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Abstract Various models have been developed to calculate stresses due to weight along tree branches. Most
studies have assumed a uniform modulus of elasticity and others have assumed that branches are tapered cantilever
beams orientated horizontally or at an angle. Astress model was evaluated in which branches are curved and that the
modulus of elasticity may vary along the branch. For this model, the cross-sectional areasof branches were divided
into concentric rings in which the modulus of elasticity may vary. Next, areas of rings were transformed according to
their modulus of elasticity. Branches with curved shapes were also considered and best fit lines for branch diameters
were developed. A generated diameter equation was used in the stress calculations to provide realistic results. From
these equations, a Graphical User Interface (GUI) in Matlab, was developed to calculate stress within tree branches.
Moreover, a Finite Element Model (FEM) was created in Abaqus to compare with the models.
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1. Introduction

A tool used to accurately calculate the stress on tree
branches from measured dimensions and properties can
have multiple applications. This tool will be beneficial to
understand relationships between tree morphology and
branch stress [1].

Previous studies calculated tree branch stresses by
examining them as tapered cantilever beams of either an
elliptical or circular cross sections. These stress
calculations assumed the tree branch was of a uniform
material with a uniform Modulus of Elasticity (MOE)
value [1]. The MOE is a measure of the stiffness of a
material. Materials with a small MOE bend more easily
while materials with a large MOE are stiffer. This study
accounts for varying MOE values within tree branches.
Multiple studies have shown that MOE depends on the
age of the wood and its location within branches and
among branches. As a tree branch grows, new wood layers
are produced toward the outside [2]. The innermost (oldest)
wood has a small MOE value, and has little mechanical
significance to resist bending. The outermost wood resists
a majority of the bending in a tree branch [3]. Therefore at
a given branch cross section, MOE of the branch varies in
the radial direction - as the radius increases, MOE values
increase.

This study considers radial variances in MOE when
calculating stress. Lower tree branches have a greater
variance of MOE in the radial direction than branches
located nearer the tops of trees [2]. Cases that include
differences in MOE will provide a better characterization
of all tree branches.

As mentioned above, in addition to modeling tree
branches as being composed of a uniform material,
previous studies modeled tree branches as tapered
cantilevered beams [1,2]. Branches in nature do not
resemble straight lines, they are curved. In this study we
also analyzed stress for curved branches.

Here, we propose six cases, the first considering the
varying MOE of branches in the radial direction and the
second considering the curviness of branches. Four
additional cases are used for branches with less
complicated geometries and for comparison purposes.
These cases include a cantilever beam of fixed circular
and elliptical cross sections, as well as a tapered cantilever
beam of circular and elliptical cross sections. For all of the
six cases we developed analytical equations to calculate
stress. Also, aGraphical User Interface (GUI) is developed
using Matlab where users can simply select one of the six
above cases and perform analytical stress analysis.

In addition, a Finite Element (FE) simulation is
developed using Abaqus. This FE model enables the user
to analyze more complicated geometries in three
dimensions. To make the FE modelmore readily usable by
a wide audience, another GUI in Matlab is developed in
which users enter geometry and mechanical properties (as
an excel file) and receive a python file which is simply
executable in Abaqus. Therefore, any user with limited
knowledge of FE and Abaqus will be able to perform
stress analysis on tree branches.

Both developed analyticaland numerical methods are
used to study stress along tree branches.

2. Method



33 American Journal of Mechanical Engineering

2.1. Analytical Analysis

Six tree branch cases were created. Case 1 is a fixed
circular cross section. Case 2 is a fixed elliptical cross
section. Case 3 is a tapered circular cross section. Case 4
is a tapered elliptical cross section. Case 5 is a fixed
circular cross section with a non-uniform material where
the MOE varies in the radial direction. Case 6 is a curved
branch of uniform material and a circular cross section.

Equations to calculate stress were derived for each
cases. These equations were used to write a code in
Matlab that allowed measurable dimensions of each
modeled branch. Stress analysis at specified locations was
determined. The Matlab code was able to calculate stress
at the top, bottom and sides of any desired cross section at
all locations along the length of the branches.

The model only considered stress due to the weight of
the branch. No external loads were applied. The weight of
the branch was analyzed as a distributed load that acts
vertically downward. To perform the analysis, the weight
was separated into two components, one parallel to the
axis of the branch and one perpendicular to the branch
(Figure 1).

Figure 1. Tree branch model showing the force due to weight acting on
the branch along with its components

The component of the distributed weight that acts
perpendicular to the branch and parallel to the cross
sectional area is the shearing distributed load, wy(x). The
component of the distributed weight that acts parallel to
the branch and perpendicular to the cross sectional area is
the axial distributed load, w,(x). The shearing distributed
load contributes to the normal stress due to bending, while
the axial distributed load contributes to the normal
compressive stress on the branch. Both stresses were
needed to be considered in order to calculate the total
normal stress acting on a given cross section.

General equations were derived to calculate stress for
each of the six cases. All of the equations derived assume
a uniform MOE throughout the branch. To calculate the
axial compressive stress acting on a cross section of a tree
branch,the general equation for the axial distributed
load,the load per unit length Equation (1) was

Wy (X) = mgcos® _ AV (X)gcosd _ pA(x)xgcosd (
L X X

where m is the total mass of the branch, L is the total
length of the branch, g is the gravitational constant, x is
the distance from the tip of the branch to the where the
stress analysis is desired, p is the density, V(x) is the
volume of the branch up to the specified point x, A(x) is
the branch cross sectional area and @ is the angle of the
tree branch with respect to vertical. If the branch is
perfectly horizontal then 8 will be 90 degrees, making the

1)

axial distributed load zero. Using Equation (1) the axial
force acting at any location from the tip of the branch,
Fa(x),was determined from Equation (2) [4].

Fa(x)z—jwa(x)dx (2)

The normal axial stress due to the axial component of
the weight is [4]

Fa (x)
X)=—2 (3)
The normal stress due to bending is caused by the
component of weight acting perpendicular to the branch.
Shearing distributed load, ws(x), which acts perpendicular
to the length of branch was calculated using

g (x) = mgsing _ AV (x)gsing _ PA(X)xgsing W
L X X

The variables are the same as for the distributed axial
load. Shear force Vy(x), is the component of weight that
acts perpendicular to the length of the branch and parallel
to the cross sectional area. Shear force was determined
from the shearing distributed load [4].

Vs(x)z—jws(x)dx (5)

The bending moment in terms of distance from the tip
of the branch (Equation 6) was obtained by integrated the
shear force, V;(x), with respect to distance from the tip of
the branch, x [4].

M (x)= jV (x)dx (6)
The normal stress due to bending was expressed as[4]

o (1) = £ M 09E() @

where c(x) is the radial distance from the center of the
cross section to the location in the radial direction where
the stress analysis is desired. For instance, to obtain the
bending stress at the top of the cross section c(x) would be
the radial distance from the center of the cross section to
the top of the cross section. 1(x)is the moment of inertia of
the cross section. Normal stress due to bending is
compressive (negative) or tensile (positive) depending on
the location of the cross section being examined. Tops of
branches will be in tension and bottoms will be in
compression. The neutral axis is where the stress passes
from positive to negative and does not experience the
effects of bending. The left and right sides of the cross
section lie along the neutral axis and therefore have a
bending stress of zero.

Total normal stress acting on a cross section is the sum
of the stress due to bending and axial stresses. When
adding these two stresses together the sign convention of
each stress must be considered.

Equations (1) through (7) were general equations used
to perform the stress analysis for each of the cases. For
some of the cases additional analyses were needed. For
case 1 the generic procedure described above can be
followed exactly.

Case 2 was a fixed elliptical cross section. The
equations described above were used by substituting in the
cross sectional area of an ellipse, A=7zR,Ry , and the

moment of inertia for an ellipse, | :%RH RV3 [4].
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Cases 3 and 4 were tapered; therefore additional
calculations have to be considered. Case 3 was tapered
and had a circular cross sectional area (Figure 2).

The angle of taper was calculated using [1]

R _Ro ®

tang =——~+=
X L

where R, is the radius at the base of the branch.
Rearranging for the radius of the branch in terms of
distance from the tip of the branch, R(x), gives Equation (9)

[1].

R(x):% ©

Figure 2. Case 3 tree branch model, tapered with a circular cross section.
Where « is the angle of taper

The cross sectional area in terms of distance from the
tip of the branch then became [1]

) =R = |

The moment of inertia also varied with x and had to be
calculated using R(x). By making these adjustments to the
generic equations the stress analysis was performed for
case 3.

Case 4 modeled the branch as a tapered elliptical beam.
For case there were two angles of taper, one in the x-y
plane and another in the x-z plane (Figure 3).

(10

(b). Taper in x-v Plane

Figure 3. Case 4 taper in the x-y planes and x-z planes. Ry, and Ry, are
the radii in the horizontal and vertical directions respectively at the base
of the tree branch. ¢ is the angle of taper in the horizontal direction. f is
the angle of taper in the vertical direction

The angle of taper in the x-z plane was determined from
the horizontal radius of the ellipse and was calculated
using Equation (11).

Ru () _ Ruo
L

Where ¢ is the angle of taper in the x-z plane, Ry, is the
horizontal radius at the base of the branch, and Ry(x) is the
horizontal radius with respect to distance from the tip of
the branch. Equation (12) provides the horizontal radius at
any location, x, along the branch.

tan ¢ = (11)

Ry X
Ry (x)= T_O

The angle of taper in the x-y plane was calculated using

12)

tanﬁ:RVT(X)zM (13)

L

Where f is the angle of taper in the x-y plane, Ry, is the
vertical radius at the base of the branch, and Ry(x) is the
vertical radius with respect to distance from the tip of the
branch.

RV (X)= RVQL(X)

Radii of the branch in the horizontal and vertical
directions varied along the length of the branch; therefore,
the cross sectional area of the branch needed to be
expressed in terms of x, the distance from the tip of the
branch as

A(x)=7Ry (X)Ry (x)

:ﬂ[Rvo (x)}[RHo(x)J: RigRro 2

(14)

(15)

L L 12
The moment of inertia equation for the branch became

I=%RH (x)Ry (x)° (16)
Substituting these equations into the generic equations the
stress analysis was performed for case 4.

Case 5 was a fixed circular cross section with a non-
uniform material. The MOE varied in the radial direction
(Figure 4).

________r?___________

Figure 4. Case 5, a tree branch model of a fixed circular cross section
and varying MOE in the radial direction

The cross section of the branch was separated into
concentric rings of equal width in which the MOE may
vary. The derived equations assumed the branch was made
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of a uniform material. In order to use these equations the
moment of inertia of each ring had to be transformed
based on MOE values. Then each branch was analyzed as
being composed of a uniform material and the generic
equations for the stress analysis was used.

The Matlab program for case 5 was written so that the
branch was subdivided into many rings. Therefore based
on the outer diameter of the branch and the desired
number of rings as inputs, the radius of each ring was
calculated. The outer radius of each concentric ring is

m:th- 17)
m
where m represents the total number of rings in the cross
section and h represents the number assigned to each ring.
The inner-most ring is h=1, while for the outermost ring
h=m. R represents the outer radius of the branch. The area
of each ring was calculated.

The innermost ring had the smallest MOE value and
therefore its moment of inertia was not transformed. All
the other rings hadlarger MOE values than the innermost
ring. To account for larger MOE values, a ratio of each
ring’s MOE value to the MOE value of the innermost ring
were used to transform the moment of inertia of each
section. For example, if a ring had a MOE that was two
times greater than that of the innermost ring, then the
moment of inertia of the outer ring was needed to be two
times greater as well. After transforming the moment of
inertia values, the branch was analyzed as having a
uniform material. The ratio of the MOE of an outer ring to
the MOE of the innermost section was calculated as [4]

_En
=]
Note for h=1 the ratio became 1. The transformed

moment of inertia became [4]

T( 4_. 4
Ih =”hz(rh = )

The new moment of inertia of the entire cross section is
the sum of the transformed moments of inertia for each
ring.

Ny (18)

(19

(20

The stress due to the bending moment on each ring was
calculated using the new moment of inertia and the MOE
ratio [4].

lhew =l +lo+...+1

MM ()

Oy, (X) =% (21)

Inew

The axial stress on each ring was calculated by
considering the various MOE values of each ring. First the
distributed axial load, w,(x), and the total axial force, F4(x),
were calculated using the total area of the cross section,
Awtal(X). These variables are independent of the MOE of
the branch.

The area and MOE of each ring was considered in all
calculations of the axial force acting on its section. The
sum of the axial forces acting on each ring was equivalent
to the total axial force (Equation 22).

F(X)+ P (X)+...+ Fp (x) = F4(x)

where F,(x) is the total axial force due to the weight of the
branch. Forces F;(x) through F,(x) were the compressive

(22)

forces acting on each ring. The forces on each ring caused
the branch to deform along the axis of the branch, making
the branch shorter. This deformation was calculated as [4]

O = Pk (23)
AnEp

where dy, is the deformation of the ring, Fy is the axial
force acting on the ring, Ay, is the area of the ring, and Ey is
the MOE of the ring. Since all of the rings were connected
to one another they allhad the same deformation.

S =6=...=0y
FRL FRL Fal (24)

AE AE, T AE,

Using equation 24, the axial force on each ring was
determined. The axial force on any of the rings in terms of
the axial force onring 1 is

AnEp
- = (25)
Fn AE,

The total axial force on the branch in terms of the force
on ring 1 became

Fa:F1+'ZEZ F1+...+%Fl (26)
1 1

Equation 26was rearranged to solve for the axial force
acting on ring 1 (Equation 27).

F Fa
-
1+ %2 AnEn
AR AR 21
F
E — a
P

Ei+AE, +...+ AyE
A1E1(A1 1+ AE AnEm)
This procedure was repeated to determine the axial
forces acting on each ring. Using the axial force acting on
each ring the axial stress on each ring was calculated as
F, (x
aah(x)=—-ﬁ£—) (28)
A

The total stress for case 5 is the sum of the axial and
bending stresses.

Figure 5. Case 6: Curvy tree branch model, where y; is the height of the
branch on top of the axis,ys is the height below the axis

Case 6 accounted for the curves of a branch in the x-y
plane, seen from the side view. The curviness of the
branch was determined by measuring the height of the
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branch above and below the axis of the branch at
incremental distances along its length. The axis line was
the line that connects the center of the cross section at the
base of the branch to the center of the cross section at the
tip of the branch (Figure 5).

The distance from the axis to the top of the branch is y;.
The distance from the axis to the bottom of the branch is
yp. The diameter of the branch is the sum of y, and y,. The
branch was assumed to have a circular cross section in this
case because the varying heights of the branch were only
considered in the x-y plane (side view), not the x-z plane
(top view).

To perform a stress analysis for case 6, stresses were
calculated at the base of the branch, where x=L. At this
location the axis of the branch coincided with the center of
the branch cross section. The axis was defined earlier as
the line that connects the centers of the cross sections at
the base of the branch and at the tip of the branch.
Performing the stress analysis at the base provided the
maximum stresses experienced by the branch.

To account for the curviness of the branch a best fit
polynomial equation was determined for y, and yyin terms
of x. Because the branch is curved, the centroid of the
branch may not lie on the branch axis. Therefore the axial
component of weight applied at the centroid must be
moved to the axis to perform the stress analysis. To
account for moving the forces an additional bending
moment must be added.

The centroid of the area in the x-y plane was
determined by first calculating the centroid of the areas
above and below the axis separately. Then the two
centroids were combined to obtain the centroid of the
entire branch. The areas of the top and bottom parts of the
branch must be calculated separately, by integrating the y;
and ypequations to find the area under the curve. Using the
areas the x-coordinate of the centroid for the top (Equation
29) and bottom (equation 30) portions of the branch were
calculated using [4]

% = % £ xf; (X )dx (29)
X = i { xfp (X )dx (30)

where y; and y, are both functions of x, y=fi(x). To
determine the y-coordinate of the centroid, two additional
best fit polynomial equations were determined for X in
terms of y, and yy, giving x;=fi(y). The y-coordinates of the

— Measurs

Length 1 meters

Diameter n meters

Mass 20 Kibgrams

Aspect from Vertical 80 degrees

Distance from Tip of Branch | 99 meters

Calculate

centroids above (Equation 31) and below (Equation 32) to
the axis line are [4]

Vo = [ v (y)dy (31)
A

1
Vi =— | vf d (32)
Yb ﬂ{M(Wy

Next the x and y coordinates of centroid, relative to the
branch axis, were calculated for the entire branch
(Equations 33 and 34) [4].

S AR

T (AR (A %)
> A (A+h) o
2 AT _ _

o (A xV)+(Apx V)

TIA T (ArA) 30

To perform the stress analysis, the axial force, F,, was
moved from the centroid to the center of the branch’s
cross section. The perpendicular distance that F,, must be
moved wasy. Therefore the additional bending moment

that must be added to account for moving the axial force
was

M addtional = Fa xV (35)

The bending moment that was due to the shear force
(Equation 36) was the product of the shear force and the
perpendicular distance between the x-coordinate for the
centroid and the base of the branch.

Mghear =Vs x(L—X) (36)

Recall that X was measured from the tip of the branch,
therefore it was subtracted by the length to get the distance
between the base and the centroid.

The total bending moment was the sum of these two
bending moments where their signs were considered.
After the total bending moment was calculated, the stress
due to bending was determined. The axial stress was
calculated using Equation 3 after the force was moved to
the center of the cross section. The total normal stress
acting on the cross section at the base was the sum of
normal stress due to bending and the axial stress in which
the signs were considered.

— Stre

Stress at Top 6998221825517 | poc oo

Stress at Bottom | 792070452 9308 Pascals
Stress at Sides

1124143198 | paoeae

Figure 6. Image of the Graphical User interface
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The equations derived for each of the cases were used
to write codes in Matlab that can perform a stress analysis
on any branch. The Matlab code provided an analytical
solution for the stress analysis. To make the code more
user friendly a Graphical User Interface (GUI) was
generated to determine the stresses (Figure 6).

2.2. Finite Element Analysis

Using an approximate solution would allow branches
with a wide variety of geometries to be analyzed, the
software Abaqus was selected to perform the stress
analysis so that branches with various geometries could be
modeled. Abaqus uses Finite element analysis (FEA) to
compute an approximate solution for stress. Therefore the

method selected to model the branch in the program
would have an effect on the final stress calculated values.
Two separate methods for modeling tree branches were
considered, a 2-D wireframe and a 3-D wireframe. Stress
values for each option were compared.

A simple branch with a constant cross section, and
material was modeled using each of the two methods(2D
and 3D wireframe) described above in Abaqus. For each
branch, the base end was fixed; preventing deflection and
rotation in all directions, and gravity was applied. Once
the model was completed, Abaqus performed the stress
analysis and provided a contour image displaying stress,
strain or displacement throughout the entire branch
(Figure 7 and Figure 8).

S HMzes

[Bvg: 75%)
+B.0) e+ D4
+7.1T1a+D4
+ B 7Dz + D
+ 6. 035404
+5. 1722 +04
], T iz + Dl
+4, [l Dom + D4
+1.174e+04
+ 2. 707+ D4
+2 Ddle+Dd
+1.175%=+04
+ 7. DB + D]
+4.2¥5=+D2

Rel sadiss = 1.000D, Angle = -S0.0OOD

Figure 7. 2D “Simple Beam” branch model

£, Mizax

[dreg: PE%)
+).550e+DE
+]. 255 +05
+2. 355+ D05
+2.66)e+DE
+2 1672 +05
+2.071e+D5
+1.77%e+DE
+1.473=4+D5
+1.1583=+D5
+E5.BTbe 40
+5.91 Te 4D
+2.35%= 4+ 04
+2.191e+DD

Eattam, [lactas = -1,0)

Figure 8. 2D Model containing secondary branches

The results from Abaqus and our analytical solution
were identical (zero error). The 2D wireframe and the 3D
wireframe both had the same approximate solutions. We
selected 3D wireframe for all subsequent simulations. The

2D wireframe alternative was possible but the 3D wireframe

was more appropriate since branches are three dimensional.
After verifying FE simulation, a more comprehensive

simulation was developed. The model simulated 3D
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geometry for branches with side branches and considered
the presence of leaves and fruits. Each branch was
modeled in Abaqus as a 3D wire frame. The geometry was
modeled as connected datum points with 3D wires. Each
branch segment (between adjacent points) was assigned a
material and a diameter. The material assignment was
based on whether the segment was categorized as old,
medium or new growth. The diameter of the segment was
the average diameter of the two ends of the segment.

After the branch was created, loads and a boundary
condition were applied to the branch. A load was applied
to each point where a leaf or a fruit was present, and a
gravitational force was applied over the entire branch. As
stated above, a boundary condition was applied to the base
of the branch. The boundary condition was fixed,
preventing deflection and rotation in any direction. The
stress analysis was then performed. Figure 9 shows a
sample simulation on a real tree branch.

S Mize=
Rel wadiu= = 1. DODD, Angh= = -30,000D
[Awg: TEM)
+58.187e+05
+ 7. B6BB=4D5
+5.98%=+D05
+ 6. 250 +D5
+5.551e+05
+4.E92e+0D5
+4.15949=+D%
+1.485=+D5%
+2. "= +D5%
+2.0%7=+D5
+1.158=+D5
+6.58% +0d
+6.851e-D2

Figure 9. 3D Finite Element analysis on a real tree branch (Sassafras albidium)

Once the model was created, the GUI is developed
which required data of geometry and mechanical
properties within an excel file and outputted an executable
file in Abaqus. Thereafter, the program was initiated in
Abaqus to perform stress analysis. This process enables
users, even with limited knowledge on using Abaqus, to
perform a 3D stress analysis on tree branches.

Next, the developed analytical analysis on the 6 cases
examined trends. For cases 1 through 5 all of the input
variables were kept constant except for one in order to
examine how changing that single variable affects the
results. The variables considered included branch length,
diameter, density and aspect (or angle) with respect to the
vertical. For case 5 changes in MOE were also considered.
We also analyzed the results from FE model.

3. Results and Discussion

For each of the cases tested, all of the cases produced
similar trends. With an increase in branch length, mass
increased since density was constant. However the ratio of
length to mass remained constant since they both
increased at the same rate. Therefore, as branch length
increased, maximum stress increased (Figure 10).

As the length increased, maximum stress increased at a
greater than linear rate possibly due to an increased
bending arm. As for the tree branch models, cases 1, 2,
and 5 (non-tapered branches), all produced nearly
identical results. Note that the data points for case 1 in

Figure 10 coincide with those of case 2. According to the
stress analysis, the benefits of elliptical model versus the
circular cross sections were negligible. Tapered branches
(cases 4 and 5) had smaller stress values than non-tapered
branches. As branch length increased, differences between
tapered and non-tapered branches were apparent. Non-
Tapered branches were larger, with larger stress values.

2.5E+07

2.0E+Q7 ﬁ
i @ Case 1
& 1.5e+07
2 i M Case 2
2
& 1.0E+07 X A Case 3
# Case 4
5.0E+06 X
UeH I Case 5
B .
X
0.0E+00
0 Q.5 1 15 2 2.5 3

Length of Branch (m)

Figure 10. Length of branch versus maximum stress

When branch diameters were varied among samples,
masses also varied since densities were constant. However,
diameters and masses did not increase at the same rates.
When examining changes in diameters solely, increases in
diameters produced decreases in stress (Figure 11).
However, increases in diameters per unit mass lead to
higher stresses (Figure 12).
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In the above figures cases 1 and 2 yielded nearly
identical results. For all of the cases as branch diameters
increased, stresses decreased. Therefore, when branch
mass was not considered, smaller diameter branches had
less stress. Among the branches tested, larger diameter
branches had more stress. Relationships among tree
branch models were the same in which the tapered models
had less stress than the fixed models, and the shape of the
cross section had a negligible effect on the stress. Thicker
branches resisted more stress.
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Figure 13. Mass versus maximum stress
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Figure 14. Aspect from vertical versus maximum stress

For each of the cases the branch density and branch
aspect relative to vertical were also analyzed. The density
was varied by keeping the dimensions of the branch
constant and varying mass. As branch density increased,
the stress increased (Figure 13) and as branch aspect
increased (became more horizontal), stress increased
(Figure 14).

There were noticeable differences among the various
cases. Cases 1 and 5, the two cases with fixed circular
cross sections, produced higher stress than the other cases.
Cases 1 and 5 also produced very similar results. Case 2
had lower stress values than case 1, which indicated that
branch aspect and mass the elliptical shape reduced stress.
This result was further supported by the significantly
lower stress values produced by case 4, the tapered
elliptical branch compared with case 3, the tapered
circular branch. Again the tapered branches had less stress
than non-tapered branches.

For case 5, the effects of varying MOE values were
analyzed. Case 5 was divided into three rings for this
analysis, and MOE values were selected for each ring
based on results from previous research (unpublished
results). The percent increase in MOE values between the
first and second rings was 113%, while the percent
increase between the second and third rings was 25%. To
study the effect of change of MOE in overall stress, the
MOE of all three rings was increased or decreased by 5%
until there was either an additional positive or negative
20% from the reference percent (Figure 15).
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Figure 15. Percent change in MOE from reference percent versus
maximum stress

As the percent change in MOE increased between
concentric rings, stress increased. Thus, branches
composed of materials with more uniform MOE
throughout experienced less stress than branches with
large differences of MOE (in the radial direction).

Case 6 accounted for the curviness of branches. Various
dimensions were entered into the program to create
branches with varying degrees of curves. For consistency
all of the branches had the same base diameter and the
same tip diameter. First, stress on a branch with no curves
was compared to case 3. Both should produce similar
results because they both had the same base diameter and
were very narrow at the branch tips. However, there was a
33% difference between the two branches (Table 1).

Table 1. Comparison of the stresses in a non-curved branch as
calculated by cases 3 and 6. The percent error calculation suggests
that case 3 is more accurate

Case 3 Stress (Pa) Case 6 Stress (Pa) Percent Error

2.73x10° 3.63x10° 32.97%




American Journal of Mechanical Engineering 40

The differences in stress values may result from the use
of a best fit polynomial equation even when the branch
may be more accurately represented by a straight line.
Based on these results case 6 should only be used when
the branch is curved, or when there is an abnormality in
the branch which would shift the centroid of the branch
away from the branch axis.

Figure 16 shows the shapes of two branches developed
by the best fit polynomial equations and their corresponding
maximum stress values.

(a). Max Stress=2.89x10°Pa  (b). Max Stress= 329 % 10" Pa

Figure 16. Branch Shapes generated by polynomial equations and their
corresponding stress values

The tree branch generated in Figure 16a has small
curves. The stress value calculated for this branch more
closely aligns to the stress calculated using case 3
displayed in Table 1. The branch in Figure 16a has small
curves so it resembles case 3. However, since curves were
present, a polynomial a polynomial equation provided a
better relationship than a linear equation. Figure 16b has

more prominent curves, and produced a larger stress value.

The Matlab program was written so that the polynomial fit
equation will pass through all of the input points.
Therefore, whenever a branch has a drastic change in
height all changes should be entered. In addition, input
points may be added at locations between changes in order
to guide the path of the line. The FE analysis was also
used to study the stress patterns on main branches with
and without leaves. Figure 17 shows that while stresses
increased when leaves were present, the overall stress
pattern was the same as when leaves were not present.

Figure 17. Stress pattern with and without leaves

Now that these tools were developed, the next step will
be to simulate tree branches and calculate stress for a
variety of tree species.

4. Conclusion

In this study we performed analytical stress analysis
and a finite element simulation on tree branches for 6
theoretical cases. Next, using the developed methods, we

analyzed the effects of several variables on branch stresses.

In addition, we developed a FE analysis to study 3D
models of tree branches with leaves and fruits included.
Both developed tools are operable by users with limited
knowledge of Matlab and/or Abaqus.

The cases that had fixed cross sections produced
stresses greater than those with tapered cross sections,
since non-tapered branches had more mass. When both
mass and angle of the branch were varied, an elliptical
cross section proved to be advantageous in resisting stress.
When variances of MOE in the radial direction were
considered the results were very similar to the case with
fixed circular cross section (case 1). Variances of MOE in
the radial direction proved to be most beneficial when
there are differences in MOE values between two
consecutive, concentric wood rings. Considering curved
branches with uniform material and a circular cross
section were most beneficial for branches that have curves
or abnormalities that shift the center of mass of the branch
away from the branch axis. FE analysis showed that the
stress pattern along the branch didn’t change with and
without leaves but stresses increased when leaves where
present.

Future experiments may involve analysis of stress
patterns on actual tree branches as they grow. Additional
cases will be considered. The effects of added secondary
branches will be determined. In most tree species, the
biological center of the stem does not coincide with its
geometric center. This causes the tree to develop
irregularly shaped wood rings. In such cases, values of
MOE will need to be adjusted [5]. To account for these
wood properties additional programs will be written for
compression and tensile woods with concomitant MOE
values for the rings. In addition, additional FE models will
be developed to study more geometrically complicated
branches.
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