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Abstract In this article, the heat conduction problem of a sector of a finite hollow cylinder is studied as an exact
solution approach. The governing equations are in the form of non-homogeneous partial differential equation (PDE)
with non-homogeneous boundary conditions. In order to solve the PDE equation, generalized finite Hankel, periodic
Fourier, Fourier and Laplace transforms are applied. Three different boundary conditions as case studies for
simulations are presented and verified with the result which extracted from finite element method. The results are
shown that this approach is suitable and systematic for solving heat conduction problems in cylindrical coordinate.
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1. Introduction

Measuring and finding the distribution and variation of
heat conduction directly is not an easy work to do and not
possible for some cases and that is one of the significant
purposes of presenting different methods for solving heat
conduction problems. Hoshan presented a triple integral
equation method for solving heat conduction equation [1].
A new kind of triple integral was employed to find a
solution of non-stationary heat equation in an axis-
symmetric cylindrical coordinates under mixed boundary
of the first and second kind conditions. Kayhani et al.
introduced a general analytical solution for heat
conduction in cylindrical multilayer composite laminates
[2]. In the article, the direction of fiber was able to change
between the layers. The boundary condition was
considered linear and the method was introduced suitable
for boundary conditions consisting of conduction,
convection and radiation. Cossali expressed an analytical
solution of the steady periodic heat conduction in a solid
homogenous finite cylinder via Fourier transform, with
the sole restriction of uniformity on the lateral surface and
radial symmetry on the bases [3]. A harmonic heating, as
an example, introduced with simulation results. Matysiak
et al. expressed the problem of transient heat conduction
in a from-time-to-time arranged in layers consisting of a
large number of interchanging concentric cylinders [4].
The cylinders have a great quantity of circular
homogenous isotropic rigid sectors. Sommers and Jacobi
presented an exact solution to steady heat conduction in a
two-dimensional hollow on a one-dimensional fin [5]. The
fin efficiency of a high thermal conductivity was
discussed. The exact solution was obtained by separation
of variables method. Jabbari et al. explained an analytical
solution to a problem of one-dimensional moving heat
source in a hollow FGM cylinder [6]. Mechanical and

thermal stresses were considered and the material in the
case, varied continuously across the thickness. The
method of solution was direct and used Bessel function.
Atefiand Talaee presented non-Fourier heat conduction in
a finite hollow cylinder with periodic surface heat flux [7].
The material assumed homogenous and isotropic
temperature-independent  thermal  properties.  The
separation of variable method was applied for solving the
time-independent boundary condition and the Duhamel
integral was used to apply for time dependent part.

In this paper, in order to solve the problem as an exact
method, generalized finite Hankel transform is used.
Hankel is a transformation for solving problems consisting
of cylindrical coordinates, but not the hollow one. Eldabe
et al. introduced an extension of the finite Hankel
transform which was capable of solving problems in
hollow cylindrical coordinates, heat equation or wave with
mixed boundary values [8]. Povstenko expressed the
radial diffusion in a cylinder via Laplace and Hankel
transform [9]. Akhtar presented exact solutions for
rotational flow of a generalized Maxwell fluid between
two circular cylinders [10]. In order to find the exact
solution Laplace and finite Hankel transforms were
employed. Fetecau et al. introduced exact solutions for the
flow of a viscoelastic fluid induced by a circular cylinder
subject to a time dependent shear stress via finite Hankel
transform [11]. Yu et al. expressed general temperature
computational method of linear heat conduction for
mu ltilayer cylinder [12].

2. Governing Equations

The general equation of heat conduction problem of a
circle sector of a hollow cylinder is defined as following
[13]:
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where
as<r<bh
0<z<h

0<6<¢6,
0<t<ow

are the limits of the domains and T is a function of
T(r,0,z,t), q=q(r,0,z,t) is a heat source for the
problem, and {r,@,z} demonstrate the cylindrical
coordinates that are shown in Figure 1.t stands for time,
K represents thermal diffusivity in which k stands
PCy

for thermal conductivity, p represents density and C, is

a =

the specific heat.
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Figure 1. Schematic of a sector of a hollow cylinder

Boundary conditions are chosen as

T(a,0,2,t)=f,(6,1,1) @
T(b,6,2,t)=1,(0,z,t) 3)
T(r,0,0,t)=9,(r,0,t) @
T(r,0,h,t)=0,(r,0,1) (5
ggﬁrﬂLU=gﬂnﬂL0=O ©®
T(r,0,2,0)=p(r,0,2) (7

where a is the inner radius of the cylinder and b is the
outer one, h is the height of the cylinder and {- 3, 5} are

the angular limits of the sector.

3. Derivation of the Exact Solution

In order to solve the PDE, four transformations should
be applied. The first transformation is periodic Fourier
transform which applies in rotational direction and
changes the domain of 4 to m and transforms Equation (1)
to
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The second and third transformations change the
domain of z to w and t to s, Fourier sine and Laplace
transform, then the Equation (8) can be rewritten in the
form of

o°T(r,m, @,s) +1 aT(r,m,,s)
or? r or

2
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Q(r,m, w,s) = l(sT (r,m,,s)—P(r,m, o))
a

where G,,G,,Q and P are the transformed form of

boundary and initial conditions. Finally, the Ilast
transformation, generalized finite Hankel transform,

changes the domain of r to domain of & . This
transformation is expressed as bellow [8]:
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So according to Equation (11), with considering
| =0,x=rand 4 = m, Equation (10) can be written as
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and similarly for others in which J —is the Bessel
function of the first kind and Y, is the Bessel function of

the second kind. Then inverse Laplace, inverse periodic
Fourier and inverse Fourier sine transforms need to be
used to shape the answer as Equation (15), in the
following:
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LHT (G Mo,5)}
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Inverse generalized finite Hankel transform is presented
as in the following [8]:
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and the exact solution of the problem is
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4, Case Studies

4.1. Axis Symmetric Conditions

In the first case, the problem is considered axis-
symmetric, so the term of second derivative respect to
equals to zero and the problem is independent from 6. The
boundary conditions are considered as

q(r,z,t)=(r+z2)@-t) ; p(r,z)=0 9
f,(z,t)=2z(1-t) ; f,(z,t)=z(1-t) 0
g,(r,t)y=2r@@-t) ; g,(r,t)=r@@-t) @D

The heat source in Equation (19) changes during the
time which is a function of z, t, r. The boundary
conditions, inside and outside of the sector of hollow
cylinder are considered as f.(z,t) and f,(z,t) in
Equation (20) dependent on time and z, and the initial
condition is regarded zero, Equation (19). The parameters
of the PDE are considered as Table 1:

Table 1. Parameters of the problem
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DEC 22 2011
09:49:16
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STEP=1
SUB =1
TINE=.01

TEMP (AV6)
RSYS=0

SMX =1.98

L
X 88 1.32 1.76
.66

1.1 1.54 1.98

Parameters Values Units
a 05 m
b 1 m
h 1 m
a 100 m?/s
Yij 60 degree

Figure 2. The variation of temperature, FEM for casel at t=0.01sec
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Applying the conditions on the PDE equation and
solving by the proposed method, following results are
obtained. In Figure 2 the distribution of temperature using
finite element method is shown at t=0.01sec The details
and comparisons between two methods are shown at
t=0.01sec and z={0.25,0.5,0.75}m in Figure 3, Figure 4,
Figure 5. In Figure 6, the variations of temperature are
shown at t={0.01,0.5,1}sec, in different sections,
z={0.25,0.5,0.75}m with respect. The temperature field in
the bottom and the top of the sector cylinder are zero and

they are not presented in Figure 6. According to the
comparisons between generalized finite Hankel transform
method and finite element method, this approach manages
the problem in an appropriate way. The jump in FEM
results is due to automatic meshing of the model via
ANSYS software.

Since the boundary conditions are continuous functions,
it is expected to attain smooth results. The negligible
difference between FEM and exact solution is due to

numerical calculations in ANSYS software.
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t=001s,z=07"m
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t=15,z=05m
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Figure 6. The variations of temperature for case 1; (a)t=0.01s, z=0.25m, (b) t=0.5s, z=0.25m, (c) t=1s, z=0.25m, (d) t=0.01s, z=0.5m, (e)t=0.5s,
z=0.5m, (f) t=1s, z=0.5m, (g) t=0.01s, z=0.75m, (h) t=0.5s, z=0.75m, (i) t=1s, z=0.75m

4.2. Asymmetric Conditions

In the second case, the conditions are considered
dependent on{#, z, t}. There is a point to explain in this
case so the conditions are chosen as simply as possible in
the following.

Q(rl 01 Z!t) = fZ(H, Z,t) =

9,(r,0,t) = g,(r,0,t) = (22)
p(r,0,z)=0
fl(e’ Z,t) = (0+ Z)(l—t) (23)
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Applying the conditions on the PDE equation and

solving, the closed formanswer is obtained in the following.

(25)
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T (S M, @,1) =

The following results are attained due to simulation. In
Figure 7 the distribution of temperature via the finite
element method is shown, at t=0.01sec The details of
changes in temperature field can be demonstrated in
different sections, Figures 8, Figures 9, Figures 10,
Figures 11 show the details of sections at 6={20,30,40,50}
(degree) at t=0.01sec and z=0.25m, with respect. In Figure 12,
the variation of temperature are shown at t={0.01,0.51}sec,
in different sections, z={0.25,0.5,0.75}m, with respect.
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Figure 7. The variation of temperature, FEM for case2 at t=0.01 sec
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According to boundary condition in Equation (23), the
temperature value at r=1 is zero which can be seen in

{255m27r3w2Jm (52"1")(;;20)2 v )2}

Figures 8,9,10,11. The temperature at r=0.5 increases by
changing the @ between 0 to #/3.
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In Figure 13 it is shown that the temperature is
increased near the inside radius of the one section of the
sector cylinder in the range of zero to fand it is decreased
in the range of zero to -4. According to Equation (23) the
temperature cannot be negative, like Figure 7 which is true
and the range changes between zero to £. The reason of
this difference is that the periodic Fourier transform is
applied between -4 to g. So, in the half of the cylinder as

they are presented in Figures 8,9,10,11, the results are
verified. This problem is one of the limitations of this
method. The wave shape of the results which are attained
in exact method, caused due to considering m between -10
to 10 and n between 1 to 20. For a better and closer
answer the values of m, n ought to be chosen in a wider

range.
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Figure 12. The variations of temperature for case 2; (a) t=0.01s, z=0.25m, (b) t=0.5s, z=0.25m, (c) t=1s, z=0.25m, (d) t=0.01s, z=0.5m, (€) t=0.5s,
z=0.5m, (f) t=1s, z=0.5m, (g) t=0.01s, z=0.75m, (h) t=0.5s, z=0.75m, (i) t=1s, z=0.75m

0.5 ¥l

0.5

Figure 13. The variations of temperature

1.8 T T T T

1.6 b
1.4 b
1.2} ’ .
o |
— o8} .
0.6 4

0 = 10 degree
OArJE & ] meeee 0 = 20 degree 1

0.2 0 = 30 degree

0 = 40 degree
0.5 0.6 —%— 0= 50 degree 0.9 1

t (sec)

Figure 14. The variations of temperature z=0.25m
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Figure 17. The variations of temperature for case 3; (a) t=0.01s, z=0.25m, (b) t=0.5s, z=0.25m, (c) t=1s, z=0.25m, (d) t=0.01s, z=0.5m, (€) t=0.5s,
z=0.5m, (f) t=1s, z=0.5m, (g) t=0.01s, z=0.75m, (h) t=0.5s, z=0.75m, (i) t=1s, z=0.75m

4.3. General Case

In the third simulation a general case is considered. The
boundary and initial conditions are presented as.

q(r,8,z,t)=(r+0+2)(1-t) (26)
p(r,0,z) =(r+6)(1-2) 27)
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f,(0,z,t) =526(1-t) (28)
f,(0,2,t)=z0(1-1) (29)
g,(r,z,t) =5r0(1-t) (30)
g,(r,z,t) =ro(1-t) (31)

and p=27/3 rad. Figures 14-16 show the results of

solving the PDE in a general case in different sections,
z={0.25,0.5,0.75}, with respect. In Figure 17 temperature
field in different sections of the cylinder are presented.

The results of the general case are obtained with
considering m between -5 to 5 and n between 1to 5. The
results can be improved by expanding the range of series
which increases the time of solving.

5. Conclusions

In this article, the generalized finite Hankel transform
was employed to solve the heat conduction problem of a
sector of a hollow cylinder with non-homogeneous
boundary conditions. The details of the transformations
were explained and three case studies were shown. The
finite element method was used for verifying the results.
The exact solution method, provided in this paper, is in a
systematic form and formulations and applicable for any
initial and boundary conditions. The accuracy of the
results can be enhanced by expanding the range of the
terms in series. The FEM on the other hand is a good
approach for obtaining the numerical results for these
kinds of systems; however meshing and applying the
initial and boundary conditions are somehow more
difficult than the exact solution approach. The
comparisons of the two methods were verified each other
and show that this method, as an exact solution technique,
is appropriate for these problems.
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