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Abstract In this article are described the theoretical basics of geometric mechanics and differential geometry. In
the introductory part of article, basic notions are explained that frequently occurring in the concept of geometric
mechanics. It contains the basic building blocks that are used to create the configuration spaces. Further were
described groups applied to the kinematic description of structure and to control in area of robotics and the fiber
bundle that represents the configuration space for mechanical systems. The last part deals with the actions, such as

the left and right action, lifted action and adjoint action.
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1. Introduction

The first step in modeling any system is to identify a
suitable mathematical structure that describes it. For
mechanical systems composed of rigid bodies, the
configuration q is the set of all position variables. The
number of variables n is equal to the number of degrees of
freedom of the mechanical system. The set of all
configurations is called the configuration space Q. Thus,
the vector q = (qy,...,,) € Q denotes the configuration
with generalized positions ¢;. From mathematical point of
view the configuration space represents an object called a
manifold. In general, we can characterize the manifold as
the topological space locally homeomorphic n-
dimensional Euclidean space [1].

2. The Basic Building Blocks of the
Configuration Space

The configuration manifolds of many mechanical
systems can be constructed using three basic building
blocks: the line, the circle and the sphere.

The line as the configuration space represents one-
dimensional systems. To fully define of the configuration
space of system is sufficient only one real number, for
example the expansion of prismatic joint, which is shown
in Figure 1, where the red point shows the current
configuration. In this case, the manifold denotes as R or R,
what emphasizes the one-dimensional nature.

Another building block is the circle denoted as S,
which represents the cyclic motion. The cyclic
configurations are most commonly encountered in the
context of rotating systems where orientations that differ
by 2z are equivalent. An example of the configuration
space in the shape of circle can be the wheel or
unrestricted rotary joint. In the case if joint cannot perform
a full rotation, then the configuration space is R* and notS™.
Conversely, if the systems move on closed track, they
have the configuration space S* and also in the case if the
track is not circular [2].
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Figure 1. Examples of basic building blocks and their configuration
manifolds
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Using a combination of lines and circles we are able to
create configuration spaces for more complex mechanical
systems. The simplest of these is the plane R? = R'x R!,
which is formed as the direct product of two lines. These
configuration spaces relate to systems whose
configurations are described by two real numbers, e.g. the
mobile robot moving on the plane, the two-dimensional
surfaces, two points on a line or a series of two prismatic
joints. By replacing one of the components of R' x R! by
the circle arise the cylinder R* x S'. This configuration
space can be represented by the mechanical system, e.g.
the prismatic joint in combination with the rotational joint.
When combining two building blocks-circles, we get the
torus T2 = S x S'. The torus represents the system with
two independent cyclic parameters, such as a pair of
rotational joints(without restricting of joints). At the
spherical joint, by combining of two circles S' x S* we get
the configuration space the sphere [2].

3. Lie Groups

In many cases, it is necessary to perform algebraic
operations such as addition or subtraction on
configurations. We may for example want to know the
absolute configuration of an object whose position is
specified relative to another, or to find the relative
configurations of two objects whose position is known
absolutely. Executing these additions and subtractions
requires interpreting configurations not only as points in
the configuration space, but also as transformations that
can be applied to other configurations. This dual
interpretation corresponds to the mathematical concept of
a Lie group.

The Lie group is a manifold, which additionally has a
group structure which is compatible with the structure of
the manifold. They can be used to kinematic description of
the structure and to control in area of robotics. By
definition the set G is called the Lie group if it satisfies the
following conditions:

e (G, o)isagroup

e G is an n-dimensional differentiable manifold and

e mappings Gx G — G, (g h) — gh,G— Gandg — g™

are smooth.

Important examples of groups are the matrix groups,
where elements of the set G are matrices. Furthermore, we
will show several important matrix groups that are used to
represent the motion of rigid bodies. We start with groups
of rotation of rigid body SO(n), which are called the
special orthogonal groups. The set of elements from the
group SO(n) is given in the form:

sO(n)={R (R™™:RR" =1™", detR=+1f, (1)

where 1™" is n x n the identity matrix. For n = 2, SO(2)
group has the following form:
cos@ -—sind
ReSO(2)=| . : (2
sing cosd

where @ is the magnitude of rotation. These matrices are
smooth, cyclic and unique with respect to theta and thus
correspond to points on S' (i.e. their spaces are
diffeomorphic). The actions of two Lie groups are also

compatible with the matrix product of two SO(2) elements,
that is equivalent to the modular sum of the corresponding
S' elements. This compatibility means that S* and SO(2)
are fully isomorphic to each other, but this is not a general
requirement for groups sharing a manifold structure. In the
same way the circle generalizes to higher dimensions
either via the direct product as a torus or as a higher-
dimensional sphere, direct products of multiple (S*, +mod
k) groups produce toroidal Lie groups and extensions of
SO(n) produce rotations through higher-dimensional
spaces. Between S™! and SO(n)there is not the direct
relation. For example, S? does not admit any Lie group
structure and SO(3) corresponds to the set of oriented
positions on the sphere [3].

3.1. The Special Euclidean Group

In the case of rigid bodies moving in the plane, for
which the frame is defined by its two-dimensional
position and one component of orientation, it might be
natural to take these components independently and use
the configuration group(R® x S', +), because the addition
of translations and changes in orientation is easier than the
matrix product.

Further, instead it we will use the special Euclidean
group (SE(2), x), which better captures the relative
motion of rigid bodies than group (R?x S', +). The set on
which this group is defined is given by:

SE(n) R :p eR",R™" SO(n)f, (3)
= P eRY, € ,
o1

SE(n)=R"xSO(n). (4)

For n = 2, an element g € SE(2) has components (x, y, 6)
and is typically represented as a homogeneous matrix:

cos@ -sind x
g=(xy,0)=|sin@ cosd y|. (5)
0 0 1

This structure, containing an SO(2) element for
orientation and an R® element for position, represents the
semi-direct product SO(2) ~ R? with rotations acting on
each other and on the translational components, but the
translational components only acting on each other.
Geometric meaning of this special Euclidean group is that,
the rotation is given by matrix SO(2) and the displacement
is given by vector t:

50(2) t
cosd 1?1‘11-3 EiB -;I I
g="0xy,6) =|sing posé  v| |
0 T T
(6)

Elements of SE(2)have four common interpretations for
planar systems:

1. the position and orientation of rigid bodies

2. the position and orientation of coordinate frames

3. actions that move a rigid body or coordinate frame
with respect to a fixed coordinate frame

4. actions that take a point in one coordinate frame, and
find the equivalent point in a second coordinate
frame
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As discussed above, the first and second interpretations
are closely linked—the position and orientation of a rigid
body identifies a body coordinate frame aligned with the
object’s longitudinal and lateral axes and vice versa. The
third and fourth interpretations relate to SE(2)being not
just a space but a Lie group, making every configuration
also an action [4].

4. The Fiber Bundle

We will assume that the position variables are elements
of a set that has a group structure such as R", SO(n) or
SE(n). Additionally, the position variables belong to the
configuration manifold and hence the position variables
are governed by a Lie group structure. For mechanical
system, we assume that a general configuration manifold
is usually denoted by Q = G x M, where G is the fiber
space specifying the position of the robot and M is the
base space specifying the internal shape of the robot.

For a manifold Q with a base subspace M and a
projection map = : Q — M, we define a fiber G(r) as the
pre-image of r e M in Q with respect to the map =, that is,
G = z'(r). Then Q is the fiber bundle if for every
neighborhood U < M of r we have z"*(U) is homeomorphic
to G x U, that is, locally we have Q =M x G.

If the fiber G has a group structure then Q is a principal
fiber bundle and if Q = G x M globally, then Q is a trivial
fiber bundle. The configuration space of all mechanical
systems is the trivial principal fiber bundle [5].

Figure 2. The fiber bundle [6]

We will show an example of the configuration space on
the Snakeboard. It is composed of one rigid link, a rotor
pivoting around the center of the link and two passive
wheel sets pivoting at the each of the distal ends of the
link. The no sideways slippage of these two sets of wheels
provides the two non-holonomic constraints. We attach a
body coordinate frame to the middle of the center link as

shown in the following figure Figure 2. The position and
orientation of the body frame is represented by the fiber
variables (x, y, 6), while the two internal degrees of
freedom representing the wheel axes and rotor angles are
denoted by the base variables (a;, a,). The configuration
space of this Snakeboard is:

Q=GxM =SE(2)x(Sx5xS). (7)

back wheels

» front wheels

Figure 3. The Snakeboard

5. The Actions and Lifted Actions

5.1. The Left and Right Action on the Special
Euclidean Group

In general, the groups may have the left action Lyg = h
o g and the right action Ryg = g o &, where an element h
acts on an element g. At Abelian groups apply that the left
and right action are identical Lyg = Rng. The special
Euclidean group SE(2) is not commutative and therefore
these actions are not equivalent.

Let group elements g, h e SE(2), then the initial
configuration of rigid body with respect to the inertial
frame has the matrix form:

cosf -—sinf x|
g=(xy,0)=|sin@ cosd y|. €))
0o 0 1

If a group element h has coordinates:
cosfp —sinf Ul

h=(u,v,8)=|sing cosp v
0 0 1

9

then the left action of group element h on group element g
is equal:

cosfp -sinf u|/cosd -sind x
hg= |sing cosf vl sin@ cosd y|.(10)

0 0 1 0 0 1
coscos(@+p) —sin(@++p) xcos f-y sin f+u
sin(6+,) cos(6+p)  xsin S+y cos f+v
0 0 1

The resulting matrix physically represents a new
configuration of the rigid body, which is given by the
vector:

(xcosB - ysinB+u,xsinB + ycosf+v,0+ ). (11)

This left action transforms g first by rotating of body
around the origin about the angle g and then translates it
about u and v, as is shown in the following figure [2,5].
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Figure 4. The left action of SE(2) interpreted as a change in position [2]

The right action of group element h on group element g
has form:

cosd —sin@ x|{cosp -sing u
gh= |sind cos@® yl|sing cosp v|. (12

0 0 1 0 0 1

coscos(6+p) —sin(@++p) x+u cos 6-v sin 6
sin(6+.) cos(6+f)  y+u sin 6+v cos 0
0 0 1

Again, the new configuration of rigid body is given by
the vector:

(x+ucosd —vsing, y +usind +vcosd, 0+ B).  (13)

In this case, the right action moves body from the initial
position g about value h with respect to the initial position

v, 0).

Figure 5. The right action of SE(2) interpreted as a change in position [2]

5.2. The Lifted Actions

When analyzing the kinematics and dynamics of the
system, it is generally important to consider not only
about its configuration g, but also the velocity with
which its configuration changes. Together, these quantities
create the state of system. Velocity vectors are represented
as elements of the tangent space T,Q associated with the
configuration space Q of the system. The tangent space to
a manifold can be viewed as alinearization of the
manifoldor the vector space that the best approximates the

manifold in given point and can only exist if the manifold
is at least differentiable in one point. The intuition
definition of the tangent space is shown in Figure 6 (on
the left), where the velocity of a point moving along the
circle, can always be represented as a vector lying in the
line tangent to the circle at its current location, with
magnitude corresponding to the velocity of point. The
tangent space to points moving along line (Figure 6-on the
right) is a line. At higher-dimensional surfaces, such as
the sphere, the tangent space is two-dimensional plane
touching the sphere. In general, the tangent spaces to n-
dimensional manifolds are R" vector spaces. The set of all
the tangent spaces to the manifold creates the tangent
bundle TQ [2].

tangent bundle

Y

configuration manifold

Figure 6. Examples of configuration manifold and tangent bundle

Individual tangent spaces in a tangent bundle are
independent from one another, so in the general case there
is no well-defined method for comparing or adding
vectors in different spaces. When transformations are
defined between configurations, as is the case for Lie
groups, these transformations may have associated lifted
actions that map between equivalent vectors in separate
tangent spaces and allow them to be compared.
Specifically, on Lie groups a left action L, applied to an
initial configuration g is accompanied by a left lifted
action TyL, that takes vectors from the starting tangent
space TyG and finds their equivalent vectors in the ending
tangent space T,G:

TyLn :T,G —>Tth,g—>(th. (14)

A system’s body velocity & is its velocity expressed in
the instantaneous local coordinate frame (Figure 7). For a
planar system, the components of ¢ can be characterized
as the forward velocity &, lateral velocity ¢ and rotational
velocity &. The body velocity & plays an important role in
kinematic and dynamic analysis, where forces and
constraints are often defined in terms of body coordinates.

y;\

&V

Figure 7. The body velocity & [2]
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At a strictly mechanical level, the body velocity of a
rigid body with orientation 8 can be calculated from the
world velocity g by rotating the translational component
by-6 and leaving the rotational component unchanged.
Then the body velocity has form [2]:

fx coséd

sing 0 g,
& |=|-sin@ cosf 0] gy | (15)
ol Lo 0 1,

Similarly, the world velocity can be calculated from the
body velocity by inverting previous relation (Figure 8):

Oy cosd sing 0] ¢
g=|9gy |=[-sin@ cos6 0| |&|, (16)
4y 0 0 1] |g0
cos@ -sing 0 &
g=|sin@ cosd 0| Y| 17)
0 0 1 59
y)\ .

9y

::Y_:)
9z

xT

Figure 8. The world velocity g

For many purposes, these relations are all that is needed
to make effective use of the body velocity. However, by
examining their roots in the structure of SE(2), specifically
the left lifted action, we can gaingreater insight into rigid
body motion and apply some powerful mathematical tools
to these systems.

Let g, h e SE(2), where g = (X, y, 6) and & = (u, v, p).
The left lifted action on SE(2)is the differential of left
action:

—Sj 0
Tgln :M:F?nsg ci'sf‘ﬁ o}. (18)
og o o0 1

The left lifted action has some especially interesting
properties when h is set equal to g™. The combination of
Lg_l and Ty Lg_l take a rigid body from g and place it at

the origin with equivalent body velocity (Figure 9):
cos @ sin @ 0]

TgL 1 =|-sin@ coso 0
g 0 01

(19)
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Figure 9. The change of position by using the left lifted action Tg L 4
g

After substituting relation (19) into equations (15) and
(16), we can express the body velocity and the world
velocity by using the following equations:

E=Tq Lg_lg, (20)
-1
g= (Tg Lg_lj E=TeLyé. (21)
The right lifted action on SE(2) for g = (x, y, §) and h =
(u, v, B) is calculated as the differential of right action:

1 0 —(usin &+vcos 6)
TR—M—Ol 6—vsin 6 (22)
ofh =5 = u cos v sin .

00 1

The right lifted action preserves the spatial velocity, i.e.
the velocity of the imaginary point on rigid body that is
instantaneously over the origin and is calculated as (Figure 10):

& =T, Rg_lg. (23)

By inverting of relation (23), the spatial velocity of
rigid body maps to the world velocity of any chosen body
frame of rigid body:

g = (T, Rg_l)_1§S =TeRy&". (24)
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Figure 10. The spatial velocity & [2]
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5.3. The Adjoint Actions

Using adjoint operators we can transform the body
velocity & on the spatial velocity ¢ and vice versa. These
operators we get by pairing of lifted actions and together
they are able to realize the adjoint actions of Lie groups.
Adjoint action Ady on SE(2) maps the body velocity & to
the spatial velocity ¢&°. The following relation represents
the dependent between & and & [7]:

Adg
£ =[MgR 1)(Telg)<, (25)
and substituting for lifted actions we get form:
TgRy-1 Telg

10 y”cos6’ —sin@ 0]

=10 1 —x|/sin@ cosd 0[&, (26)
00 1 0 0 1
g
cosfd -singd 'y
ES=|sin@ cos® —x|& 27
0 0 1
Adg

Figure 11. Examples of velocities, lifted actions and adjoint action on
SE(2) group [1]

By inverting of the adjoint action Adg_l we obtain the
relation of depending & on &
-1
AdgT=Ad _

‘:E: (Tg Lg—l)(TeRg)égs, (28)

and again substituting for lifted actions the body velocity ¢
has form:

Tgby-1 TeRg
[cos@ sing 0][1 0 —y‘
E=|-sin@ cos@ 0[|0 1 «x &5 (29
0 0 10 0 1
g
cos@ sin@d xsin &—y cos @
E=|-sin@ cos® xcos O+ysinO|ES.  (30)
0 0 1

-1
Ad g

6. Conclusion

This paper contains the theoretical background of
geometric mechanics and differential geometry. It
includes the basic building blocks and their configuration
manifolds for describing of mechanical systems and here
were mentioned basic relations to calculate actions
between groups, velocities, lifted and adjoint actions.
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