=  

• Calculate 1
1( ( , , ))N S x z t  

Suppose that 1S is root of 1N  such that 1
1( ) 0N S = . 

• For 2k = , Calculate 2 ( , , )S x z t  
We have the following algorithm: 

 
2 0
0
2 1 2

1

( , , ) ( , , ) ( , ,0)

( , , ) ( , , ); 1n t n

S x z t g x z t S x z

S x z t L S x z t nλ −
−

 = =


= ≥
 

By calculating, we obtain successively for different 
values of n .  

 

2 1 0
0 0
2 1 1
1 0

2
2 1
2 0

2 1
0

( , , ) ( )

( , , ) ( )

( )( , , )
2!

( )( , , )
!

k

n

S x z t S t

S x z t S t

tS x z t S

tS x z t S
k

λ

λ

λ

λ

 =

 =

 =



 =




 
By asking  

 2 2 1 1
0 0

0 0

( )( , , ) ( , , ) .
!

km m
t

m k
k k

tx z t S x z t S S e
k

λλ

= =
Φ = = =∑ ∑  

Therefore, the approximate solution in Step 2 is: 

 

2 2

1 1
0 0

0

( , , ) lim ( , , )

( ) ( , , )
!

m
m
km

t t

k

S x z t x z t

tS S e S x z t e
k

λ λλ
→+∞

=

= Φ

= = =∑
 

Then 2 1
0( , , ) ( , , ) .t tS x z t S e S x z t eλ λ= =  

Recurringly, we obtains: 
1 2 1

0( , , ) ( , , ) ( , , ) ( , , )k t tS x z t S x z t S x z t S e S x z t eλ λ= = = = =
 

Subsequently the exact solution of the model ERM2D 
by SBA in the variable S  is: 

 

1
0( , , ) ( , ,0)

(2 )

t t

s s

g

S x z t S e S x z e
K m

or
C

et C
h

λ λ

θ
λ

= =

−
= =

 

As ( , , ) ( , , )g
g

S x z t h S x z t
h
Ψ

= ⇒ Ψ =  et 

 ( , ,0) ( , ,0)gx z h S x zΨ =   

Then ( , , ) ( , ,0) ( , ,0)t t
gx z t x z e h S x z eλ λΨ = Ψ = . 
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Also ( , , ) ( , , ) ( , , )x z t h x z t h x z tΨ = = −  ; si 0h   
Finally 

 ( , , ) ( , , ) ( , ,0) t
gh x z t x z t h S x z eλ= −Ψ = −  (23) 

Simulation: 

 

 3 2
0

( , ) [0;20] [0;100]; 170

( , ,0) cos( )

x z t

S x z x z

∈ × =

= − −
 

 

 3 2
0

( , ) [0;2] [0;20]; 90

( , ,0)

x z t

S x z x z

∈ × =

= − −
 

Interpretation: 
Through these few simulations, we have noticed that 

our exact two-dimensional space solution retains all the 
parameters of the Richards model. These parameters can 
be simulated in any conditions and according to any  
type of soil. This solution is also transferable in practical 
cases after its validation through solutions obtained by 
numerical methods. 

3. Conclusion 

Our technique could be extended to the two-way 
Richards model while retaining all the parameters of the 
initial model. The exact solution was determined under the 
conditions of Cauchy Von Neumann and remains valid 
under other conditions. This approach is original because 
it avoids the problems often generated by numerical 
methods. Our solution can be adapted to the problems of 
localized irrigation in plan flow. 
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